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INTEGRAL INEQUALITIES WITH TIME DELAY IN TWO
INDEPENDENT VARIABLES

HASSENE KHELLAF, MOUHAMED SMAKDJI, MOUHAMED DENCHE

ABSTRACT. In this article, we generalize some retarded integral inequalities
in two independent variables to more general situations. These integral in-
equalities can be applied as tools to the study of certain class of integral and
differential equations with time delay.

1. INTRODUCTION

Integral inequalities play an important role in the qualitative analysis of the
solutions to differential and integral equations. Over the years many retarded in-
equalities have been discovered (see [} [8, [I0]). The literature on such inequalities
and their applications is vast; see [3, [ [8] and the references given therein.

In his study of boundedness of solutions to linear second order differential equa-
tions, Pachpatte [J] established and applied the following useful nonlinear integral
inequality.

u(t) ga—&-/t F(s)w(u(s))ds (1.1)

where a > 0 is a constant. Replacing ¢ by a function b(¢) in (L.1)), Lipovan [6]
investigates the retarded Gronwall-like inequalities
¢ b(t)
ut) <at [ feutuds+ [ gpuluts)ds (12)
to b(t)
In recent years, Pachpatte [10] discovered some new integral inequalities involv-
ing functions in two independent variables. These inequalities are applied to study

the boundedness and uniqueness of the solutions of the following terminal value
problem for the hyperbolic partial differential equation (1.3)) with conditions (1.4]),

Dngu(amy) = h(.’t, y>u($7y)) + T(,Z‘,y), (13)
U(Z‘, OO) = 0'00(1‘), U(OO, y) = Too(y)a ¢(Oov OO) =k, (14)

These inequalities have been generalized to more than one variable. Many au-
thors have established Gronwall-like type integral inequalities in two independent
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variables; see for example [3| 11l [12]. Recently, Khan in [2] obtained the inequality
x y
da) =+ [ Alsotsds+ [ Blaor e
0 0

Ty
+-j€ /ﬁ H(s, )6 (x, y)dids,

and its variants, where 1 > p > 0 and ¢ > 0 are constants and ¢(z,y) € C(R%,Ry).
However, sometimes we need to study such inequalities with a function c(z,y)
in place of the constant term c¢. Our main aim here, motivated by the works
of [2L B} [I0], is to establish some new and more general retarded Gronwall-like
integral inequalities with two independent variables which are useful in the analysis
of certain classes of partial differential equations.
In this article we discuss more general forms of integral inequality

(1.5)

$(e) < o)+ [ aitsprsnas+ Y [ 000w
i=1 v %0 j=1"Y0
e N (1.6)
+Y o) [ [ e 0g(os.0) dsdi
k=1 z

0 Yo

where ¢(x,y) > 0 is a function and ¢ > p > 0 are constants for all (z,y) € A.
Our results remain valid if we replace ¢P(z,t) by w(u(s,y)) in where w €
C(R4,R;) be nondecreasing function with w(¢) > 0 for ¢ > 0. Furthermore, we
show that the results of [2 6] can be deduced from our results in some special cases.

Motivated by the hyperbolic partial differential equation — in [I0, Pach-
patte], we give the boundedness of the solutions of the initial boundary value prob-
lem for hyperbolic partial delay differential equations.

2. MAIN RESULTS

In what follows, we define I = [x0,X) and J = [z(,Y) are the given subsets
of Ry, and A =1 x J, E = {(z,y,8,t) € A2 :13p < s <2< X5y <t<y<
Y'}. We also assume that all improper integrals appeared in the sequel are always
convergent, and suppose that
(H1) Alla;(z,y) (1=1,2,...,m);b;(z,y) (j =1,...,n2); c(x,y) and ¢(x,y) are
nonnegative, continuous functions and nondecreasing in each variables on
A.

(H2) Ala: 1 — 1,3 :J — J are continuously differentiable and nondecreasing
such that a(z) <z on I,5(y) <y on J.

(H3) All vg(z,y) (k = 1,2,...,n3) are nonnegative, continuous functions and
nondecreasing in each variables on A.

(H4) Al di(z,y,s,t) : E — Ry (k= 1,2,...,n3) are nonnegative, continuous
functions and nondecreasing in  and y for each variables (s,t) on A.

