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POLYCONVOLUTION AND THE TOEPLITZ PLUS HANKEL
INTEGRAL EQUATION

NGUYEN XUAN THAO, NGUYEN MINH KHOA, PHI THI VAN ANH

ABSTRACT. In this article we introduce a polyconvolution which related to the
Hartley and Fourier cosine transforms. We prove some properties of this poly-
convolution, and then solve a class of Toeplitz plus Hankel integral equations
and systems of two Toeplitz plus Hankel integral equations.

1. INTRODUCTION

In studying the physical problems related to fluid dynamics, filtering theory, and
wave diffraction, the following equation has been considered [, [7, [, [18],

fle)+ / T i)k - y) + ke )ldy = g@), @>0,  (LD)

here k1, ks, g are given, and f is unknown function. This equation is called the
Toeplitz plus Hankel integral equation, with k; (z—y) is Toeplitz kernel and ko (z+y)
is Hankel kernel. Up to now, solving in the general case is still open. In recent
years, there have been several results solving this equation in special cases of kq, ko
and the solutions are obtained in closed form by convolution tool.

In [T2], the authors obtained the explicit solutions of the equation in case
the Toeplitz kernel is even function and k1, ko have special forms

1 . 1 1
1 . 1 1
ka(t) = or sign(t + 1)ha (|t +1]) — Wor ﬁ27rh1(t +1) + 777rh2(|t|)

where hi(z) = (¢1 x w2)(x), @1,92,ha € L1(Ry) and (- % -) is the generalized

convolution for Fourier sine and Fourier cosine transforms [IT].

Some special cases of ki1, ko, where k7 is still even function or special right-hand-
side for arbitrary kernels are considered in [13]. In case, when ki, ko are periodic
functions with period 2w, the explicit solution to a class of equation on a
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period [0, 27],

27
f@)+ [ f)k(e —yl) + k2(z + y)ldy = g(x), = €[0,2n].
0
is introduced in [IJ.
In [15], the authors obtained the solution of (1.1)) to the case k1 = ko in real
number

Fsl)+ 52 [ FG)Ik =) + o+ pldy = g(0), x € R
0

In this article, we consider a modified type of the equation (|1.1)), with the integral
real domain

f@) A [ Sl -0 + ket ldy=pl@), s€R (12

where, for t € R,
ki(t) :== /OOO g(v)[A(—t 4+ v) + h(t —v) + h(—t — v) + h(t + v)]dv, (1.3)
oo (1) = /Ooo GO [=h(t +v) + h(—t — ) — h(t — v) + h(—t + v)|dv,  (1.4)

and g, h,p are given functions, f is an unknown function. In this case, we see
that the Toeplitz kernel kq is still an even function. The tool to solve this equa-
tion in closed form is a new polyconvolution related to Hartley and Fourier cosine
transforms.

Convolutions have many applications [2, [IT), 13} 14 17, 18]. The concept of
polyconvolution was first proposed by Kakichev in 1997 [9]. According to this
definition, the polyconvolution of n, (n € N, n > 3) functions fi, fo,..., f, for
n + 1 arbitrary integral transforms T,T1,T5,...,T, with weight-function () is

denoted l( f1, f2, -+, fn)(x), for which the factorization property holds

TE(frs for oo F) W) = 7(W) - (T 1) W) - (Tof2) () - (Tuf) ()

Our new polyconvolution *(f,g,h)(x), x € R has the following factorization
equalities

Hi[+(f,9,M)](y) = (H1f)(y) - (Feg)(y) - (H2h)(y), Vy€R, (1.5)
Hy[*(f,9,0)|(y) = (H2f)(y) - (Feg)(y) - (H1h)(y), Yy €R, (1.6)

where Hy, Hy are Hartley transforms and F, is Fourier cosine transform.

