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OSCILLATORY AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS
FOR SECOND-ORDER NONLINEAR INTEGRO-DYNAMIC
EQUATIONS ON TIME SCALES

RAVI P. AGARWAL, SAID R. GRACE, DONAL O’'REGAN, AGACIK ZAFER

ABSTRACT. In this article, we study the asymptotic behavior of non-oscillatory
solutions of second-order integro-dynamic equations as well as the oscillatory
behavior of forced second order integro-dynamic equations on time scales. The
results are new for the continuous and discrete cases. Examples are provided
to illustrate the relevance of the results.

1. INTRODUCTION

We are concerned with the asymptotic behavior of non-oscillatory solutions of
the second-order integro-dynamic equation on time scales of the form

t
(r(t) (™ (t))A —|—/ a(t,s)F(s,z(s))As =0 (1.1)
0
and the oscillatory behavior of the second-order forced integro-dynamic equation
t
(OGO + [ alt, )P (s, o(s)As = elt). (12)
0

We take T C Ry = [0,00) to be an arbitrary time-scale with 0 € T and sup T =.
By ¢ > s we mean as usual ¢ € [s,00) NT.
We shall assume throughout that:
(i)e,r : T — Rand a : T x T — R are rd-continuous and r(¢) > 0, and
a(t,s) > 0 for t > s, a is the ratio of positive odd integers and

to

Sup/ a(t,8)As:=k < oo, tg>0; (1.3)

t>to JO

(ii) F : T xR — R is continuous and assume that there exist continuous
functions f1, fo : T xR — R such that F(t,z) = fi1(t,z) — f2(t, x) for t > 0;

(iii) there exist constants @ and v being the ratios of positive odd integers and
functions p; € Crq(T, (0,00)), ¢ = 1,2, such that

zfi(t,x) > pi ()Pt forz #0and t >0,
zfo(t,x) < po(t)x?™ for x # 0 and ¢ > 0.
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We consider only those solutions of equation (resp, (1.2))) which are non-
trivial and differentiable for ¢ > 0. The term solution henceforth applies to such
solutions of equation . A solution z is said to be oscillatory if for every ¢tg > 0
we have inf;>, 2(t) < 0 < sup;s,, #(t) and it is said to be non-oscillatory otherwise.

Dynamic equations on time-scales is a fairly new topic. For general basic ideas
and background, we refer the reader to the seminal book [2].

Although the oscillation and nonoscillation theory of differential equations and
difference equations is well developed, the problem for integro-differential equations
of Volterra type was discussed only in a few papers in the literature, see [3] [7, 10,
8, [9, TT] and their references. We refer the reader to [4l [5] for some initial papers
on the oscillation and nonoscillation of integro-dynamic and integral equations on
time scales.

To the best of our knowledge, there are no results on the asymptotic behavior of
non-oscillatory solutions of and the oscillatory behavior of . Therefore,
the main goal of this article is to establish some new criteria for the asymptotic
behavior of non-oscillatory solutions of equation and the oscillatory behavior

of equation (|1.2)).

2. ASYMPTOTIC BEHAVIOR OF THE NON-OSCILLATORY SOLUTIONS OF ([1.1))

In this section we study the asymptotic behavior of all non-oscillatory solutions
of equation (1.1) with all possible types of nonlinearities. We will employ the
following two lemmas, the second of which is actually a consequence of the first.

Lemma 2.1 (Young inequality [6]). Let X and Y be nonnegative real numbers,
n>1 and%Jr%:l. Then

XY < lX" + lYm.
n m
Equality holds if and only if X =Y.

Lemma 2.2 ([1]). If X and Y are nonnegative real numbers, then

XA+ A=DY* = AXYM1 >0 for A>1, (2.1)
XM~ (1 =Y = AXY*1 <0 ford<1, (2.2)
where the equality holds if and only if X =Y.

We define

t s 1/«
— —_— > .
R(t,to) /to (r 8)) AS, t>ty >0

Note that due to monotonicity
tlim R(t,tg) # 0. (2.3)
Our first result is the following.

