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MULTIPLE SOLUTIONS FOR PERTURBED p-LAPLACIAN
BOUNDARY-VALUE PROBLEMS WITH IMPULSIVE EFFECTS

MASSIMILIANO FERRARA, SHAPOUR HEIDARKHANI

ABSTRACT. We establish the existence of three distinct solutions for a per-
turbed p-Laplacian boundary value problem with impulsive effects. Our ap-
proach is based on variational methods.

1. INTRODUCTION

In this work, we show the existence of at least three solutions for the nonlinear
perturbed problem

—(p(2)@p(u'(2)))" + s(2)Pp(u'(2)) = Af (z,u(z)) + pg(z,u(z)) ae. z € (a,b),
) —agu(a) =0, pru'(b7) + Bou(b) =0

aqu'(a

(1.1)

with the impulsive conditions

A(p(xj)(bp(ul(xj))) :Ij(u(xj))v Jj= L2,...,1 (1'2)
where a,b € R with a < b, p > 1, ®,(t) = |t|[P7%t, p,s € L>®([a,b]) with py :=
essinfyepqp p(x) > 0, S0 1= essinfyeiqps(z) > 0, plat) = pla) > 0, p(b™) =
p(b) > 0, a1, ag, P1, P2 are positive constants, f,g : [a,b] x R — R are two
L'-Carathéodory functions, zg = a < 11 < x3 < -+ < 27 < 1141 = b,

Ap(w)@p(u(25))) = pla])Pp(u' (z])) — plz;)Pp(u' (7))
where z(y™) and z(y~) denote the right and left limits of z(y) at y, respectively,
I :R—Rfor j =1,...,1 are continuous satisfying the condition Z§=1(Ij(tl) —
I;(t2))(t1 — t2) > 0 for every t1,t2 € R, X is a positive parameter and p is a
non-negative parameter.

The theory of impulsive differential equations describes processes which expe-
rience a sudden change of their state at certain moments. Processes with such a
character arise naturally and often, especially in phenomena studied in mechanical
systems with impact, biological systems such as heart beats, population dynam-
ics, theoretical physics, radiophysics, pharmacokinetics, mathematical economy,
chemical technology, electric technology, metallurgy, ecology, industrial robotics,
biotechnology processes, chemistry, engineering, control theory and so on. For the
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background, theory and applications of impulsive differential equations, we refer
the interest readers to [3], 4 [10} 13}, T4} [16], 19, [21].

Existence and multiplicity of solutions for impulsive differential equations have
been studied by several authors and, for an overview on this subject, we refer the
reader to the papers [I], 2] [15] [I8] 23] 24, 26 27]. For instance, Tian and Ge in
[23], using variational methods, have studied the existence of at least two positive
solutions for the nonlinear impulsive boundary-value problem

—(p(t)2p(u' (1)) + s(£)@p(u' () = f(t,u(t) ae. t#ti teE(ab)
( (tl) ( ( ))) :Ii(u(ti))7 i=12,...,1
au'(a) - fu(a) = A, yu'(b) + ou(b) = B,

where a,b € R with a < b, p > 1, ®,(t) = [t|'7?¢, p,s € L*([a,b]) with
essinfyciqp) p(t) > 0, essinfiepy 4y 5(t) > 0, 0 < p(a),p(b) < 400, A <0, B >0,
a, B, v, o are positive constants, I; € C([0,+o0), [0,+00)) for i = 1,...,1,
f € C([a,b] x [0,400), [0, +00)), ( 0) #0fort € [a,bl,to =a<t; <ty <
b <t = by Alp(t) (e (1)) = p(EN) (! (£5) — plt; )0, (' (1)) where a(t})
(respectively x(t; )) denotes the right limit (respectively left limit) of x(¢) at t = ¢;
for i = 1,...,1. Also, Tain and Ge in [24] have studied the existence of positive
solutions to the linear and nonlinear Sturm-Liouville impulsive problem by using
variational methods. In fact they have generalized the results of [I8 23]. In [I],
Bai and Dai by using critical point theory, some criteria have obtained to guarantee
that the impulsive problem