The paper is organized as follows. In Section 2, we recall some known re-
lated results about convolutions. In Section 3, we define the new polyconvolution
*(f,g,h)(z) for Hartley and Fourier cosine integral transforms, whose factorization
equalities are in the forms — and prove its existence on the certain func-
tion spaces. Its boundedness property on L,(R) is also considered. In Section 4,
with the help of new polyconvolution *(f, g, h)(x), we solve the equation for
the case ki, ko are determined by —. The systems of two equations are
considered in this section.
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2. PRELIMINARIES

The following well-known transforms are used in this paper. We denote F' by
the Fourier transform, F, by Fourier cosine transform, H; and Hs by Hartley
transforms, which are known in 3], 10} [IT].

(Ff)(y)=\/% /_O;f(x)e‘”ydx, yeR; (2.1)
2 o0
(Fcf)(y)=\/; / f(z) cos(ey)dz, y € Ry (2.2)
(1)) = = /_Zﬂx)cas(xy)dx, yeR (2.3)
1 o0
(Hap) = 7= [ @) eas(-a)iz, y e (24

here casu = cosu + sin u.

Next, we recall the following convolutions, which will be used in the proof of
some properties and solution of the equation (L.2)).

First, the convolution for Hartley transform [5] , of two functions f and g, has
the form

75000 = 57 [ flala=u)ral-stu)-g(-s-w+glorwldn, o e R
with its factorization equalities
Hiy(f % 9)(y) = (Hif)(y)(Hrg)(y), Yy R, k=1,2. (2.5)

Second, the generalized convolution for Hartley and Fourier transforms [16], of
two functions f and g, has the form

1 o0
(f . 9)(@) = EWors /_Oo flg(z—u)+g(z+u)+ig(—w—u)—ig(z+u)ldu, x€R,
(2.6)
where its factorization properties are

Hi(f x 9)y) = (FN) ) (Heg)(y), VyeR, k=1,2. (2.7)

Third, the generalized convolution for Hartley and Fourier cosine transforms [15],
of two functions f and g has the form

7 gy, 9@ == [ f@lote—0) + oo+ wldn, @€ R

HF,

where its factorization properties are
Hi(f x 9)(y) = (F)(y)(Hrg)(y), Yy R, k=1,2. (2.8)

In this article, the function spaces L,(R) and L,(R4), p > 1, are equipped with
norms,

I fllz,® = (/

— 00

oo o0

|f(x)‘1’dx)1/p7 Hf||Lp(R+):</O |f(x)|1’da:)1/1’.
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Also, we define the function space Lg‘ﬁ’“*(R)7 a>-1,6>0,v>0,p>1by

oo
— ol
lﬁﬁNRy:{ﬂw:/)|M%XM‘U@WWm<aﬁ
— 00
with the norm
> Ay 1/p
”fHLg’B’“’(]R) = (/ ] e 1! |f($)|pd93) :
— 00
3. A POLYCONVOLUTION RELATED TO HARTLEY AND FOURIER COSINE

TRANSFORMS

In this section, we define a new polyconvolution for Hartley and Fourier cosine
transforms and then prove some its properties.

Definition 3.1. The polyconvolution related to Hartley and Fourier cosine trans-
forms of three functions f, g, h is defined by

[x(f,g,M)](z) := i /:’O fw)ki(x —u) + ka(x + w)]du, =z €R, (3.1)

where k; and ko are determined by (1.3)) and (1.4]) respectively.

The most important feature of a new polyconvolution is its factorization prop-
erty. Normally, each convolution has only one factorization equality. However, this
polyconvolution is one of several convolutions or polyconvolutions, which has two
factorization equalities.

Theorem 3.2. Assume that f,h € L1(R) and g € L1(Ry). Then, the polyconvo-
lution (3.1) belongs to L1(R) and the norm inequality on Ly (R) is of the form

2
I (9 Wllawy < —lFllza@llgllza o 7]z, @)- (3.2)

Moreover, it satisfies the factorization identifies (1.5) and (1.6). In case h €
L1 (R) N La(R), the following Parseval type identity holds,

*(f,9,h)(x) = f/ Hyor f) () - (Feg)(y) - (Hy,13h)(y). cas(£xy)dy. (3.3)

Proof. First we prove that *(f, g, h)(x) € L1(R). Indeed, using the Fubini theorem,
we write

/OO | % (f,g,h)(x)|dx < 7/ / w)|{|k1(z — u)| + |h(z + u)|} do du

<o [ i [ ol [ ik
(3.4)
From , we have

|

< [ [T Il e ) ) v

<a( [ alas) ([ inae).