(H5) ¢g : Ry — R, be nonnegative, continuous, nondecreasing and submulti-
plicative function with w(¢) > 0 for ¢ > 0.

The following lemma is useful in our main results.
Lemma 2.1. Let ¢,¢ and a; € C(I,R,) be nonnegative continuous functions for

any x € ITand i = 1,2,...,n with c(x) is nondecreasing function for x € I and
assume that o € CY(1,J), B € C*(I,J) be nondecreasing with a(z) < x on I,
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B(y) < y on J. Suppose that ¢ > p > 0 are constants. If ¢(x) satisfies the
inequality

n. o)
¢¥(z) < c(z) + Z/ a;(s)¢P (s)ds, (2.1)
i=1  a(zo)
for xqg < s <z, then the following inequalities hold
Mr(a)exp (Y0, [0 ails)ds), ifp=a.
P(z) < 1 (2.2)
M) + (14 52 L, foi P (s)ac(s).ds) T i p<a,

forxel.
Now, let us list our main results.

Theorem 2.2. Suppose (H1)—(H2) hold and the constant p satisfies 1 > p > 0.
(1) If ¢(x,y) satisfies

a(x) 2 B(y)
B(z,9) < c(z,) +Z / So)ds+ Y [ (@ w0, (23
(z0) i=1 v B(yo)

for all (z,y) € A, then

Pz, y) < c(x,y)Er(z,y)Q1 (2, y), (2.4)
for all (x,y) € A. Where

n1 a(z)
Ei(2,y) = exp (;/a(xo) ai(s,y)dS) (2.5)
il B(v) 1
) =(14+(1— bi(z, )P D (z, ) EP (z, )dt) " 2.6
A= (14003 [ 00w 0ar) (26)
(2) If ¢(x,y) satisfies
n o) ﬁ(y
o) S cle) + 3 / s syds+2 / [ v ot i, 21

for all (z,y) € A, then

¢z, y) < e(x,y)Ex(z,y)Qa (2, y), (2.8)
for all (z,y) € A. Where

- on (55

Q1(z,y) = <1+ (1—p Z/a(m (s,)cP~V (s, y) EE (s, y)dt) - (2.10)

B(y)
bz, t)dt) (2.9)

(y0)

The proof of the theorem will be given in the next section.

Theorem 2.3. Suppose (H1)—-(H2) hold and ¢ > p > 0 are constants. If ¢(x,y)
satisfies the inequality

ol (z,y) <cxy—|—Z/ i(s,9)¢ syds—i—Z/ ¢P (z, t)dt,

(z0)
(2.11)
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for all (x,y) € A, then we have:
(1) If p=q, then
o(2,y) < M7 (a,y) By (2, 9)Q5 " (), (2.12)
for all (z,y) € A, where
B(y)

no
Q) =ew (3 [ bnE ), (213)
j=1"8wo)
and Ey is defined in[2.5
(2) If p < q, then
(ﬁ(.’L‘,:U) < Cl/q(x,y)E4(x,y)Q4(x,y), (214)
for all (z,y) € A, where
qg—p & By ,_, o
Qe = [1+ T2 [ g mna] T (215)
q j=1"8o)

M el 1
E4(I, y) = |:1 + % Z/( ) ca (Sa y)az(s,y)QZ(S,y)dt} o . (216)
i=1 (o

Where z(z,y) < c(z,y)El(z,y), for all all (z,y) € A.

Remark 2.4. If we take b(z,y) = 0 and keep y fixed, then Theorem reduce
exactly to Lemma [2.1

Remark 2.5. Using similar methods to those in the proof our main result above, if
we replace ¢P(z,t) by w(u(s,y)) where w € C(Ry, Ry ) is a nondecreasing function
with w(¢) > 0 for ¢ > 0, an estimate of the inequality can be easily obtained;
in this case our result above reduces to the main results in [2].

Using Theorems [2.2] and 23] we can get some more generalized results as follow.