—(p(t)p( (1)) + s()Pp(u' (1)) = Af (£ ult)) ae. t#t, € (ab),
Alp(t;)® ( ")) = Liu(t), i=1,2,...,1
au'(a) = fu(a) = A, yu'(b) + ou(b) = B,

where a,b € R with a < b, p > 1, ®,(t) = [t|'7?¢, p,s € L*([a,b]) with
essinfyciqp) p(t) > 0, essinfiepy ) 5(t) > 0, 0 < p(a), p(b) < +oo, X is a positive
parameter, A, B are constant, «, 3, 7, o are positive constants, f : [a,b] xR — R is
a continuous function, I; : R — R for ¢ = 1,...,[ are continuous functions, o = a <
b<taeer <t < tis = b, Alp(t)@y(u' (1)) = pltF) D, (u' (1)) — p(t ) Bp(e/ ()
where x(t]") (respectively z(¢; )) denotes the right limit (respectively left limit) of
x(t) at t =t; for i = 1,...,1, has at least one solution, two solutions and infinitely
many solutions when the parameter lies in different intervals. In particular, in [2],
Bai and Dai, employing a three critical points theorem due to Ricceri [20] have
ensured the existence of at least three solutions for — in the case p = 0.

In this article, motivated by [2], employing a three critical points theorem ob-
tained in [5] which we recall in the next section (Theorem [2.1), we ensure the
existence of at least three weak solutions for the problem (L.1)-(1.2). We explic-
itly observe that in [2], © = 0 and no exact estimate of A for which the problem
— admits multiple solutions is ensured. The aim of this work is to establish
precise values of A and p for which the problem — admits at least three
weak solutions.

Theorem [2.1] has been used for establishing the existence of at least three solu-
tions for eigenvalue problems in the papers [0, [7, 8, [I2]. Fora review on the subject,
we refer the reader to [I1].
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2. PRELIMINARIES
Our main tool is the following three critical points theorem.

Theorem 2.1 (|5, Theorem 2.6]). Let X be a reflexive real Banach space, ® : X —
R be a coercive continuously Gateaux differentiable and sequentially weakly lower
semicontinuous functional whose Gateauzr derivative admits a continuous inverse
on X*, and ¥ : X — R be a continuously Gateauz differentiable functional whose
Gateauz derivative is compact, such that ®(0) = ¥(0) = 0. Assume that there exist
r>0and T € X, with r < ®(T) such that

v (z)
(al) 1 Sup@(z) <r \I/(SL') < @(gxg)

a2) for each A € A, 2@ r [ the functional ® — AV is coercive.
¥ (

T)? SUPg(p)<r ¥ ()
Then, for each A € A, the functional ® — AV has at least three distinct critical
points in X.

Let X := W'?([a,b]) equipped with the norm

= ([ st @t + [ soppa)”

which is equivalent to the usual one. The following lemma is useful for proving our
main result.

Lemma 2.2 ([23] Lemma 2.6]). Let w € X. Then

Julloe = max [u(o)] < Ml (21)
where
M:Ql/qmax{ 1 (b_a)l/P} 1—1—1:1.
(b—a)l/Psl/p’ Ve 0 p g

By a classical solution of the problem (|1.1] , we mean a function u € {u
X p(z)®,(u) () € Wheo(zj,2541), j = 0 1 l} such thatusatlsﬁes 1 .
We say that a function v € X is a weak solutlon of the problem (1.1 ) if

b b
| e @) @do+ [ s, ula))o(a)ds

Bau(b)
T

asu(a)

+ p(@)@y (2 Yo (a) + p() 0

851

— )\/ fz,u(x))v(z)de — /abg(:r,u(x))v(x)dx =0

for every v € X.
For the sake of convenience, in the sequel, we define

F(x,t) = /Ot f(z,&)d¢  for all (z,t) € [a,b] x R,

G(z,t) = /Otg(x,f)df for all (z,t) € [a,b] X R,

oy = M (01

p—1 p—1
p o] IoHt
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:7_Z%+1M%+1

