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EXISTENCE AND MULTIPLICITY OF HOMOCLINIC
SOLUTIONS FOR p(t)-LAPLACIAN SYSTEMS WITH
SUBQUADRATIC POTENTIALS

BIN QIN, PENG CHEN

ABSTRACT. By using the genus properties, we establish some criteria for the
second-order p(t)-Laplacian system

%(\ﬂ(t)lp(”_zﬂ(t)) = a(®)[u(®)[PDu(t) + VWt u(t) = 0

to have at least one, and infinitely many homoclinic orbits. where ¢t € R,
u € RN, p(t) € C(R,R) and p(t) > 1, a € C(R,R) and W € C*(R x RV, R)
may not be periodic in ¢.

1. INTRODUCTION

Consider the second-order ordinary p(t)-Laplacian system

d

dt
where p € C(R,R) and p(t) > 1, t e R, u e RV, a: R - Rand W : R x RY - R.
As usual, we say that a solution u(t) of is homoclinic (to 0) if u(t) — 0 as
t — +oo. In addition, if u(t) # 0 then u(¢) is called a nontrivial homoclinic solution.

System has been studied by Fan, et al. in a series of papers [10] 1T}, 12} [13].
The p(t)-Laplacian systems can be applied to describe the physical phenomena with
“pointwise different properties” which first arose from the nonlinear elasticity theory
(see [29]). The p(t)-Laplacian operator possesses more complicated nonlinearity
than that of the p-Laplacian, for example, it is not homogeneous, this causes many
troubles, and some classic theories and methods, such as the theory of Sobolev
spaces, are not applicable.

It is well-known that homoclinic orbits play an important role in analyzing the
chaos of dynamical systems. If a system has the transversely intersected homo-
clinic orbits, then it must be chaotic. Therefore, it is of practical importance and
mathematical significance to consider the existence of homoclinic orbits of
emanating from 0.

If p(t) = p is a constant, system reduces to the ordinary p-Laplacian system

4
dt

([a(0)PO=2a(t)) — a()|u(@)P~2u(t) + VW (8, u(t)) = 0, (L.1)

(la®)P~2a(t)) — a(®)lu®)l"u(t) + VW (t,u(t)) = 0. (1.2)
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In recent years, the existence and multiplicity of homoclinic orbits for Hamil-
tonian systems have been investigated in many papers via variational methods and
many results were obtained based on various hypotheses on the potential functions
when p = 2, see, e.g., [2 [3 [4] [T4] 15| 201 2T, 241, 25], 27 28].

In the last decade there has been an increasing interest in the study of ordinary
differential systems driven by the p-Laplacian (or the generalization of Laplacian
[I7]). For the existence of solutions for p(t)-Laplacian Dirichlet problems on a
bounded domain we refer to [5] [6] [7, 8, [0 26]. The study on the existence of solu-
tions for p(t)-Laplacian equations in R is a new topic, which seems not to have been
considered in the literature. We know that in the study of p-Laplacian equations in
R, a main difficulty arises from the lack of compactness. On the other hand, com-
pared with the literature available for W (¢, x) being superquadratic as |z| — 400,
there is less literature available for the case where W (¢, z) is subquadratic at infin-
ity. Motivated by papers [2], [27], we will use the genus properties to establish some
existence criteria to guarantee that system has infinitely many homoclinic
solutions under more relaxed assumptions on W (t, ).

For our results, we use the following assumptions:

a;(t)

(Al) a € C(R,(0,00)) and a(t) — 400 as [t| — oo, b(t) = 1/a(t), b(t)>®
belongs to L™ (R, R), where r;(t) satisfies

—
~~
~—

ai(
OO

(P1) 1 <p :=infierp(t) < sup,epp(t) :=pT < oo;
(W1) W € CYR x RN, R), W(t,0) = 0 and there exist two bounded functions
a;(t) (i =1,2.) such that

VW (t,2)| < a1 (t)oq (8)|z]* @=L V(t,2) e Rx RN, |z| <1,
and for every (t,z) € R x RY with |z| > 1,
VW (t,2)| < az(t)an(t)|z|*>O71 |W(t,2)| < caz(t)(t)]x|*>)

where «;(t) satisfy of < p~, a;(t) € C(R,R*) (i = 1,2), and c is a
constant;
(W2) There exist an open set J C R and a function 7 (¢) such that

W(t,z) >nlz|"®, V(t,z)e JxRY, |z <1,

where 7, (t) satisfy 1 < 7" < p~, 7 > 0 is a constant;
(W3) W(t,—x) = W(t,z) for all (t,z) € R x RN,

Our main results are the following two theorems.