Theorem 2.6. Suppose (H1)-(H5) hold and 1 > p > 0 is constant.
(1) If ¢(z,y) satisfies

$(w,y) < clw,y)+ /

i=1 Y (o)

ns
+ Z Vk (l‘, y) /
k=1 «

for all (x,y) € A, then

¢(x,y) < My(2,y)Er (2, y)Q1(z,y), (2.18)
forallzg <x <z, yo <y <yi. Where

a(x) By

)
b;(x, )PP (z,t)dt
(o)

wls o nds+ Y [
=170 (2.17)

a(z

) rB(y)
/ di(z,y, 5, 8)9(6(s, 1)) ds dt
B(yo)

(zo)

n3 a(z)  rB(y)
Mi(e,9) < G Gletw) + Y o) [ [ dulwgs
= a(@0) JB(wo0) (2.19)

% g(F1(5,1)g(Qu(s,1)) ds ],
Jor all zog <x < x1, yo <y < y1 and

@
G(¢) = /0 ;Z), ¢ > do > 0. (2.20)
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Where E\(z,y) is defined in[2.9 and

B n2 - rB(y) %
Qe =[1+a-nY [ e @ood] T )
j=1"B(yo)
Where G~ is the inverse function of G and the real numbers x1,1, € Ry are chosen
s0 that G(c(w, )+ 1 ve(w,y) 2o [3) di(,y, 5, )g(B1 (5,1))9(Qa (s,1)) ds dt
is in Dom(G~1).

(2) If ¢(x,y) satisfies

n1 a(z) 2 B(y)
o) <o)+ Y [ ot Gais+ Y0 [ b o
i=1 Y a(xo) i=17B8o)
(2.22)
a(z) ﬁ(y)
-l—ka (x,y) / (x,y,s,t)g(d(s, 1)) dsdt,
(zo) /B(yo)

for all (z,y) € A, then

$(x,y) < Ma(z,y) Ex(z,y)Qa (2, y), (2:23)
forallzg <x<xo, yo <y <ys . Where

n3 a(x)

ﬁ(y
My(z,y) < G~ [ c(z,y)) +kamy/ / k(z,y,s,t)
(zo) /B(yo) (2.24)

X g(Ea(s,1))g(Q2(s, 1)) ds dt} ,
for allzg <z <1, yo <y <wy1, G and E; are defined in[2.20 and[2.9, with

n1 a(x)

Q) =[1+0-nY [

ai(s,y)szfl(s,y)ES(s,y)ds] . (2.25)
i=1 (z0)

Where G=1 is the inverse function of G and the real numbers x2,y2 € R are chosen

so that G(c(z,y))+Y 12, vi(z,y) 5(;:1; fﬁ((yyo di(x,y,5,t)g(FEa2(s,t))g(Qa(s,t)) dsdt

is in Dom(G™1).

Remark 2.7. If we take di(x,y,s,t) = 0 for any k = 1,2,...,n3 in the previous

Theorem, then Theorem reduce to Theorem

By choosing suitable functions for g, some interesting new Gronwall like type
inequalities of two variables can be obtained from Theorem [2.6] For example if we
take g(s) = s", the following interesting inequalities are easﬂy obtalned.

Corollary 2.8. Suppose (H1), (H2), (H4) hold. Suppose 1 >p >0 and0<r <1
are constants and if ¢(x,y) satisfies the inequality

afz) B(y)

al(s,y)gzﬁ(s,y)ds—&—/ﬂ( )b1(x,t)q’>p(ac,t)dt
vo (2.26)

a(z)
/ / (z,y,8,t)¢"(s,t) ds dt
(wo) Y B(yo)
for all (z,y) € A, then

¢mw§mm+/

Oé(ico)

d)(‘r,y) S ml(xay)el(x7y)(jl(x7y)a (227)



6 H. KHELLAF, M. SMAKDJI, M. DENCHE EJDE-2014/117

for all (x,y) € A. Where

ﬂ(y) =
my(x,y) < {1 "(z,y)+ (1 —7) /( )/ﬂ dy(z,y, s, t)el(s,t)q1 (s, t) ds dt -
a(xo

(o)
(2.28)
for all (z,y) € A, and
B(y) . —
aey) = [1+0=p) [ e mi e od@oa] T, 22
B(yo)
a(zx)
e1(z,y) = exp (/ a1(87y)d8). (2.30)
a(zo)

Remark 2.9. (i) If » = 0, by using Theorem an estimation of can be
easily obtained.

(ii) also when r = 1, an estimation of the inequality can be easily obtained;
for space-saving, the details are omitted here.

Remark 2.10. Corollary reduces to the main results in [2] Theorem 2.3], when
c(z,y) = c (constant), a(z) = z, B(y) =y, di(z,y,s,t) = d(s,t), zg = yo = 0 and
r=np.