!
1
Cg:*‘i'z % —L Mt

p 17 +1
! b
C, = (a M+ M%“)

For given constants d1, d2, 11 and 72 put

Ky = (“’_”)(2 zz) + 20+ B (-0 (o4 o 1)),

a2 b—toe b
=l [ pledo g [ oo P [ playds,
a —a b—2=2

a+

1 Tm

Kg:max{%\(m, (b;la—&-%)\(m, (b;a+ﬁ)‘5z|7 ﬁ|52‘};
b 1/1)
Ky = (Ol+03)(K2+K§/a s(z)d )+C4 Ky + K¥ / ,
hl(x)zél(HZ—:—a), ha() = K (2~ a — b%“) +6l(bma+z—;),
hs(z )_52(1:—% b),

a+ ;1 ;a b
K* ;:/ F(m,hl(x))dx+/ . F(x,hg(w))dx+/b  F(x,hy(x))da.

a+T bnTa

In this article, we assume throughout, and without further mention, that the
following condition holds:

(A1) The impulsive functions I; have sublinear growth, i.e., there exist constants

a; >0,b; >0,and v; € [0,p—1) for j =1,2,...,1 such that
|I;(t)| < aj+b;[t]7 forveryteR, j=1,2,...,L
Moreover, set G := fQ max|y<g G(z,t)dt for all > 0, and G, := infqy o, G for
all n > 0. If g is sign-changing, then clearly, GY > 0 and G, <0.

A special case of our main results is the following theorem, whose proof we delay
until the end of the paper.

+1
>0. Let f:R—R bea

Theorem 2.3. Assume that C} := l - Z; 13 +1
non-negative continuous function. Put F(t fo &)d¢ for each t € R. Suppose
that
lim inf % = lim sup % =0
=0 2P/q gp 21/q§ §—too mgp - 217741
where

J

l
b vt
cl = (a-zl/Q+7J2 7 )
4 ; J v +1
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Then, there is \* > 0 such that for each X\ > \* and for every L'-Carathéodory
function g : [0,1] x R — R satisfying the condition

t
SUP,efo,1) Jo 9(%: 8)ds

s Ci
2pr/4q P — 21/qt

lim sup
|t]— o0

< +00,

there exists 63 ;> 0 such that, for each p € [0, 5;‘\’!;[, the problem
—(®p(u(2))) + p(u'(2)) = Af(u(z)) + pg(z,u(z)) a.e z€(0,1),
' (07) —u(0) =0, «'(17)+u(l)=0
with the impulsive conditions
Alp(x)0p (W (25))) = Ij(ulz;)), j=1,2,...,1
admits at least three weak solutions.
We need the following proposition in the proof our main result.

Proposition 2.4. Let T : X — X™ be the operator defined by

b b
T(w)o = [ o), (@)W @) + [ s(a),(ula) (o)

Bau(b)
31

asu(a)

+ p(a)@, (225 ) h(a) + p(B) @, (257 ) 0(0)

l
+ 2 1) (;)

for every u,h € X. Then T admits a continuous inverse on X*.
Proof. For any u € X \ {0},
(T'(u), u)

lull—oo  [lull

(LAY o ) o)

[l

llull—oc

Pl (2 Ju(@) + o), (2 Julb) + 3 Ij<u(xj>>u<xj>)

]

(Lr@ @pie + [ o)
ol
pla)@y (224 )u(a) + p(0) @, (2252 u(b) + 35, Ij<u<wj>>u<xj>)
ol
lull? + (@), (2222 Yu(a) + p(6) 2, (=42 u(h)
full oo T

Sy Ii(u(zy))u(x;)

+ = 0.