oo
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Similarly, with ko, and continue with (3.4), we obtain

| bGam@las < 2( [ isla) ([ lalas)( / Ihtode) < o0

—0o0
So *(f,g,h)(x) belongs to L1 (R) and we also get mequahty
Now we prove the factorization property (1.5 . From and ., we write

(Hif)(y) - - (Hzh)(y)

cas(uy) cos(vy) cas(—ty) dt dvdu, Vy € R.
m/ﬂ///f h(t) cas(uy) cos(vy) cas(—ty) y
Using trlgonometrlc transforms, one can easily see that

(Hif)(y) - - (Hah)(y)

4ﬁm/ / / f(u ){CaS[(quvft)y] + +cas|(u+ v+ t)y]

—cas|[(—u — v + t)y] + cas[(—u — v — t)y] + cas[(u — v — t)y]
+ cas[(u —v + t)y] —cas[(—u+ v+ t)y] + cas[(—u+v — t)y]} dt dv du.

Putting the corresponding substitution with each integral term in the above ex-
pression we obtain

(H1f)(y) - h) ()

47”/%/ / / f(u (—z+u+v)+hlx—u—v)—hzr+u+v)
+ h(—x —u—v)+h(— m+u—v)—|—h(m—u+v) h(x 4+ u —v)

+h(—z—u+ v)} cas(zy) dz dv du.

Using Fubini’s theorem, change the order of integrating, and using (1.3)), (L.4]), we
have

(Hif)(y Hxh)(y)

)() (
Qﬂ/ { / F@W[k1(z — w) + ka(z + u)]du} cas(zy)dz

- = / +(£.9,h) (@) cas(wy)da
—Hl( (fvgv ))(y)a VyGR

This expression implies (LF)). Since (Hyf)(y) = (H2f)(—y), replacing (y) by (—y),
we obtain the second factorization identify (1.6]).

Now we prove the Parseval properties (3.3). Indeed, by the hypothesis h €
Li(R) N La(R) then we have Ho[(H2h)(y)](z) = h(z). By the help of Fubini’s
theorem and using trigonometric transforms, we write

HL[(HLf)(y) - (Fog)(y) - (Hoh) (9)](2)
- % / (L /)W) - (Feg)(y) - (Fah)(y) cas(ay) dy

= W\}% /jo /jo /OC>O fw)g(v)(Hah)(y) cas(uy) cos(vy) cas(zy) dv du dy
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— o [ [ ws@mmm ] s - u- oy

+ cas[(—z + u + v)y] — cas[(—x — u — v)y] + cas[(x + u + v)y]
+ cas[(z — u 4+ v)y] + cas[(—z + v — v)y] — cas[(—x — u + v)y]

+cas[(z +u— v)y]} dy dv du

1o [
=[] ) [t o o) + Bt = u)
— Hy(H,

(H.

h)(z +u+v) + Hy(Hah)(—x — w — v) + Ho(Hoh)(—x + u — v)
2h)(x —u+v) — Hy(Hah)(z +u —v) + Ho(Hoh)(—z — u +v)| dvdu

+ Hy
_ 1 /OC /wa (—z+u+v)+hz—u—v)—h(z+u+v)
+ h(—x —u—v)+h(— m+u—v)+h(x—u+v) h(z 4+ u — )

+h(—z—u+ v)] dv du

= [ i@l -+ kel
= [*(fvg7h)](x)7 Vo € R.

It implies the first equality of (3.3]), the other follows from a similar process. The
proof is complete. O

Using the factorization equalities (1.5)), (1.6), we easily obtain the following
corollary.

Corollary 3.3. Let g,l € L1(Ry) and f,k,h € L1(R). Then the polyconvolution
(3.1) satisfies the following conditions:
*(*(f:ga h)7la k) = *( (fala h) 9, ) ( (faga )7l7h) = *(*(fvla k)7g7h)a
*(k7l7*(fagah)) = *(hvl7*(faga )) = *(kvg,*(fJah)) = *(hvg,*(f7lak))

Next, we study the polyconvolution in the function space L*#7(R) and its norm
estimation.