We can also get an interesting result as follows.

Corollary 2.11. Suppose (H1), (H2), (H4) hold. Suppose 1 >p >0,0<7r <1
are a constants and if ¢(x,y) satisfies the inequality

a(z) B(y)
o(z,y) < clz,y) + / ar(5,9)¢" (s, y)ds + / b (2, )b, 1)t
a(zo) B(yo)
a(x) ﬁ(y)
+/ / (x,y,8,t)¢"(s,t) dsdt
a(zo) 7 B(yo)

for all (z,y) € A, then

O(z,y) < ma(z,y)ea(r, y)G2(z,y),
for all (z,y) € A. Where

1

L B(y) L
ma(z,y) < { "(x,y)+ (1 —7) /( )/ x,y, s, t)e5(s,t)d5(s,t) dsdt} ,
a(xo

for all (z,y) € A, and

a(x) 11})
i) = [+ 0= [ om0 ]
a(xzo

) =eo ([

Remark 2.12. Under some suitable conditions, Corollary is also a general-
ization of the main result in [2, Theorem 2.4].

B(y)

b (z, t)dt) .

(yo)

Using Theorem we can get some more generalized results as follows.
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Theorem 2.13. Suppose (H1)—-(H5) hold. Suppose that ¢ > p > 0 are constants.
If ¢(z,y) satisfies

n1 a(zx) n2 B(y)
o) <o)+ Y [ alsplsnds+ Y. [ b0 o
i=1 Y a(@o) j B(yo)
B(y)
+ka (z,y / / (x,y,s,t)g(é(s,t)) dsdt
(z0) Y B(yo)

(2.31)

for all (x,y) € A, then the following conclusions are true:

(1) If p = q, then

(@, y) < NP (2, 9) By (2, 9)Q5" (2, ), (2.32)
forallzg <x <z3, yo <y <ys. Where
a(z)  rB(y)

Ni(z,y) < H Y| H(c(z, +"3U x, (z,y,s,t
o) < 17 [l + 3o mlm)mm wa

x g(B/? (5, )g(Q3/" (s, ) ds dt,

Jor all zog < x < 3, yo <y < ysand
H(¢>_/¢dt > by >0 (2.34)
" Jo gty TSR |

Where Ei(z,y) and Qs(x,y) are defined in in and , Where H™' is the
inverse function of H and the real numbers x3,ys are chosen so that H(c(x,y)) +

Shsy vk, ) [l [ d(,y, s, 0)g(By'7 (5,0)g(Q3/" (5,1)) ds dt € Dom(H ™).

a(zo) JB(yo)

(2) If p < q, then

d(,y) < Ny, y) Ea(,y)Qa(a, y), (2.35)

forallzg <z < x4, yo <y <ys . Where

a(z)
Ng(x,y)SHf[ c(z,y) +kaxy/ / k(x,y,s,t)
B(yo)

(2.36)
X g(Ba(s,)Qa(s, 1)) ds dt],
for all zo < x < x4, yo <y < ya, H is defined in[2.3], with
- B(y) . L
Qu%y%=ﬁ+”qqm§j/ bys.)2 o e, (287
B(yo)

1

. o ni a(z) o 5 oy
aww:ﬁ+@qm2/(fwwwp“%mm@mﬂ (2.38)
i=1 v o

forallzg < x < x4, yo <y < ya, where 2(x,y) < No(x,y)E(x,y). Here H= is the
inverse function of H and the real numbers x4,ys are chosen so that H(c(x,y)) +

Sord vk(z,y) :‘((;))fﬁﬁ(% di(x,y,5,t)g(E4(s,t)Qa(s, 1)) ds dt € Dom(H~1).
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Remark 2.14. Various choices of ¢, g, dy, vi and p, ¢, a, 8 can give many different
inequalities. Obviously, our results generalize many results obtained before, for
example, let p = 1, a(x) = z, B(y) = v, g(s) = s, c(z,y) = ¢ > 0 (constant),
ng =mny =ng =1, 290 = yo = 0 and dy(z,y,s,t) = di(s,t), then our Theorem
2.13(1) reduces to [2, Theorem 2.1]. Considering ¢ = 1, a(z) = z, 8(y) = vy,
w(s) =8P, ny =ng =ng =1, 0 =yo =0, di(x,y,s,t) = di(s,t) and c(z,y) =
¢ > 0 (constant) in Theorem ), we obtain [2, Theorem 2.5]. If we take
g=p=19(s)=s",1>r >0, alz) ==z Bly) =y, c(s,y) = ¢ > 0 (constant),
np=ny=n3=1, 20 =y =0, vi(x,y) =1 and dy(z,y, s,t) = di(s,t), then the
inequality established in Theorem 1) reduces to the [2, Theorem 2.2].