= lim
llul|—o0

+

Thus, the map T is coercive.
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For any u € X and v € X, we have
(T(u) =T(v),u —v)

+ p(a)(®, ag;tl(a)) B q)p(azsl(a)))(u(a) —w(a)) + p(b)(q)p(62;1(b))
l
= (R0 w0+ Y (o) ) 0tr,) ~ o)

Hence, from our assumptions on the data, we have
b
(T(u) =T(v),u—v) = / (p(x)(q’p(u/(fﬂ)) — @, (v'(2))) (¢ () — v'(2))
+ 5(2)(Pp(u(x)) — Pp(u(x)))(u(z) — v(l‘)))dw-

Now, taking into account [22], (2.)], there exist ¢,, d, > 0 such that
(T'(u) = T(v),u— U>

{%ﬁ( W/ (@) = o (@) + s(@)u(x) — v@)P ) do it p>2, (2.2)

Dl @) @), s(@)fulz)—v(z) ~
d, [, (<|u @ @DEF T Qul@ o@D v)d ifl<p<2

At this point, if p > 2, then it follows that
(T'(u) = T(v),u—v) = cpllu—vl”,

so T is uniformly monotone. By [25, Theorem 26.A (d)], 7! exists and is contin-

uous on X*. On the other hand, if 1 < p < 2, by Hoélder’s inequality, we obtain

/ s(@)|u(z) — v(z)Pde

(/ab (Tifg)cgill(jf)w_(;)(gz)dem)?h(/:S(x)(|u(a:)| + |U(x)\)2’daj) (2—p)/2

(Aiﬁﬁﬁfl@ﬁ@i&@wQWﬂﬁw(wawu@W”4M@WW@2

=n@-p) b os(a)|u(x) — v(a)|? . . o2
<= [ s ) (4 1)

IN

IN

(2.3)
Similarly, one has

b
[ el @)~ @)pda

(=nz=p) " p(@)u (x) — o' () . p/2 v NCEE
=2 (L(W@”+W%mywd) (Irall + flo) =",

Then, relation ([2.2]) together with (2.3)) and (2.4)), yields
(T'(u) = T(v),u—v)

(2.4)
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b 2/p
> e ([ po@ - @)

+ (/b s(o)lu(z) — v(a)|de) 2/”)
S / " @ (@) o/ (@)Pd + /

>__ = 7
= (lull + fvlhz=? a

(p—1)(2—p)
2

b 2/p

s@u() - o(e)Pdr)”
Ju = o]

(el + Tol7

Thus, T is strictly monotone. By [25, Theorem 26.A (d)], T—! exists and is
bounded. Moreover, given g1, g2 € X*, by the inequality

=202,

lu = v||?

Tu)—TwW),u—wv _2p_2dp—2_a
) =T w2 2 o

choosing u = T~ !(g1) and v = T~(g2) we have
_ _ 1 _ _ -
1T~ Hg1) =T g2)| < =g (I (g0l + 1T (92))* P llgr = g2l -
p

So T! is locally Lipschitz continuous and hence continuous. This completes the
proof. ([

3. MAIN RESULTS
To introduce our result, we fix three constants 8 > 0, §; and J such that
K, Lzgr — C1g

— <
KFE b
[, supjy<p F(z, t)dzx

and taking
Nenw| B GBS0
A 9 b )
KF [, supjy<p F(z,t)dzx
we set
. %91’—%H—Affsup|t|S0F(m,t)da: K, — \KF
Org = mln{ o oG } (3.1)
7
and
_ 1
Ox,g = min {5)\7 , }, (3.2)
! ! max{0, (b — a) limsup;_ w}

Ca Cyq
Pt

r _

where we define §

400, so that, for instance, EA’Q = +00 when

) sup Gla,t
lim sup —ge[a’b] C( ) <
tl—oo  afpt? — art

and G, = GY = 0.
Now, we formulate our main result.