Theorem 1.1. Assume (A1), (P1), (W1), (W2) are satisfied. Then (1.1]) possesses
at least one nontrivial homoclinic solution.

Theorem 1.2. Assume (Al), (P1), (W1), (W2), (S3) are satisfied. Then

possesses infinitely many nontrivial homoclinic solutions.

The rest of the this article is organized as follows. In Section 2, we introduce
some notations, preliminary results in space WaP ®) and establish the corresponding
variational structure. In Section 3, we complete the proofs of Theorems [[.IHI.2] In
Section 4, we give some examples to to illustrate our results.
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2. PRELIMINARIES

In this section, we recall some known results in critical point theory and the
properties of space WaP ®) are listed for the convenience of readers. Let Q be an
open subset of R. Let S = {u|u is a measurable function in Q}, elements in S that
are equal to each other almost everywhere are considered as one element. Define

LEOQRY) = {u e S(Q,RY) : / a(t)|u(t)PPdt < 0o}
Q

with the norm

|l p(sy.a = inf {A>0: / a(t)|§\?“>dt <1}.
Q
Define

Wg,p(t)(Q’RN) ={ue Lg(t)(Q’RN) o, Lp(t)(Q,RN)}
with the norm

||u||:inf{/\>0:/ (|E|p(t)+a(t)|ﬁ|p(t))dt§1}.
o A )

We call the space Lg(t) a generalized Lebesgue space, it is a special kind of gen-

eralized Orlicz spaces. The space Wa'? ®) is called a generalized Sobolev space, it
is a special kind of generalized Orlicz-Sobolev spaces. For the general theory of
generalized Orlicz spaces and generalized Orlicz-Sobolev spaces, see [1l [19]. One

can find the basic theory of spaces Lg(t) and W;’p(t) in [I0, 1T 121 13].
Lemma 2.1 ([I1, 12]). Let

ptu) = [ aloluP Ve, Vue L0,
Q

then
(1) |ulpey,e <1 (=1;>1) if and only if p(u) <1 (=1;> 1);
(i) Julp(ey,a > 1 implies [ul’y, , < pu) < ul%, ,.
(.0 < p(w) < [yl
(iii) [ulp(),a — 0 if and only if p(u) — 0;
Ul p(ty,a — 00 if and only if p(u) — oc.

(iv) Letu € AR \ {0}, then |[ullpw),o = A if and only if p(%) = 1.
Lemma 2.2 ([I1, 12]). Let

|ulp(e),a <1 implies [ul, ne)a

pu) = /(Iu\p(“ +a®)|ulPD)dt, Yue Wir®),
Q

(i) |lull <1 (=1;>1) if and only if p(u) <1 (=1;>1);
(ii) [ull > 1 implies JullP” < @(u) < [Ju]"",
lull < 1 implies JullP" < p(u) < [lulP;
(iii) |Ju|| — 0 if and only if p(u) — 0;
|lu|]| — oo if and only if p(u) — co.

Lemma 2.3 ([II]). Let p(u) = [, a(®)ufDdt for u,u, € LEY (n = 1,2,---),
then the following statements are equivalent to each other

(1) lim, 00 |un - u|p(t),a =0;
(ii) limy oo p(un —u) =0;
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(iil) w, — w a.e. t € Q and lim,— o p(u,) = p(u).
1 1 _
Lemma 2.4 ([I1]). If 70+ ap = L then
(1) (LPM)* = LI where (LPM)* is the conjugate space of LP®) ;
(ii) for allu € LP®) and all v € LI we have
| /Q u(t)o(t)dt| < 2fulpe [vlge)-

Lemma 2.5 ([l0)). If 5 + o5 + 7 = 1 and for any u € LPD(R,R), v €

LIO(R,R) and w € L"® (R, R), we have
|t < 3lulyololaco ol o

Lemma 2.6 ([10]). If [u|?® € Ls@/4@) where q,s € LT (), q(x) < s(x), then
u € L*@(Q) and there is a number § € [q7,q"] such that |u|?™ | /g =
(luls(@))?-
Lemma 2.7 ([I6]). If a®®/P®|y|o®) ¢ [P0/« then u € L2 (R, R) and
a®®/PO || 2O | oy = |u|g(t)’a, where «, p satisfy the condition (P1) and a(t) <
p(t) for allt e R, & € [a™,at] is a constant.