Remark 2.15. By replacing ¢P(x,t) by w(u(s,y)) where w € C(Ry,Ry ) be
nondecreasing function with w(¢$) > 0 for ¢ > 0 in the line above and using
the same arguments in the proof of our theorem [2.13] an estimation of the inequality
can be easily obtained. In particular, when a (a nonnegative constant) and
di(z,y,s,t) =0 for all k =0,...,ns, the inequality becomes

¢! (z,y) < a+
>/

the general form of (2.31) in the case of two independent variables. Thus our result
implies to the main result in [2].

a(z

i) s+ /ﬁ(y)b« B (d(, t)dt (2.39)
(20) ilS$Y Y = 50 g\ ) .

Remark 2.16. By choosing suitable functions for g for example g(s) = s" with
q > r > 0 or when we take ¢ = r > 0 (with p = q or ¢ > p), using similar arguments
in the proof of Theorem [2.13] we can obtain many interesting new retarded integral
inequalities, but, for space-saving, the details are omitted here.

Remark 2.17. Using similar method of those in the proof of our main results
above, with a suitable conditions, we can obtain some new reversed inequalities of
our results.

3. PROOF OF THEOREMS

Since the proofs resemble each other, we give the details only for Theorem 1),
Theorem [2.32), Throem2.6{1) and Theorem [2.13(2). The proofs of the remaining
inequalities can be completed by following the proofs of the above-mentioned in-
equalities. To the best our knowledge, Lemma is not found in the literature (in
this form). Therefore, we give a proof here.

Proof of Lemma[21] If ¢(x) > 0 (i) If p = ¢ holds, letting z(z) = [Cf;(px&)}p? from
(2.1) derive that

n a(x)

z(x) <1 a;(s)z(s)ds, 3.1
(@) < +i§_;/a(%)<><> (3.1)

for z € I. define a positive, continuous and nondecreasing function v(x) by the
right hand of (3.1)), then z(z) < v(z) and v(xzg) = 1 hold. Since v(x) is positive
and by differentiation we obtain

v(x) = Za’(x)ai(a(x))Z(a(x)),
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xzel. (3.2)

By integration of (3.2) from z to z, we have

hence we obtain
o(x) ~ [
22— o) < expl ai(s)ds).
Cl/p(x) zzz:l a(zo)
This inequality implies the desired inequality (2.2)) immediately.
(ii) If p < g holds, letting y(z) = Cf;(f&), from (2.1)) we obtain

n a(x)

yi(z) <1+ Z/ ai(s)cP=D/1(s)yP(s)ds, (3.3)
i—1 Y a(zo0)

Define a positive, continuous and nondecreasing function h(x) by the right hand of

(3-3), then y(x) < h'/9(z) and h(zo) = 1 hold. we carry out the above procedure,

we obtain

1

<225 [ o]

This inequality implies the desired mequahty . ) immediately.
If ¢(x) > 0 is nonnegative, we carry out the above procedure in (i) and (ii) with
c(x)+¢ instead of ¢(z), where € > 0 is an arbitrary small constant, and subsequently

pass to the limit as ¢ — 0 to obtain (2.2). This completes the proof. O
Proof of Theorem[2.3. (1) We define a function
B(y)

2(z,y) = c(z,y) + Z/B bj(x,t)P (z,t)dt, (3.4)

(yo)

by substituting (3.4) in (2.3)), we obtain
a(z)

S <o)+ Y [ alspilsnis e @)

i—1 7 a(zo)

Clearly, z(z,y) is a nonnegative, continuous and nondecreasing function in x. Treat-
ing y, y € I fixed in (3.5)), a suitable application of Lemma to (3.5) we obtain

for (x,y) € A, where F4(x,y) is defined as in (2.5)).
By (3.4) and (3.6, we obtain
B(y)

z(z,y) < c(z,y) + Z/B( ) bj(z,t)EY (z,t)2P (x, t)dt. (3.7)