Theorem 3.4. Let f € L,(R), g € Ly(R4), h € L.(R), such that p,q,7 > 1 and
% + % + L1 = 2. Then the polyconvolution (3.1) is bounded in L3P (R), where
s>1,a>—1,8>0,v>0 and the following estimation holds.

|| * (fﬂg7 h) < CHf”LF(]R)||g||Lq(R+)Hh||LT(R)» (3.5)

where

21+§ _ 1
sl 5 Fg( )

Ty
If, in addition, f € Li(R)N Ly(R), g € L1(R4) N Ly(R4) and h € L1(R) N L,.(R),
then the polyconvolution (3.1)) satisfies the factorization equalities (1.5)), (1.6) and
belongs to Cy(R). Moreover, if giving more condition on h, namely h € La(R) N
Li(R) N L,(R), the Parseval identities (3.3]) hold.

- a—+1
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Proot. Pty we prove |+ (0,100 < 21511, 0ol e il o odecd
from Definition and (L.3)-(L.4), we have the estimate

| % (f,9,h)(x)]
—1/ £ (& — )] + ea( + )

-/ / Fllg){ b~ + u+ )] + bz —u —v)
+|h x4+u+v)|+ |h(—z —u—v)|+ |h(—2x +u —v)| + |h(z — u+ v)]
+h(z +u — )| +|h(—a:—u+v)|}dvdu. (3.6)

Separating the right-hand side of this expression into the sum of 8 integrals and
denoting them by I,k =1,...,8, respectively, without loss of generality, we have

I 47r/ / uw)|lg)||h(—z + u +v)|dvdu, z€R.

Let p1, q1,71 be the conjugate exponentials of p, ¢, 7 and

Ulu,v) = |g()|7?* |h(—z + u +v)|"/"* € Ly, (R x Ry)
V(u,v) = |h(—z +u+v)| 7 |f(u)| 5 € Ly (R x Ry)
W (u,v) = | f(u)[P/" [g(v)|9™ € Ly, (R x Ry).

We have

UVW = [f(w)llg(v)[[h(=z + u + v)|.

Using the definition of the norm on space L, (R x Ry) and the help of Fubini’s
Theorem, we write

I ey = | [ A e b ) v

- /OOO |g(v)\q(/oo (B~ + -+ v)|" du)do

— 0o

:A () 1A, gy

= ||9||qu(R+)||h||ET(R)-

Similarly, we obtain

IVIZ ez = 1710 g M0l IWIE e, = 1715 @ lole, g, (B7)



8 N. X. THAO, N. M. KHOA, P. T. V. ANH EJDE-2014/110

From the hypothesis % + % + } = 2, it follows p% + q% + % = 1. Using the Holder
inequality and (3.7)), we have estimate

:%/OO /OOUVdedu
T J—c0Jo
< ;T(/O; /OOO e dudv)l/pl(/o;/ooov’hdudv)l/pl
Y el 1/
X <[m/o W dudv) (3.9)

1
= EHUHLP1 ®xk) VL, @xr ) [WllL,, ®xry)
! B
= E(ngn IR ) (||f||L @l ) (1712 wllgl . )

1
E||f|\Lp(R)H9HLq(R+)||h\|Lr(1R)

The same way, we obtain the estimates for I, k =2,3...,8:
I < 7||fHLp(]R)HgHL @b, @), fork=23,...,8 (3.9)
From 7, it follows that
[« (0 R < 2120 Il 1l 2, (3.10)
Now, using the [0, formula 3.381.10], we have
/ |z[@e=Blel” g = 75 R~ ;L b, (3.11)

From and -7 we have
o)y = [ lale ™| (. (@)

< / e (2) 1713, eyl I, ey

= Oz, @9, @ IRIZ, )

where
ol+:
C="—1p8 5T
TY's

a+1

)

which gives (3.5]).
Since f € Li(R) N L,(R), g € L1(Ry) N Ly(Ry) and h € L1(R) N L, (R), three
functions f, g and h satisfy the hypothesis of Theorem it implies that «(f, g, h) €

Co(R) N L1(R), then the factorization identities (|1.5) , (T:6) hold. Moreover, if
h e La(R)yNnLi(R) N L (R), it also satisfies the hypothesis of Theorem [3.2] to get
Parseval equalities (3.3)). The proof is complete. (Il

Next, we have a Titchmarch type theorem.