8 M. FERRARA, S. HEIDARKHANI EJDE-2014/106

Theorem 3.1. Assume that Cy > 0 and there exist constants 61 and 92, and
positive constants 0, n1 and no with 67 4+ 63 # 0, N1 + 12 < Mmn2 and

0 C
K21/p > i > (7411)1/(19—1)

such that
fah sup|,<g F(z,t)dx KT .
(A2) %0},_%0 Ky’

——+0o0 ﬁtp,ﬂt
MP M
Then, for each
K G- G
KEF b
Ko supyy<q F'(2,t)dzx
and for every L*-Caratéodory function g : [a,b] x R — R satisfying the condition

)\EA::]

. SUPzela,b] G((Z?, t)
limsup ——————

< +00
C C ’
ltloe a7t — 37t

there exists 5x,4 > 0 given by (3.2) such that, for each p € [0,6x 4], the problem
(1.1)-(1.2) admits at least three distinct weak solutions in X .

Proof. To apply Theorem to our problem, we introduce the functionals &, ¥ :
X — R for each u € X, as follows

l u(x;) p—1 p—1
1 ; pla)od p(b)5
B(u) = L [lul? + / L(tydt + 2%y + 2% e,
P ; o’ pat pB!

b
U(u) = / [F(z,u(g;))+§G(x,u(x))]dx.

Now we show that the functionals ® and V¥ satisfy the required conditions. It is well
known that W is a differentiable functional whose differential at the point v € X is

V() = [ [feu() + fowulz)u(w)dz,

for every v € X, as well as, is sequentially weakly upper semicontinuous. Further-
more, ¥ : X — X* is a compact operator. Indeed, it is enough to show that ¥’
is strongly continuous on X. For this, for fixed u € X, let u,, — u weakly in X
as n — +o0o. Then we have w,, converges uniformly to u on [a,b] as n — 400 (see
[25]). Since f and g are L!-Carathéodory functions, f and g are continuous in R for
every z € [a,b]. So f(z,un)+ §g(x,un) — f(z,u)+ §g(x,u) strongly as n — 400,
from which follows ¥ (u,,) — ¥’ (u) strongly as n — +o00. Thus we have established
that W’ is strongly continuous on X, which implies that ¥’ is a compact operator
by Proposition 26.2 of [25]. Moreover, ® is continuously differentiable and whose
differential at the point v € X is

V(o = [ ple), @) @)+ [ s(a)y(ula))oo)ds

Bau(b)
g )Y

asu(a)

+ p(a) 2y (22 Yu(a) + ()0

aq
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for every v € X, while Proposition gives that ®' admits a continuous inverse
on X*. Furthermore, ® is sequentially weakly lower semicontinuous. Indeed, let
for fixed u € X, assume u,, — u weakly in X as n — +o0o. The continuity and
convexity of ||u||? imply |lu||? is sequentially weakly lower semicontinuous, which
combining the continuity of I; for j =1,...,[ yields that

Un (25) p—1 p—1

tim (7||un|v> + Z/ fat+ 2%, @ + 200, o))

n—+ pa1 pﬁ1

U«(w]) p—1 p—1
pla)a p(b)
f||u||p+Z / it + 2O + 2 )
1 1
namely
liminf ®(u,,) > ®(u)

n—-—+o0o
which means ® is sequentially weakly lower semicontinuous. Clearly, the weak
solutions of the problem (I.1)) are exactly the solutions of the equation ®'(u) —
AU/ (u) = 0. Put r = £26P — €10 and

hi(z), x€a,a + bn_fa),
w(z) =< ha(z), z€]
hs(x), xe(a+”n—1‘1,b].

boa), (3.3)

It is easy to see that w € X and, in particular, in view of

b b b
/p(x)|w'(x)|pdx:K2 and OS/ s(a:)|w(x)|pda;§K3p/ s(x)dx,

we have
b

1/p
Jull < (Ko + 8% [ stajar) "

a
which in conjunction with the inequality

P(u) < (Cr + Cs)l|ull” + Callull (3.4)
for all u € X (see[2]), yields
d(w) < Ky. (3.5)
Moreover, by the same reasoning as given given in the proof [2, Lemma 5], using
(3-5), from the condition
0 Ca\1/(p—1)
SV (a)

one has 0 < r < ®(w). Taking (2.1) into account, by the same arguing as given in
the proof [2, Lemma 5] we have