Keeping z fixed in (3.7)), an estimation of z(x,y) can be obtained by a suitable
application of Lemma [2.1] to (3.7), after that, we obtain

(LU,y) < C(.’Iﬁ,y)Ql(iﬂ,y), (38)
for (x,y) € A, where Q1(x,y) is defined as in ([2.6]).
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Finally, substituting the last inequality into (3.6)), the desired inequality (2.4)
follows immediately. ([

Proof of Theorem [2.3(2). We define a function

a(x)
2(z,y) = c(x,y) +Z/ ¢F(s,y)ds, (3.9)
930)
by substituting (3.9) in , we obtain
o1(2,y) < z(z,y) +Z/ OP (x, t)dt. (3.10)
B(yo)

Clearly, z(z, y) is a nonnegative, continuous and nondecreasing function in y. Treat-

ing z fixed in (3.10]), a suitable application of Lemma to (3.10]) we obtain
¢($,y) < Z(x,y)l/qQ4(x,y), (311)
for (x,y) € A, where Q4(x,y) is defined as in ([2.15].
By (3.11) and ( -7 we obtain
a(x)
2(3,) < e(@,y) +Z / (5@ (5, 1) (s, p)ds.  (3.12)
Keeping y fixed in (3.12)), an estimation of z(z,y) can be obtained by a suitable
application of Lemma to (3.12]), after that, we obtain
z2(z,y) < c(z,y)Ef(2,y),
for (z,y) € A,where F4(x,y) is defined as in (2.16)).
Finally, substituting the last inequality into (3.11)), the desired inequality (2.14))

follows immediately.

[
Proof of Theorem[2.6. If c¢(x,y) > 0 . Setting

"3 a(z) /B(y)
Mi(z,y) = c(z,y) + Y vp(z,y) (x,y,s,t)g(o(s,t)) dsdt, (3.13)
y y ; K y/ /ﬁ Y, 8,1)g

a(zo) (yo)
inequality (2.17) can be restated as

n1 a(x)
oe9) < M)+ Y |

i=1 7 a(zo)

B(y)
a;(s,y)P(s,y)ds + Z/ﬂ bz, t)pP (x,t)dt,

(y0)

(3.14)
Clearly, M (x,y) is nonnegative and nondecreasing function in each in x and y .
Now a suitable application of the inequality in Theorem to , yields

¢(z,y) < Mi(z, y)El(fv Y)Qi(2,y), (3.15)
where By (z,y), Q1(z,y) are defined in and (2:21). From and (3.15)
and by using the fact that w is submultlphcatlve we have
3 a(z) rBy)
Miley) < cla) + Yoo [ [ di(eps
k=1 a(zo) JB(yo) (3.16)
x g(E1(s,)Q1(s,t)) g(Mi(s,t)) ds dt,
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for (z,y) € A. Fixing any numbers Z; and §; with 0 < Z; < 2y and 0 < g1 < y1,

from (3.16)) we have
ns

My (z,y) < (@1, 41) +ka T1,41)

a(z) (y) ~
X/ /ﬁ k(T1, 71,8, 1)g(B1(s,)Q1(s,t))g(Mi(s,t)) ds dt
a B8

(z0) (y0)
for zo <z < 71,y0 <y < 4.
Defining r1(x,y) as the right-hand side of the last inequality, then r(zg,y) =
ri(x,y0) = ¢(Z1,91), and
My (z,y) <ri(z,y), (3.17)

with 71 (z,y) is positive and nondecreasing in y € [yo, 7o), and

B(y)
Diri(x,y) Z'Uk T1, Y1) )/ di(Z1, Y1, o(x),1)

B(yo)

(B (), )0 (o) ) (M e, )t
<3 unin) '()/ﬁ(y)dr 1. ale). 1
< Ve(Z1, Y1) (T x1,Y1,0(x),

k=1 * B *

N (o) (3.18)
x g(Er(a(z),)Qi(a(z), 1)) g(ri (a(z),t))dt.
< w(ri(e,y) Y or(@, 1) ()
k=1
B(y) ~
x / A 1., a(2), g (B (a(2), )01 (ala), 1)) dt.
B(yo)
Dividing both sides of by w(ri(x,y)), we obtain
Dyry(z,y) s o, B(y) o
W@ y) = sumizaox(F1, o) /B(yo) (@, o)1) (3.19)
x g(E1(a(z), t)Q1(a(z),t))dt,
from and (| -, we have
DiG(ri(z,y) < Y w1, 51) (x)
k=1 (3.20)
B(y) ~
X /ﬁ(yo) di(T1, 91, (), t)g <E1(a(x),t)Q1(a(x),t)) dt,.