Theorem 3.5. Let f,h € L1(R,el*) and g € L1(Ry,e®). If «(f

,9,h)(z) =0, Ve €
R, then either f(x) = 0,Vx € R, or g(z) = 0,Vz € Ry or h(x) =0,V

eR.
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Proof. The hypothesis #(f, g, h)(x) = 0, for all z € R implies Hy(x(f,g,h))(y) =0,
for all y € R. Due to factorization equality (|1.5) we have

(H1f)(y)(Feg)(y)(H2h)(y) =0, VyeR. (3.12)

9)
Now we show that (Hif)(y), (Feg)(y), (H2h)(y) are real analytic. Without loss of
generality, we prove that (H; f )( ) can be expanded into convergent Taylor series
in R. Indeed, by using the Lebesgue Dominated Convergence Theorem, we can
exchange the orders of integration and differentiation, we have

d’n,
0 < o= [ |l casta)da

cos (a:y + n2)) + sin (xy +n )} |d:c

\/ﬂ/
2 2" |dx

<= [ s

< \/;/Oo ef‘rl%nﬂf(x”elm‘dx
2 [ " 2

<\ = nl|f(z)lede = [ —nl[|f]|L, ®,cl=1y = nlM,
T J oo T

herea M = \/g”fHLl(R,d“)'

Thus, the remainder of Taylor expansion for (Hi f)(y) at neighbourhood of an
arbitrary yo € R is

1 d™(Hyf)(c 1 . .,
!ﬁ#(y —y0)"| < My —yo|" = M|y —yo|",

n! dy n!
From analytic property and (3.12)), it implies

(H1f>(y) = O,Vy € Ra or (ch>(y) = Oavy € R+7 or <H2h)(y) = Ovvy eR.

Since the uniqueness of Hartley and Fourier cosine transforms in L;(R), then it
follows

f(x)=0,VyeR, or g(z)=0,VreR;, or h(zx)=0, VreR.
The proof is complete. ([

4. APPLICATIONS

4.1. Integral equations. In this subsection we apply the obtained result in solving
the modified equation (1.2]) of the Toeplitz plus Hankel integral equation (1.1).

Theorem 4.1. Let g € L1(Ry) and h,p € L1(R) be given functions, A is given
constant. The sufficient and necessary condition for the integral equation (1.2)) to
have a unique solution in space L1 (R) is

L+ A(Feg)(y)(H2h)(y) #0, Vy€R, (4.1)

and the solution has the form

f(x)=p(x) = (1 x p)(z), VreR,
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where | € L1(R) is defined by
A(Feg) (y) (H2h) (y)

Fl)(y) = ,
W) = X R ) (o) )
Proof. Using Definition the equation ([1.2)) can be rewritten in the form
f(@) + Al=(f, 9, W)](z) = p(z).

Applying the Hartley transform H; on both sides of the equation, using the factor-
ization property (1.5) and ([2.8), we obtain

(H1f)(y) + MH1f(y) - (Feg)(y) - (H2h)(y) = (Hip)(y)

Yy € R. (4.2)

(H: @)L+ MFg)(y) - (Hah) ()] = (Hrp)(). 3
Due to , the equation has a unique solution
1
R MR A I) (1.0

_ AFeg)(y) - n(H2h)(y) }
1+ A(Feg)(y) - (H2h)(y) )

By the Wiener-Levy theorem [10], if ¢ is the Fourier transform of a some function
in L1 (R), ¢(2) is analytic, ¢(0) = 0 and defined at area of g values, then ¢(q)
also is a Fourier transform of a some function in L;(R). Note that we can write
(F.9)(y) - (Hzh)(y) = Hz2(g 3 h)(y) and we have the relationship between Hartley