Now, we establish the variational structure of system . Define

E=WMORRY) = {ue LPDR,RY)|u e LPO(R,RVN)}.

Let I : E — R be defined by

I(u):/Rﬁ(wp(“+a(t)|u|p(t))dt—/RW(t,u(t))dt. (2.1)
For convenience, we denote
1 - p(t t
J(u) = /R S P+ a@)up ), Plu) = /R Wt u(t))dt. (2.2)
Lemma 2.8 ([I1]). (i) J € CHE,R), and

(J'(w),0) = / (1@ PO, 5(0)) + PO (u(t), o(1)) ) dt.
R
for allu,v € E;
(ii) J' : E — E* is a mapping of type (S1), i.e., if u, — u and
lim sup(J' (uy, ), un — u) <0,

then w, has a convergent subsequence in E.
If (A1), (W1) or (W2) hold, then I € C*(E,R) and one can easily check that

(I'(u),v) =/R[Iu(t)l”(t)_Q(iL(t),ﬁ(t))+a(t)lu(t)lp(t)_Q(U(t),v(t))

— (VW (t,u(t)),v(t))]dt.

Furthermore, the critical points of I in E are classical solutions of (L.1) with
u(+o0) = 0.

Lemma 2.9 ([16]). For u € E, then u € C(R,RY), and u(t) — 0, |t| — oo.
Furthermore, the embedding E — L (R,RY) is continuous and compact.

(2.3)
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Remark 2.10. By Lemma [2.9] there exists a constant C' > 0 such that
lull 2= < Cllulle- (2:4)

Lemma 2.11 ([18]). Let E be a real Banach space and I € C*(E,R) satisfy the
(PS)-condition. If I is bounded from below, then ¢ = infg I is a critical value of I.

To find nontrivial critical points of I, we will use the “genus” properties, so we
recall the following definitions and results (see [I8]). Let E be a Banach space,
f€CHE,R) and c € R. We set

Y={ACE—-{0}: Aisclosed in E and symmetric with respect to 0},
K.={ueE:f(u)=c f'(uy=0}, f={uekE:flu)<c}
Definition 2.12 ([I8]). For A € X, we say genus of A isn (denoted by v(A) =n)
if there is an odd map ¢ € C(A,R™\ {0}) and n is the smallest integer with this

property.

Lemma 2.13 ([18]). Let f be an even C' functional on E and satisfy the (PS)-
condition. For any n € N, set

Y,={4eX:vy(4) >n}, ¢,= inf sup f(u).
€%n ucA

(i) If 3, # 0 and ¢, € R, then ¢, is a critical value of f;
(i1) If there exists r € N such that

Cn = Cp+1 :"':Cn—i-rzcha
and ¢ # f(0), then v(K.) >r+ 1.
3. PROOF OF MAIN RESULTS

Proof of Theorem[1.1 In view of Lemma and (W1), I € C*(E,R). In what
follows, we first show that I is coercive. By (W1), we have

W(t,2)] < ar(Dlz|™®, o] <1, (3.1)
Wt 2)] < cas(®)lal®®, [o] > 1. (3.2)
Assume that [Ju > 1, by (W1), Lemma- 2.2) and Lemmam we have

1
I(u) /Rp(t)qw(tu ()| uP®)d /W (t, u(t
1 _
> P - [ Wt u(t)de - [ W (t, u(t))dt
p {t:|u(t)|<1} {t:]u(t)[>1}

1 B
= —lull? —/ a1(t)|u(t)|a1(t)dt—/ as (t)|u(t)|*2® dt
p {t:]u(t)| <1} (t:u(t)]|>1}
1 _
> j”qu — Cl/ ba1(t)/17(t)aa1(t)/p(t)|u(t)|a1(t)dt
p {t:]u(t)|<1}

ag(t)  aa(t)

_ 002/ be® a 70 |u(t )“”(t)dt
{t:lu(®)|>1}

1 p~ o (t) a7
> FIIUH — 2011670 |0 [yl

ag(t)
— 2CCQ|b p(t)

as
p(t).a L2 [ulplyy o

1 o a1 (t) a ag(t) o=
= pT”“H =201 b |y o [|uf|* = 2¢Co b PO | ey [Jul[*2.
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Where C; = sup,cp a;(t), oi(t), :(t) satlsfy t) + O"((tt)) =1,a; € [ ,0]] is a

constant, (i = 1,2). By (W1), a; < of < p~, this implies that @; < p~. By (A),
we have I(u) — 400 as |Ju|| — +o0o. Consequently, I is bounded from below.