1] = 00,7]) C {u € X;|Juflos < 6},

K)? >

and it follows that

b
sup  W¥(u)=  sup / [F(x,u(z)) + G(x u(z))]dz
u€®~1(]—o0,r]) ued—1(]—o0,r])

b
< / sup F'(z,t)dx + MGG
a [t|<6
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On the other hand, from the definition of ¥, we infer

b b
\I/(w):/ Fla,w@)de + 2 [ Gz, wz))dz

)\ a
b
:KF—F% G(z,w(x))dz
>EKF+(b-a)? mf @
= = DY o
= K"+ (-G,

Therefore, owing to Assumption (A2) and (3.5]), we have

b
SUPyeq 1 (J—oo,r]) T(U)  SUPucq—1 (oo, J, [F(2, u(2)) + §G(z, u(x))]dz

r r

b (3.6)
- J, supjyy<q F(z, t)dx + LGY
B T
and ,
U (w) N KP4+ & "Gz, w(z))ds
$(w) - K (3.7)
o Jo Fla,w(@)de + (b - a)kG,
> e .
Since p < 03,4, one has
b
_ %91) - %0 = A [, supyy <o F(,t)dx
/’1/ Ga )
which means ,
I SUP 4 <o F(x,t)dx + %Ge 1
Coop — 1 S
M M
Furthermore,
K, — \KF
< o~
(b—a)G,
and this means
KF 4+ (b—a)kG, - 1
Ky A
Then ,
su F(z,t)dz + £G% 1  KF + (b—a)lG
Ju suprg o Pl Ode 1 5 << b= 0)5C (3.8)

Lz gr — C1g A Ky

Hence from (3.6)-(3.8), the condition (al) of Theorem [2.1]is verified.
Finally, since 1 < dy 4, we can fix [ > 0 such that

SUpP,ciap Gz, 1
lim sup pce#é) <l
[t|—oo A tP — 7t
and pl < MP. Therefore, there exists a function h € L!([a,b]) such that
Cs Cy

G(z,t) < l(mtp - Mt) + h(z) for all x € [a,b] and for all ¢ € R.
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Now, fix 0 < e < 22 — & From (A3) there is a function h, € L'([a, b]) such that

C’g Cy
F(z,t) < e(—tp — —1t)+ he(x) for all x € [a,b]and for all ¢t € R.

Mp M

Using (3.4), it follows that, for each u € X,

D(u) — A (u)
D P@EET )
ww+2/ (0t -+ P2 u(@ + L2 )
bay PPy

_ )\/ [F(z,u(z)) + %G(m,u(m))]dw
Q
C C C C
> (O = dexs — pl o) ull? = (Ca + A+ pd= )l = MlAclly = plbll,
and thus
lim (®(u) — A¥(u)) = 400,

llull—+o0
which means the functional <I> AV is coercive, and the condition (a2) of Theorem
is satisfied. Since, from and (3.8),
<I>(w) r

A€ ,
] \I/(UJ) SUP® (z)<r \I/(Z‘)

)

Theorem with T = w, assures the existence of three critical points for the
functional ® — AV, and the proof is complete. O

Here, we exhibit an example whose construction is motivated by [2, Example 1],
in which the hypotheses of Theorem [3.1] are satisfied.

Example 3.2. Consider the problem

—((@+ 3 (@) (2))" + (22 + 2)|u(z)|u(z) = Af(z,u(2)) + pg(z, u(z))

72)’

W' (1Y) —u(1) =0, o' (27)+u(2) =0, (3.9)
1
(12

a.e. T € (1

Al + 9l e)lul (01) = ~(o5 + oxlul@) 72, a1 € (1,2)

where
a3t —2t) if (2,t) € [1,2] x (—o0, 1],
f@.t) = {xt if (z,t) € [1,2] x [1,+00).
g(z,t) = e*73 for all x € [1,2] and t € R, and I (u(z1)) = — (3 25—4|u(:r1)|3/2)

1zt
satisfying the condition (Jv(z1)[3/? — |u(z1)|>/?)(u(z1) — v(z1)) > 0 for all u,v €
Wh3([1,2]). A direct calculation shows

2@ 1) if (2,t) € [1,2] x (—o0, 1],
Flz,t) = {T(t2 —1) if (z,t) €[1,2] x [1,4+00).