Theorem 2.3. Let conditions (1)—(iii) hold with v =1 and > 1 and suppose

lim —— T (s)p] T (s)AsAu) A (2.4)
t—»ooR(ttO/ // a(u, s)p; 7 (s)ps " (s)As u) v < 00 .

for some tg > 0. If x is a non-oscillatory solution of (1.1)), then
2(t) = O(R(t,to)), ast — oo. (2.5)
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Proof. Let x be a non-oscillatory solution of equation (1.1). Hence  is either
eventually positive or eventually negative. First assume x is eventually positive,
say z(t) > 0 for ¢t > ¢ for some t; > ¢y. Using conditions (ii) and (iii) with 8 > 1
and v = 1 in equation , for t > t1, we obtain

(r(t) (=2 (1)) < — / "t $)F(s, o)) As + / alt, $)[ps(s)2(s) — pr(s)2%]As.
0

t1
(2.6)
If we apply with A=03, X = pi/ﬁx, and Y = (%pgpfl/ﬁ)ﬁ we have
W=
pa(t)x(t) — pr(H)2”(t) < (B - 1)87Fp; *(t)py (1), >t (2.7)
Substituting (2.7) into gives
o\ A
(r(®)(=(1)*)
ty 8 t 1 B (28)
< —/ a(t,s)F(s,z(s))As+ (8 —1)57-7 / a(t,s)p; " (s)ps ' (s)As
0 t1

for allt > t; > 0. Let
m = max{|F(t,z(t))] : t € [0,¢4] N T}.

By assumption (i), we have

t1 t1

’ —/ a(t, s)F(s,x(s))As| < / a(t, 8)|F(s,z(s))|As < mk :=b. (2.9)

0 0

Hence from ([2.8) and ([2.9)), we obtain
A\t e[ =5\, BT
(r) («20)") " <o+ (3= 1575 [ alt o] (6)pF (5)As,

t1

Integrating this inequality from ¢; to ¢ leads to

(=2(1)”
le' B
r(t) (@2 (0)] | t—t (B-1sTE [0 RN
b ! 7 (s)AsA
() + =0 + ) /751 /tl a(u, s)p; 7 (s)ps " (s)AsAu
or
A o Cot (ﬂ — 1)[3% t u _1 B
(z2(@) < =) + ) /t1 /t1 a(t, s)p; " (s)ps ' (s)AsAu
where
A a
ol
tq
By employing the well-known inequality
(a1 +b)* <oy (af +b7) forag >0,b; >0, and A >0, (2.10)

where oy, = 1if A < 1 and oy = 2* 1 if A > 1 we see that there exists positive
constants ¢; and ¢y depending on « such that

22 (t) < 01(%)1/(1 + 62(% /tt /t“ a(t, s)pll%(s)pf%(s)AsAu) 1/a.
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Integrating this inequality from ¢; to ¢ > ¢1, we obtain
lz(t)] < [z(t)| + c1R(t, t1)

1/a
+cz/ / / a(u, s)p )péj (s )AsAu) Av
t1 t1

< \x(h |+ C1R t to

)
+e / / / a(u, s)p )pf%(s)AsAu)l/aAv.

Dividing both sides of (| - 2.11)) by R(¢,t0) and using and ., we see that .

holds. The proof is similar if x is eventually negatlve

(2.11)

Next, we present the following simple result.

Theorem 2.4. Let conditions (i) and (ii) hold with fo= 0 and xfi(t,x) > 0 for
x # 0 andt > 0. If x is a non-oscillatory solution of equation , then (12.5))
holds.

Proof. Let x(t) be a non-oscillatory solution of equation (1.1) with f; = 0. First
assume z is eventually positive, say x(t) > 0 for t > t; for some ¢; > to. From (1.1)

we find that
ty

A)N)A = — lta s)f1(s,x(s))As a(t, s)fi(s, x(s))As.
(r()(z=()*)" = /0 (t,s)f1(s,2(s))A S/O (t,s)f1(s,z(s))A

Using (T.3) (see (2.9)) in the above inequality, we obtain (r(t)(z®(¢))*)® < b. The
rest of the proof is similar to that of Theorem and hence is omitted. O

Theorem 2.5. Let conditions (1)—(iii) hold with 8 =1 and v < 1 and suppose

. 1 ﬁ 1/
tLoo R(t to) / / / a(u, s)py " (s)py (S)ASAU) Av < oo (2.12)

for some ty > 0. Ifx is a non-oscillatory solution of equation (1.1), then (2.5)
holds.