= (Hip)(y)[1

transform and Fourier transform

14 1—i

(H29)(y) = ——(Fa)(~y) + —

(Fa)(y), Vy€R,
then the expression
A(Feg)(y)-(Hzh)(y)
1+ A(Feg)(y)-(Hzh)(y)

defines the Fourier transform of a some function ! in L; (R). It means that, there
exists a function [ € Ly (R) such that

 AEg)w).(Hah)()
(FDO) = T X o) ) () ) (45)

So, from , and using the factorization equality , we obtain
(Hyf)(y) = (Hip)(y)[L = (F)(y)] = (Hip)(y) — (F1)(y)(H1p)(y)
= (Hip)(y) = Hi(l % p)(y) = Hilp— (I x p)l(y), VyeR.

It follows that f(x) = p(z) — (I & p)(z) € L1(R). The proof is complete. O

We see that the condition (4.1)) is still true for g, h € L1(R). However, determin-
ing I(x) from (4.2) depends on g,h. Below, we will show an example to find I(x)
with given functions g, h.

Example 4.2. Choose g(z) = \/gKO(x) and h(x) = \/gKo(\xD, where Ko(x) is
Bessel function. By property of Bessel Ko(z) (see the [0, formula 6.511.12]), we
see that [~ |Ko()|dz = /2. This implies Ko(z) is a function in Li(R4). Thus,
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g(z) € L1(Ry), h(z) € L1(R) and from the [3, formula 1.2.17] (or [6, formula
3.754.2]) we have

(F)0) = (Ha)y) = s
Next, we choose A =1, then
(Feg)(y)(Hah)(y) 1

EOW) = T Fg) ) () ()~ 7% 1 2

Based on [0, formula 17.23.14], we have
1 e V2lz|

Now, choosing p(z) = = Ly (R), and using ({2.6]), we have

€ L1(R).

€ L1(R).

0 P) = 5= [ Hlplo =)+ plo ) + (- = ) = i + w)du

L% Bl —a—w)? |~ (atu)?
= e Uiem T 4 e T Iy,
s ]

1 1_\/3 ( 1 2/2. 1

= ——.e2 rym| Erfc |— — x| + e=V=T Erfc —Jr:c).

™o Vi (Brfe |5 - a] [ 75+l

where Erfc(x) is the complementary error function. By using the Mathematica
software program, we have

o 1 1_./32 ( 1 22 1
——=e2 V¥ /r( Erfc[—= — x| + e ””Erfc—er)’dx:—.
| |sget Vv (el g5 (5 + )|z =3
This implies (! E.3 p)(z) € L1(R). So, the solution of the equation (|1.2) is

f@) = pla) — (1 x p)(x)
g2 1 1/ ( 1 23z 1
=e " - e2 rym| Erfc[—= —z] + ¢ "‘Erfc——i—:r)eL R).
4.2. System of two integral equations. Consider a system of two Toeplitz plus
Hankel integral equations of the form:

s

o0

f@) + M / g(0) ks (2 — ) + kol + w)]du = p(z)
. - (4.6)
Ao [ fw)ks(z — u) + ka(z + w)]du + g(x) = q(z), VaeR,

where, for ¢t € R,

ki(t) = /000 e1(V)[P1(—t +v) + Y1(t — v) + 1 (=t —v) +P1(t + v)]dv,
ka(t) :== /OOO P1(0)(V)[=1(t +v) + P1(—t —v) = Y1 (t — v) + P1(=t +v)]dv,
ks(t) = /OOO (V) [th2(—t +v) +2(t —v) + Ya(—t —v) + 2(t + v)]dv,

ka(t) := /Ooo P2 (v)(V)[=2(t + v) + Ya(=t = v) = Pa(t — v) + ¢Pa(—t + v)]dv,
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and A\, Ay are complex constants; @1, po are functions in Lj (R4 ); 11, ¥, p(x), g(x)
are functions in Lq(R); and f, g are unknown functions.