Now setting x = s in (3.20) and then integrating with respect to s from z( to z,
we obtain

G(Tl(x7y)) < G Tl Io, + ka ‘Tlvyl

(@) rBy) ~
x/ / dk(ml,yl,s,t)g(El(&t)Ql(s,t)) dsdt.
a(zo) B(yo)
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Noting G(r1(zo,y)) = G(c(Z1,91)), we have

ns

G(ri(z,y)) < Gle(a1,51)) + ka(%hﬂl)

ﬁ(y ~
/( )/ & (T1,91,8,t)g (El(s,t)Ql(s,t)) dsdt.

Taking * = 71, y = 91 in (3.17)) and the last inequality, we obtain
My (71,91) < 7r1(T1,91), (3.21)

and

G(ri(z1,51)) < G(e(T1,41)) ka Z1,91)

3.22
(o) (3.22)

a(zo)

ﬁ(y) _
/ xl»ylvs t) <E1(S,t)Q1(S,t)> dsdt.
B(yo)

Since 0 < 77 < x; and 0 < y; < y; are arbitrary, from and - we have
My(z,y) <ri(z,y), (3.23)

and

ns ale) By
ri(e.y) < G Glelz,y) + Y vnle,y) di(2,y,5,1)
Pt a(wo) J Blyo) (3.24)

g(Ex (s, £)Q1 (s, t)) ds dt} .

for all zp < x < x1,y0 < y < y1. Hence by (3.23)) and -7 we obtain

n3 a(zx) 5(1/)
My (2,y) < G Gleley) + 3 vie.y) / [ st
k=1 a(zo) v B(yo) (325)

x g(Ea(s,1)@1(5,1)) ds dt,

for all zg < z < 1, yo <y < y1. By (2.17 -, 3.25)) holds also when = = z0.y = yo.

Finally, substituting the last inequality mto (3.15)), the desired inequality ([2.18 -
follows immediately.

If ¢(z,y) > 0 is nonnegative, we carry out the above procedure in the proof
of Theorem [2.6(1) with ¢(x,y) + ¢ instead of ¢(z,y), where € > 0 is an arbitrary
small constant, and subsequently pass to the limit as € — 0 to obtain This
completes the proof.

The proof of Theorem 2) is similar to the argument in the proof of Theorem
1) with suitable modifications. We omit the details here. ]

Proof of Theorem[2.13 Setting

n3 a(z) B(y)
No(z,y) = c(x, v (x, (x,y,s, s,t))dsdt, (3.26
2r0) = ) + 3 [ et tglots. ) dsd, (326

a(zo) /B (yo)
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inequality (2.31]) can be restated as

¢(my)<N2xy—|—Z/ i(8,9)d syds—i—Z/ @P (z,t)dt,

(Io)
(3.27)
Clearly, Nso(x,y) is nonnegative and nondecreasing function in each in z and y.
Now a suitable application of inequality in Theorem to , yields

d(a,y) < Ny, y) Ea(a,y)Qu(x,y), (3.28)
where Ey(z,y), Qa(x,y) are defined in (2.38) and (2.37). From (3.26) and (B.23)

and by using the fact that w is submultiplicative, we have

a(z)
N(:cy<ca:y+kaxy/ / k(z,y,s,t)
B

(o) (3.29)
% g(Ea(s,)Qa(s, 1)) g(N1 (s, 1)) ds dt,

for (z,y) € A.
By following the same steps from (3.16)-(3.25) in (3.29), we obtain

Na(wg) < O [ (e(w) + Y weteny) [ [ detoy.siu(Eis.0)
k=1 Zo Y Yo
w(Qa(s,1)) ds dt},

for all zg < x < 241,90 < y < y4. Finally, substituting the last inequality in (3.28)),
the desired inequality (2.35)) follows immediately. d