Proof. Let x be a non-oscillatory solution of (1.1)). First assume z is eventually
positive, say x(t) > 0 for ¢ > ¢; for some t; > t¢ . From conditions (ii) and (iii)
with # =1 and v < 1 in equation (1.1)) we have

(007 < = [ alt.9)F(s.a(6)As+ [ alts)pa(s)a” () = (s)a)As

(2.13)
for all t> ;. Hence,

(rO @) <b+ / alt, $)[p2()27(s) — pa(s)z)As,

where bisasin (2.9)). Applying (2.2) with A =~, X = pé/'yx and Y = (%plp;)ﬁ,
we obtain

0 —
pa(t)2”(8) = pr(B)a(t) < (L =)y™=op] " (Opy " (1), £ =1, (2.14)
Using ([2.14) in (2.13) we have
t ¥ 1

(r(t) (mA(t))a)A <b+ (1= / at,s)p; " (s)py " (5)As ¢ > 1.

t1
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The rest of the proof is similar to that of Theorem [2.3] and hence is omitted. O

Theorem 2.6. Let conditions (i)—(iii) hold with 3 > 1 and v < 1 and assume that
there ezists a positive rd-continuous function & : T — T such that

A R(t o) / / / alw, 9 (2.15)

[0155 T(s )pll (s )Jrczgw T(s)py " 7( )]AsAu)l/aAv<oo

for some tg > 0, where ¢y = (8 — 1)5% and ¢ = (1 — fy)’yﬁ. If x is a non-
oscillatory solution of equation (1.1)), then (2.5) holds.

Proof. Let z be a non-oscillatory solution of equation (1.1). First assume z is
eventually positive, say z(t) > 0 for ¢ > ¢; for some t; > to . Using (ii) and (iii) in

equation (1.1) we obtain

(r(®) (> (1)7)™ < - / a(t, ) F (s, 2(s))As + / alt,)[E()2(s) — pa(s)2°(s)] As
0

t1

+ [ ats)ipa(o)a7(5) ~ g(s)a(s)] s

t1
As in the proof of Theorems [2.3] and one can easily show that

(r(H) (@ (1))
< —/0 a(t,s)F(s,xz(s))As

K 8 8 = 1
i / alt,8)| (B = DBTFETT (s)pf 7 (s) + (1= Yy ™7 €T (s)pg (5)] As.
t1
The rest of the proof is similar to that of Theorem [2.3] and hence is omitted. O
Theorem 2.7. Let conditions (1)—(iii) hold with 3 > 1 and v < 1 and suppose that
there exists a positive rd-continuous function & : T — T such that

thR(ttO/ // (u, )€ 77 (5)pT ()AsAu) Av < 00

tl—>ooR(tto/ // (u, $)E7T (5)p2 ()AsAu)/Av<oo

for some tg > 0. If x is a non-oscillatory solution of equation (1.1), then (2.5)
holds.

and

For the cases when both f; and fo are superlinear (5 > - > 1) or else sublinear
(1> 8>~ >0), we have the following result.

Theorem 2.8. Let conditions (1)—(iii) hold with 8 > v and assume

tl—’OOR(tto/ // alu, s)p

for some ty > 0. If:z: is a mon-oscillatory solution of equation (1.1)), then (2.5
holds.

_B_ 1/
P (s)ps 7 (s) As Au) Av < oo (2.16)
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Proof. Let x be a non-oscillatory solution of (1.1). First assume z is eventually
positive, say x(t) > 0 for ¢ > t; for some t; > ty. Using conditions (ii) and (iii) in

equation we have
(r(®)@> (1))

< —/O 1 a(t,s)F(s,z(s))As —i—/t alt, s)[p2(s)27 (s) — p1(s)z?(s)] As.