Theorem 4.3. If the condition

L= XA (Fepr)(y) (Few2) (y) (Hatn ) (y) (Hatp2)(y) # 0,  Vy € R.
holds, then there exists a unique solution in L1(R) x Li(R) of system defined
by
F(a) = pla) = M (+(a. o1, (@) + {1 v o~ Nela, 01,00} (@),
9(x) = q(x) — Ma(*(p, P2, 12)) (z) + {1 o [q — A2 (x(p, 2, 12))] } (=),
here l € L1(R) is given by
(FI)(y) = Mo (Fepr)(y) (Fewe) (y) (Hator ) (y) (Hat2) (y)

1= N (Fepn)(y) (Fepa) (y) (Haton) (y) (Hat2) (y)
Proof. Using Definition the system of equations (4.6) can be rewritten in the

form
f(iE) + >‘1 [*(ga ©1, 1/)1)](3']) = p(ﬂf),

o[ (f, @2, 12)](x) + g(x) = q(z), =z €R.

Due to the factorization property of the polyconvolution (1.5)), we obtain the linear
system of algebraic equations with respect to (Hy f)(y) and (H1g)(y)

(H1f)(y) + M(Hig)(y)(Fep1)(y) (H2t1)(y) = (Hip)(y),
Ao (Hy f)(y) (Fewa) (y) (Hat2)(y) + (Hig)(y) = (Hig)(y), Vy€R.
Let A be the determinant of the system,

A— 1 A (Fepr)(y) (H2t1)(y)
A2 (Fep2)(y) (H2tp2)(y) 1

=1 = XA (Fepr)(y) (Fepz) (y) (Ha1) (y) (H2t2) (y)-

Due to the hypothesis, A # 0, the system (4.7)) has a unique solution. By using

(2.8) and (2.5]), we present 1/A as below
1 1

Vy € R.

(4.7)

(4.8)

A 1= M (Fepr)(y) (Feo) (y) (Hatn ) (y) (Hatb2) (y)
14 A A2 (Fep1) (y) (Fep2) (y) (H2t01) (y) (H292) (y)
L= Mo (Fep1)(y) (Fewa) (y) (Hz2t01) (y) (H2t2) (y)
, Ao Ha[(p1 i Y1) * (p2 i ¥2)](y)

TRl s ) % (v 2)])

Furthermore, according to Wiener-Levy theorem [I0] and the relationship between
Hartley transform and Fourier transform, it exists a function [ € Ly (R) such that

MAzHa[(pr ) % (02 2 ¥2)](y)
T deBller 0 g (02 x 02)](w)

So, we can write % =1+ (F1)(y). To find the solution of the system (4.7]), we need
to determine the two following determinants

A, — (Hip)(y)  Mi(Fewr)(y)(Hzt1)(y)
' (Hig)(y) 1

(F1)(y) , Yy eR.
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= (Hip)(y) — MHi[*(q, p1,91)](y) = Hilp — M (%(q, p1,91))|(v), y €R.
Based on , we have

(H1f)(y) = % = Hi[p — M (x(q 01, v))](W)[1 + (F1)(y)]
= Hi[p — M(x(q, p1,91))](y) + H1{l s [p — A1 (x(q, 01,91))]Hy)
= Hi{p = Mi(x(g,01,91)) +1 % [P = Mi(x(g, 01, 91))]}Hy), Yy e R
It follows that
f(z) = p(z) = A (x(q, 1, 1)) (z) + {1 o [P — M (*(q, p1,91))]}(z) € L1(R).

Similarly, we compute the second component determinant of system ,

A 1 (i)
Ao (Fe2)(y)(Hato2)(y)  (Hiq)(y)

= (H1q)(y) — Mo H1[*(p, 2, %2)|(y)
= Hilq — A2(*(p, p2,92))|(y), yER.
Based on we obtain

(H19)(y) = % = Hilg — Ao (x(p, 02, ¥2))](y)-[1 + (F1) ()]

= Hilg = Ao (x(p, 02, ¥2))I(y) + Hi{l * g = Aa2(x(p, 02, 2))]}(y)
= Hi{q = Xa(x(p, p2,v2)) +1 5 g = Aa(x(p, 02, ¥2)) ] }w), Yy R
It follows that
(@) = a(@) = A2 (x(p, 02, ¥2)) () + {1 % g = Ao (x(ps 2, 92))]} (@) € L1 (R).
The proof is complete. 0
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