[+

In view of Lemma[2:2] M = 1. Choosey =72 =4,01 =1,0; = —1and § =1. We
observe that C; =3, Cy = 1, C3 =5/12, C4, = 1/6, K1 = 0, K> = 9/4, K3 = 5/4,
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_ 2 .
Ky = t55ginas= K5 ~3.125 x 107" and [{ supy, <o F(2,t)dz < 0. So, since

. SUPge(1,2] F(z,t)
hmsup T S =V,
[t|—+o0 T 7 %

we see that all assumptions of Theorem are satisfied. Hence, for each A >
1

% and every u > 0 (since goo = 0), the problem (3.9 has at least three

solutions in W13([1,2]).
The following example illustrates the result in Theorem [2.3

Example 3.3. Consider the problem
— (' (@) (@) + |u(@) (@) = e (2)(3 — u(x)) + pe”"" (u(z) )7,

a.e. v € (0,1)
u'(07) —u(0) =0, u'(17)+u(l)=0,
1 5
Al(ar +3)| (@) o/ (@1) = =(55 + ﬂ\u(xlﬂ?’/z), z1 € (0,1)
(3.10)
where vt = max{u, 0}, I1 (u(z1)) = —(35 + 2|u(x1)|*/?) satisfying the condition

(Jo(z1) 32 = Ju(z1)??) (u(z1) — v(21)) > 0 for all u,v € WH3([1,2]) and v is a
positive real number. It is obvious that C4 = 1/4 and C} = 1/6. Also a direct
calculation shows F(t) = e~ '3 for all t € R. So, one has

F F
PO s O,
LgS — #f L§3 _ 1 13
16 61 §—+oo 16 64
Hence, using Theorem [2.3] there is A\* > 0 such that, since go = 0, for each A\ > \*
and p > 0, the problem ([3.10) admits at least three solutions.

lim inf

£§—0

Proof of Theorem[2.3. Fix A\ > \* := KK—,‘:% for some constants §; and d5, and posi-
tive constants 17 and ng with 67 + 83 # 0, 71 + 72 < 7172 where

/ / 6 P oF 5 P 5
K= (0 + ) (I 4 251+ 18l + 2 4 (a1 a1} )
, |51|p 5P |52|p 5 1/p
+ G (5 + g (10l 1827 + 25 4 (3 max{[01],102]})7)

Vi +1

P I b
where Cf := 2? and Cf = ]% +2 -1 2

, and

3/4

1/4
K'F ;:/ Pl + 1))d1:+/
0 1/4

5 1. 5|6
F( = (8] +10:) (@ - ) + 25+ )da

1
+ / F(|62|(x — 2))dz.
3/4
Recalling that
lim inf Fe)

C/ C/ b
0 2 _ 4
&~ 2r/a gp 21/q

there is a sequence {6, } C]0, +oo[ such that lim, . 6, = 0 and

su F
i SPi<e. O o

(634 [ -
n—oo 2 AP _ 4
opr/a 9" 21/q 9“
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Indeed, one has

sup|§|<0 F(f) F(fa ) 21)/Q£9 21/1159

lim T O, = lim — . P =0,
e op/a On 21/a 9 noee 2p/2q 5(9" - 21/q €9n Qp/q O 21/q
where F/(&p, ) = supj¢|<g, F/(§). Hence, there exists 6 > 0 such that
o7 —p 7 = < mun ;
3.0 — 50 (b—a)K}" (b—a)A
and B
|61[P p, 102P 4 Ciyi/(p-1)
(O o+ paaly + 20 > 57 > (&)
The conclusion follows by using Theorem [3.1] with 7, = 72 = 4. O

Remark 3.4. The methods used here can be applied studying discrete boundary
value problems as in [9], and also non-smooth variational problems as in [I7].
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