Next, we prove that I satisfies the (PS)-condition. Assume that {uy}ren C E is
a sequence such that {I(ug)}ren is bounded and I'(ug) — 0 as k — +o0o0. Then by
and , there exists a constant A > 0 such that

lurll < A, keN. (3.4)

So passing to a subsequence if necessary, it can be assumed that ugy — u in E.
By (A), b>®/p(t) ¢ i) (j = 1,2), for any € > 0, there exists R > 0 such that

|b(t )az(t /ol )|Lr ® (o) < & (3.5)

where Q; = {t e R: |t| < R}, Q2 = R\ 4, by Lemma if up, — ug, then uy, — u
in L°°, hence, we have

/ W (t,ur) — W(tu)|dt <e, k— oo, (3.6)

(951

/ VW (t,ur) — VW (t,u)|dt < e, k — oc. (3.7
Q

Without loss of generality, suppose that max{||ug]|, ||u||} < 1, it follows from (A1),

—@7 Lemma n and Lemma that

|F(uy) — F(u)
= }/ (t,ue(t)) — W(t,u(t)))dt|
< /Q W (¢, (£)) — W (¢, ut))|di + /Q W (2, e () — W (L, ()|t
<et / (Wt i (£))] -+ [W (8, ()t
R

§5+6/a1(t)(|uk\°‘1(t) +|u|°‘1(t))dt+cs/a2(t)(|uk|0‘2(t) + |u]®2®)dt
R R

(3.8)
<e+20C; ‘b( )al(t /p(t)|L ) |CL0‘1 /p(t)|’u,k( )|al(t)|Lp(t)/alpha1(t)
+ 20 |b(t )m(t PO |aa1<f PO ()] L ooy satpha
+2cCa|b(t) oy |ra @ ar e (£)]°29 | Lot /aa o)
+ 2002|b( ) PW Lremla P(t) |u( )‘a2(t)|Lp(t)/a2(t)
< &+ 20ve (g T + [ )+ 2Coluel T + 0l
<e+44Cie + 4cCse,
where C; = sup,cpa:(t)(i = 1,2), a11,002 € [af,af],&éj,ofzﬁ e [a;,aé"].

Hence, there exists a constant C” such that |F(ug) — F(u)] < C’e, this implies
that F(uy) — F(u), k — .

On the other hand, for any v € E with ||v]| = 1, by (W1), Lemmas and
we have

|(F" (ug) = F'(u),v)]
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< /Q VW (8, wn(t)) — VIV (2 u(t))) o]t
1
+/Q VW (t,ur(t)) — VW (¢, u(t)))||v|dt
2

< cllim + [ (VW (e )]+ [TWEule)]) e
< Ce+Aal(t)al(t)(\uk|al<t>*1 01 |t

* /R%(t)@(t)(Wk\”(t)*l + [u] 2O~ v|dt
<Cet / (g™ O 4 O o]t + € / (lug] 2O 4 2201 o]t
=Ce+Cs / b (0/p(0) g 5 Jug| O 10 7 o] dt

R

+03/ba1(>/1’<t> S |u|r (O 175 o] dt
R

2() ()= Ho1
FCu | BT G |ug| 22O 107 o] dt
R

2(t)  aa(t)—

+C4/ bHD g r® |u|0‘2 ®-14500 |v|dt
R

aq (t)—

<C’€+3Cg|b()|yl<t>/p(t la™»® |u |1 ()= 1| _»0 |aﬁv|m<t>
t)—1

a1 ()= _1_
+3CH[bO) T 0 T O e (a0l

as(t)

ag(t)—1 _ 1
+3C4|b(t )|Lpr(2f(t)|a ZO [T L e P O R P
[ a2(t)—1

az(t)

g (t)— i
+3C4[b(t)] a0 la e |U\a2(t)71| O |aP® | o
t

0(23 1 0757171

. _
< Ce+3036(|u/f|a2<i> + |Ulzi'(i> )\UIme +3Cae(Jur] [y~ +[ul pie ol ppo
< Ce 4+ 6C3¢ + 6C4e.