By applying Lemma [2.1] with

(2.17)

B (s _ope(s) o m
= X=alls), ¥ Bp1(s)’ 8-
we obtain
pa(s)a(s) — pi(s)2(s) = Dy () () TP _ T @y

0 Bpi(s) B
/6 n
7?1(5)[XY X ]
I6] 1

- (?)%m(s)%(m(s»#

The rest of the proof is similar to that of Theorem [2.3] and hence is omitted. O
Remark 2.9. If in addition to the hypotheses of Theorems 2.3H28]

lim R(t,t) < oo,

t—o0
then every non-oscillatory solution of ([L.1]) is bounded.

Remark 2.10. The results given above hold for equations of the form

(r(t)(z®())A + /0 a(t,s)F(s,z(s))As = e(t) (2.18)

if the additional condition

1 + 1 v 1/«
lim e(s)| As Av <09
t—o0 R(t,t0) /tg <r(v) /to ) )

is satisfied.

3. OSCILLATION RESULTS FOR (|1.2))
This section we study of the oscillatory properties of (1.2). For this end hy-

potheses (i) and (ii) are replaced by the assumptions:
(M) e,r: T—Rand a: T x T — R are rd-continuous, r(t) > 0 and a(¢,s) > 0
for t > s and there exist rd-continuous functions k,m : T — R* such that
a(t,s) < k(t)ym(s), t>s (3.1)
with
¢
ki :=supk(t) < oo, kg:= sup/ m(s)As < oco.
>0 >0 Jo

In this case condition (|1.3)) is satisfied with k = k1ks.
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(I) F: T xR — R is continuous and assume that there exists rd-continuous
function, ¢ : T — (0,00) and a real number 8 with 0 < 8 < 1 such that

cF(t,x) < qt)zP*t, for x # 0 and t > 0. (3.2)

In what follows

t
9+(t,p) =6(t)¢k1(1—ﬁ)ﬁﬂ/“‘ﬁ)/ PP (5)q(s)V O m =B (5) A, (3.3)
0

where 0 < 5 < 1, p € Crq(T, (0, 00)).
We first give sufficient conditions under which non-oscillatory solutions z of

equation (|1.2)) satisfy
z(t) =0(t), ast— oo. (3.4)

Theorem 3.1. Let 0 < 8 < 1, conditions (I) and (I) hold, assume the function
t/r(t) is bounded, and for some ty > 0,

< s
——As < oc. (3.5)
/to r(s)
Let p € Crq(T, (0,00)) such that
/ sp(s) As < oo. (3.6)
to
If
, IR B
limsup — —_ g—(8,p)AsAu < o0,
t—oo t Sy, T(W) Sy, 3.7)
1"f1/t1/u()AA> .
iminf — | — 9+ (8,p) As Au > —o0,
t—oo to T(U) to *
then every non-oscillatory solution x(t) of (L.2)) satisfies
t
lim sup Kt” < 00.
t—o0

Proof. Let x be a non-oscillatory solution of (1.1)). First assume z is eventually
positive, say x(t) > 0 for t > t; for some t; > to.

Using condition in we have
(r() (@ (1))> < e(t) - / Lt ) F(s, () As + / a(t, $)q(s)2° (s)As, (3.8)

0 t1
for t > t1. Let

= F(t,z(t)]| < 0.
¢ = max |F(t,z(t)] <oo

By assumption (3.1)), we obtain
t] tl
| —/ a(t,s)F(s,x(s))As’ < c/ a(t,s)As < ckiks =: b, t>1;.
0 0

Hence from (3.8]) we have

(r(H@> ()" <e(t) +b+ kl/ [m(s)q(s)z” (s) — p(s)x(s)| As
h (3.9)

t
+k1/ p(s)x(s)As, t>t.

t1
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Applying (2.2)) of Lemmawith
A=8, X=(gm)"Pz, Y= (%p(mq)*l/ﬁ)ﬁ
we have
m(s)q(s)2” (s) = p(s)a(s) < (1=3)3% =P B0 (5)m 1/ 1=5) ()¢ (1=F) ().