4. AN APPLICATION

In this section we present an application of the inequality (2.31]) given in Theorem
to study the boundedness of the solutions of the initial boundary value problem
for hyperbolic partial delay differential equations of the form

DiDs¢”(x,y) = h(z,y,¢(x — a(z),y — B(y))) + Digi (,y, 6(z — a(x),y))
+D292($7y,¢(37,y—5(y))), (41)
(15(37790) = 0'1(3?), ¢(]"07 y) = UQ(y)y ¢(x07y0) = kv
for all (z,y) € A.
Where h, g1,92 € C(A x R,R) and 01,09 € C(Ry,R;),k,p > 0 are constants,

a € CHI,R),B € CYJ,R) nondecreasing functions such that a(zr) < x on I,
Bly) <yonJ,and o/(z) <1, #(y) < 1 with a(zg) =0 and B(yo) = 0.

Theorem 4.1. Suppose that

\h(z,y,8)| < di(z,y)¢", (4.2)
91(2,y, 9)| < b1(z,y)8” (4.3)
|92(%,y, 9)| < al( )" (4.4)
ler(z) + ca(y) — k| < ¢ >0 (constant) (4.5)



14 H. KHELLAF, M. SMAKDJI, M. DENCHE EJDE-2014/117

Where 1 > p > r > 0, bi(z,y),a1(z,y) are as in Theorem [2.13 and d(z,y) €
C(A,R;) be nondecreasing function, with

o) = (o) - [ " ga(s, 20, 01(5))ds,

0

ca(y) = oa(y) — /y 91 (Yo, t, oa(t))dL.

Yo

If ¢(z,y) is any solution of , then
o) < (E(z,y)ilz,y)"" [c@—wp

w(@) ) ) (4.6)
i) (E(e )it ) dsde]
Q(yo)
for (z,y) € A, in whzchl/) )—x—a( ) on I and Qy) =y — B(y) on J, and
st =ew ([ ) (@7)
elx, = eX ay(s, S/, N
Y p (o) 18, Y
Qy) R
G(z,y) = exp (/Q(yo) by (x,t)e(m,t)dt). (4.8)
For all (z,y) € A, where
a1(6,t) =& - a1(d + afs), t), (4.9)
51(537_) :52‘b1(577+6(t))7 (410)
Jl(éaT) :€1§2 d1(5+a(8)a7+ﬁ(t))v (411)
foralls,6 € I and t,7 € J; and
1 1
§ORE T TN T

Proof. It is easy to see that, the solution ¢(z,y) of problem (4.1]) satisfies the
equivalent integral equation

@P(z,y) = o1(x) + oa2(y k+/ / h(s,t, é(s t))dsdt—i—/o g1(z, t, d(x, t))dt
+/Oﬂf gg(s,y7¢(s,y)ds—/Oxgg(s,o,ol(s))ds—/ 91(0, ¢, 02(t))dt.

0

(4.12)
From (4.12) and with —7 we have
x Yy
PP(z,y) <c+ / a1(s,y)¢" (s — als),y)ds + [ bi(x,1)¢P(x,t — B(t))dt
0 0
o, (4.13)
+ / / dy(s,t)0" (s — a(s),t — B(t)) ds dt,
o Jo
Using (4.13) and making a change of variables, we have
() Qy) _
P ser [ anuis [ e

() Q(y B
/ (s,t) dsdt,

P (zo0) (yo)
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for (z,y) € A, with p > r > 0. Wherew Y=z — oz onIandQ y — B(y)
on J, and a1, b; and d; are defined in 1 -) and l
Now, a suitable application of Theorem to 1 , with g(s) = s",
c(z,y) = ¢, vi(z,y) =1, di(z,y,s,t) = di(s,t) n1 —ng =ng —1 yields
6w,y) < (#lw,y)il,y) " [

_r/w(ro) /Q(yo) ( (2, 9)il(z, ))T/pdet}ﬁ

for all (x,y) € A, where é(x,y) and §(z,y) are defined in and (£.3). O

We also note that the inequalities established in Theorems [2.13] - and [2.13] and
the applications given in Theorems [2.13| can be extended very easily to functions
involving many independent variables.

Finally, we note that under some suitable conditions, the uniqueness and contin-
uous dependence of the solutions of , can also be discussed using our results.
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