Where C is defined in (2.4), C5 = sup,cp a1(t)ai(t), Cs = supyep az(t)asz(t),
013,004 € [a] ,af] Q23,024 € [0y ,a7]. Hence, there exists a constant C" such
that |F'(ug) — F'(u)| < C"¢, this implies that F’(uk) — F'(u), k — oo. This im-
plies that (J'(uy),ur —u) — 0. By Lemma 2.8 J' is a mapping type (S5 ), hence,
ur — u. So, I satisfies (PS) condition.

By Lemma[2.13] ¢ = infg I(u) is a critical value of I, that is there exists a critical
point u* € E such that I(u*) = c.

Finally, we show that u* # 0. Let ug € (Wol’p(t)(J)ﬂE) \ {0} and |Juo|l = 1,
then by (W2) and Lemma 2.2, we have

sug) = L su|P® + a(t)]suP® — u nonumber
Tow) = [ (i + a(®lsul™ )t = [ W(t.u(t)dimonumber — (3.9)

P
< — = / W (t, sug(t))dtnonumber (3.10)
P J
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-
< ‘;—_ - nsﬁ/ luo()[Pdt, 0<s<1. (3.11)
J

Since 1 < ~; < p~, it follows from (3.11)) that I(sug) < 0 for s > 0 small enough.
Hence I(u*) = ¢ < 0, therefore u* is nontrivial critical point of I, and so u* = u*(t)
is a nontrivial homoclinic solution of (1.1)). The proof is complete. [

Proof of Theorem[I.9. By (W3), I is an even functional. Denote by v(A) the genus
of A. Set
Y={ACE-{0}: Aisclosed in E and symmetric with respect to 0},
Se={AeX:~v(A) >k}, k=12,...

= inf I k=1,2,...
Ck Alélzk QSLIGIPA (u)a ) 4y )

9

we have
—o<ep <SS Sy S
Now let us prove that ¢ < 0 for every k.
By (W2), there exists a bounded open set J C R such that W (¢, z) > n|z|"®),

for allt € J. Since Wol’p(t)(J) C E, For any k, we can choose a k-dimensional linear

subspace Ey C VVO1 P (t)(J ). Since all norms of a finite dimensional normed space
are equivalent, there exists py € (0,1) such that v € Ejy with ||ul] < pj implies
|u|p < 1. Set

Siw) = {u € By« Jull = pr},

for any u € S,(,],:), s € (0,1), we have

su) = L st|P® + a(t)|suPD)dt — su
o) = | Sl + el [ wiesuoar

Sfp - /|u|71(t)dt

< —pz — alksVl )

Where d, = [, lu["1 () dt, since 4" < p~, there exist s € (0,1),ex > 0 such that
I(spu) < —e, <0, Yue S,()’z).

We know that 'y(SgkLk) =k,s0 ¢y < —¢; <0.

By genus theory [22] and Lemma each ¢y is a critical value of I, hence
there is a sequence of solutions {tu, : k = 1,2,...,} of system such that
I(fug) = ¢ < 0. By the arbitraries of k, we can conclude that system have
infinitely many homoclinic solutions. The proof is complete. O

4. AN EXAMPLE

In this section, we give an example to illustrate our results. Consider the second-
order ordinary p(t)-Laplacian system

L (1) P01 i) — a(e)hu()* 0 ) + YW () =0, (41)
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where p(t) = 10 4 10| sint|, a(t) = (1 + t2)4’ let

|z|4|sint|+4 |x‘2|sint\+2
Wit ,x) =
Co="Tre t e
then
I,y = st + Dlaf 12 (2] sint] 4 2)faf?
xT) =
7 1412 1412 ’
(VI (,0)] < 1oy (24 2Asim) a2 00, (t,2) € R xRN, faf <1,
\VW(t,x)| < m(él+4|Sint|)|$|4|8int‘+3, V(t,x) € R x RN, |J,‘| > 17

Let J = (—2,2), 71(t) = 2|sint| + 2 and

1 .
Wi(t,z) > 5|x|2|smt|+2, V(t,z) e J xRN, |z| < 1.
These inequalitires show that all conditions of Theorem [I.2] are satisfied, where

a1(t) =24 2|sint|, «ay(t) =4+ 4]sint|,

0= wl) =g =3
“aW =T W Tsn ey Ty
5 5
Tl(t) = Z, TQ(t) = g

By Theorem system (|1.1)) has infinitely many nontrivial homoclinic solutions.
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