Thus, we obtain

¢
(7"(1?)(30A(t)))A < g+(t,p) + b+ky / p(s)x(s)As for t > t;. (3.10)
t1
Integrating (3.10) from t; to t we have
r(t)z(t) < r(ty)x™(t) + / g+ (s,p)As+b(t —t1) + kl/ / s)As Au,
(3.11)

for t > t;. Employing [I0, Lemma 3] to interchange the order of integration, we
obtain
t

r(t)z?(t) < r(t)x™(t1) +/ 9+ (8,p)As + b(t — t1)+k1t/ p(s)x(s)As, t>1t

and so,
r(t)z? ! -
22 (t) < %)(tl) + %/t g+(s)As+b(tr(;)+k(1§/t p(s)x(s)As, t>t.

Integrating this inequality from ¢; to ¢ and using (3.5|) and the fact that the function
t/r(t) is bounded for ¢ > t1, say by ks we see that

2(t) < atr) + r(t)z® (t) / %AS—F / % /ug+(s)AsAu

t1

+ b/ A8+k)1k‘3/ / ASAU t>t.

Once again, using [10, Lemma 3] we have

(1) gx(t1)+r(t1)xﬁ(t1)/t 7¢<18>A5+/t 7~(1@/tu9+(5)A5A“

- ) (3.12)
+b/ —As—i—klkgt/ p(s)z(s)As, t>t
0 7(s) t1
and so,

@ < citer /t sp(s)(@)AS, t 2>t (3.13)

ty

note (3.5) and (3.7), ca = k1ks and ¢; is an upper bound for

1[ A | Y tos
—|z(t,) +r(t1)x (tl)/ — As+ —/ g+(s) AsAu+b/ —— As]
t ! t1 r(s> t1 T(u) t1 t1 T(S)
for t > t1. Applying Gronwall’s inequality [2, Corollary 6.7] to inequality (3.13)
and then using condition (3.6)) we have

x(t)

lim sup — < (3.14)

t—oo
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If x(t) is eventually negative, we can set y = —x to see that y satisfies equation
(1.2) with e(t) replaced by —e(t) and F(t,z) replaced by —F(¢, —y). It follows in
a similar manner that

a(t)

limsup% < 0. (3.15)

t—o0

The proof is complete. (Il

Next, by employing Theorem we present the following oscillation result for
equation (|1.2)).

Theorem 3.2. Let 0 < 3 < 1, conditions (1), (I1), (3.5)), (3.6), and (3.7) hold,
assume the function t/r(t) is bounded , and there is a function p € Cyq(T, (0, 00))

such that (3.6]) holds. If for every 0 < M < 1,

t u
lim sup [Mt+/ i/ g_(s,p)AsAu] = 00,
t—o0 to r(u) to

tmint [0+ [ o [ g5 sa] = —oc,

to to
then (1.2)) is oscillatory.

Proof. Let x be a non-oscillatory solution of equation (1.2)), say z(t) > 0 for t > t;
for some ¢, > to. The proof when z(t) is eventually negative is similar. Proceeding
as in the proof of Theorem we arrive at (3.12)). Therefore,

o) < alt) +r(e)ae) [ sase [ [ s pasa

t1 tl

oo o)
+b/ iAS—l—k‘lk‘gt/ sp(s)(%s))As, t > 1.
t1

r(s) t
Clearly, the conclusion of Theorem [3.1] holds. This together with (3.5) imply that
t 1 u
x(t) <M+ Mt —l—/ —/ g+ (s, p)AsAu, (3.17)
t1 T(u) t1

where M; and M are positive real numbers. Note that we make M < 1 possible by
increasing the size of ¢;. Finally, taking liminf in (3.17) as t— oo and using (3.16))
result in a contradiction with the fact that x(t) is eventually positive. O

Corollary 3.3. Let 0 < 8 < 1 and condition (1), (IT), (3.5), and (3.6 hold, assume
the function t/r(t) is bounded, and for some ty > 0 suppose

AR U AR U
limsupf/ —/ e(s) AsAu < oo, litminff/ —/ e(s)AsAu > —oo
to to

t—oo L T‘(U) to —oo ¢ ’I"(U) to
(3.18)
and
INARE e
lim — —/ PP/ B (5)q(s)Y =PI =B (5) AsAu < oc. (3.19)
t=oo t Jyy () Sy,
If for every 0 < M < 1,
t 1 u
lim sup {Mt + | — e(s)AsAu] = 00,
t—o0 to T(u) to
- (3.20)

lim inf {Mt +

t—oo



10 R. P. AGARWAL, S. R. GRACE, D. O'REGAN, A. ZAFER EJDE-2014/105

then (1.2)) is oscillatory.

Similar reasoning to that in the sublinear case guarantees the following theorems
for the integro-dynamic equation (|1.2)) when g = 1.

Theorem 3.4. Let § = 1, conditions (I), (II), (3.5) and (3.18) hold, assume the
function t/r(t) is bounded, and for some tg > 0 suppose

1imsup/ sm(s)q(s)As < co. (3.21)

t—o0 to

Then every non-oscillatory solution of equation (1.2)) satisfies

t
lim sup @ < 00

t—o0

Theorem 3.5. Let § = 1, conditions (I), (II), (3.5), (3.18)), , and (3.21))

hold, assume the function t/r(t) is bounded. Then (1.2) is oscillatory.

Remark 3.6. We note that the results of Section [3] can be obtained by using
the hypothesis (i) with the additional assumption that the function a(t, s) is non-
increasing with respect to the first variable. In this case, k1m(t) which appeared in
the proofs and m(t) which appeared in the statements of the theorems should be
replaced by a(t,t). The details are left to the reader.

4. EXAMPLES

As we already mentioned the results of the present paper are new for the cases
when T = R (the continuous case) or when T = Z (the discrete case).

Example 4.1. Consider the integro-differential equations

(%(x/(t)ﬁ)’ +/0 MLSQ[SG 2(s) — a¥(s)ds = 0, >0 (4.1)
and
(tlz(x’(t))lm), + /Ot e Jtr = [sP2%/7(s) — 523/ 7(s)]ds =0, t>0, (4.2)

where «a, b, and ¢ are nonnegative real numbers satisfying 3a < 2 and 3b—2 < 5¢ <
3b.

For ([L.1)), take o = 3, 7(t) = 1/t, a(t,s) = t/(t* + s?), p1(t) = t*, pa(t) = 1,
B=5,v=3, R(t,0) = (3/5)t>/3. Since

t v u 2 1/3
t_5/3/ (v/ f/ 2u 28_3“/2dsdu) dv
0 0 u 0 U +5
t v 1/3
< clt75/3/ (v/ uiga/Qdu) dv
0 0

a/2
)

= Cgt_

where ¢; and ¢ are certain constants, condition (2.16]) holds.
For (4.2), take o = 1/3, r(t) = 1/t2, a(t,s) = t/(t? + s?), p1(t) = t°, pa(t) = t°,
B=5/7,v=3/7, R(t,0) = (1/10)¢'°. Condition (2.16] holds, because

t v U 2
1 u 3
—10 2 —3a/24+5c/2
t /O<v /0 E/o u2—|—s2s / /dsdu) dv




EJDE-2014/105 OSCILLATORY AND ASYMPTOTIC BEHAVIOR OF SOLUTIONS 11

t v
< dlt_lo/ (02/ u—3b/2+5c/2du)3dv
0 0

— (= 9b/2+15¢/2

where d; and dsy are certain constants.
As a result, we may conclude from Theorem that every non-oscillatory so-
lution of (£.1)) and of (£.2) satisfies z = O(t°/3) and = = O(t'?), respectively, as

t — o0.

Example 4.2. Consider the integro-differential equation

Sx// ‘ xﬁ(s)
(1+1) )+/0 (

e ——ds = t'si 4.
t2—|—1)(s4—|—)d8 t* sint, (4.3)

where §=1/3 or §=1.

We observe that r(t) = (1 +1)3, k(t) = 1/(#* + 1), m(s) = 1/(s* + 1), q(t) = 1,
e(t) = ttsint. Letting p(t) = m(t), we see that the integral appearing in the
definition of g (t,p) given by becomes bounded. It is then not difficult to
show that all conditions of Theorem for B = 1/3 are satisfied. On the other
hand, all conditions of Theorem for § = 1 are also satisfied. Therefore, every
solution of equation is oscillatory for § =1/3 and 8 = 1.
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