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GLOBAL EXISTENCE AND BLOWUP FOR FREE BOUNDARY
PROBLEMS OF COUPLED REACTION-DIFFUSION SYSTEMS

JIANPING SUN, HAIHUA LU, SHUANGLONG GAN, LANG CHEN

ABSTRACT. This article concerns a free boundary problem for a reaction-
diffusion system modeling the cooperative interaction of two diffusion biologi-
cal species in one space dimension. First we show the existence and uniqueness
of a local classical solution, then we study the asymptotic behavior of the free
boundary problem. Our results show that the free boundary problem admits a
global solution if the inter-specific competitions are strong, while, if the inter-
specific competitions are weak, there exist the blowup solution and a global
fast solution.

1. INTRODUCTION
We consider the free boundary problem

ur — ditge = u(ag — biu” +0P), t>0, 0 <z <h(t),

vy — doge = v(as — bov® + 1), >0, 0<x <h(t),
u=v=0, t>0,x=0,

u=v=0, h'(t)=—plus+pvy), t>0, z=nht),
h(0) = hg, 0 < hg < o0,

u(z,0) = up(x), v(x,0)=uve(z), 0<z<hy,

(1.1)

where a; > 0,p,q,7,,b;,d; (i =1,2) and p are positive constants, © = h(t) is the
free boundary to be determined together with w(¢,x) and v(¢,x). System is
usually referred as the cooperative system. It provides a simple model to describe,
for instance, the cooperative interaction of two diffusing biological species. u and
v represent the densities of two species, a; and ay are their growth rates. Here, it
is assumed that each species finds its subsistence from the activity of the other one
(represented by the reaction terms vP and u? ), and disappears by a destruction
mechanism, corresponding for instance to overcrowding or the action of a predator
(represented by the absorption terms bju” and bov®). For more background for the
system, we can refer to [10], [12] and references therein.

As we know, the free boundary problems have been used to describe different
types of mathematical models. For the study of free boundary problems for some
biological models, we refer to, for instance [3], [, Bl [, @ [15] and references cited
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therein. Let us recall some work about the blow-up results to the reaction-diffusion
equations or systems with free boundaries. In [I7], Zhang and Lin investigated the
behavior of the positive solution u(t, z) to a parabolic model with double fronts free
boundaries:

up — dugy, =uP, t>0, g(t) <z < h(t),

u(t,g(t) =0, g'(t) = pua(t gt), t>0,
uw(t,h(t)) =0, hA'(t) = pug(t,h(t), t>0, (1.2)
9(0) = —ho, h(0) = ho,
u(0,2) = uo(x), v(0,2) =vo(z), —ho <z <hy.

The result showed that when p > 1 blowup occurs if the initial datum is large
enough and that the solution is global and fast, which decays uniformly at an
exponential rate if the initial datum is small, while there is a global and slow
solution provided that the initial value is suitably large. In [I3], Ling et al. studied
the global existence and blow-up for a parabolic equation with a nonlocal source
and absorption

h(t)

Up — AUy = / uP(t,x)dx — kul, t>0, g(t) <z < h(t),
g(t)

with the same initial and boundary conditions as in (1.2]). As far as the coupled

system is concerned, Kim et al. [I0] considered the mutualistic model

uy — ditge = u(a; — biu+c1v), t>0, 0 <z < h(t),
vy — doUze = v(ag — bav + cou), >0, 0< 2 < oo,
u(t,z) =0, t>0, h(t) <z < oo,
u=0, h(t)=—puy, t>0,z=h(),

Uz (t,0) = v, (¢,0) =0, ¢ >0,
h(0)=b, 0<b< o0,

u(0,2) =up(z) >0, 0<z<b,

v(0,z) =vo(z) >0, 0<uz<oo0.

They showed the existence and uniqueness of a classical local solution and the
asymptotic behavior of the solution. And they showed that the free boundary
problem admits a global slow solution if the inter-specific competitions are strong,
while if the inter-specific competitions are weak there exist the blowup solution and
global fast solution.

As we know, sometimes both species have a tendency to emigrate from the
boundaries to obtain their new habitat; i.e., they will move outward along the
unknown curves (free boundaries) as time increases. It is assumed that the move-
ment speeds of free boundaries are proportional to the sum of gradient of these two
species, i.e.

W (t) = —p(ug + pvg),
which is the well-known Stefan type condition and whose ecological background
can be found in [IJ.

In this article, our interests in studying the long time behavior of the solution
of is motivated by previous discussion. Differently from above, we put zero
Dirichlet boundary conditions at the fixed boundary. This condition means that the
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habitat is restricted by a hostile environment from the left and the species cannot
survive on the fixed boundary. We will show that if pg < rs, the solution of
is global while if pg > rs, there exist a blowup solution and a global fast solution
of (L.I)). To this end, we assume that the initial functions ug(z) and vo(z) satisfy

ug,vo € C2([0, hol), uo(0) = vo(0) = ug(ho) = vo(ho) =0,
uo(x),vo(x) >0 in (0, ho).
Now let us recall some blowup results of the corresponding problem on a fixed
domain under Dirichlet boundary condition with nonnegative initial data:
uy = diAu+u(a; —bu” +0P), t>0, z€Q,
vy = doAv +v(ag +ul —bov®), >0, x € Q, (1.4)
u=v=0, t>0,z¢€d,

(1.3)

where Q C RY is a bounded domain with smooth boundary 9Q. By constructing
blowup sub-solution or bounded super-solutions, Li and Wang [12] obtained the op-
timal conditions on the exponent of reaction and absorption terms for the existence
or nonexistence of global solutions. The main results in [I2] are stated as follows.

Proposition 1.1 ([I2] Theorem 1]). If pq < rs, then all solutions of (1.4) are
global and uniformly bounded.

Proposition 1.2 ([12] Theorem 3|). Suppose that pq > rs. If bibr® < 1 for some
ro > 0 satisfying pg = ros, or bi°bh < 1 for some so > 0 satisfying pg = rso, then
all solutions of (L.4]) blows up in finite time with suitable initial data.

The rest of the paper is organized as follows. In the next section, local existence
and uniqueness of the free boundary problem are obtained by using the contraction
mapping theorem. In Section 3 a priori estimates will be derived and the global
existence will be given for the case pg < rs. Section 4 deals with the global existence
and nonexistence of a classical positive solution for the case pg > rs.

2. EXISTENCE AND UNIQUENESS

In this section, we first prove the existence and uniqueness of a local solution
using the contraction mapping theorem.

Theorem 2.1. For any given (ug(z),vo(z)) satisfying and any o € (0,1),
there is a T > 0 such that problem admits a unique solution
(u,v,h) € (CTE5142(Dp))? x O ([0, T)).
Moreover,
.0l g5 1 gy + Pl 25 g1y S € (2.1)

where Dy = (0,T] x (0,h(t)), C and T are positive constants only depending on
ho, a, |luo, vollc2(jo,he))- Here and in the following,

lu, o]l x == Jlullx + [Jvllx-

Proof. As in [2 [6], we first straighten the free boundaries. Let ((y) be a function
in C3(R) satisfying

1 if |y — ho| < ho/4,
0 if [y — hol > ho/2,
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6
Cl(y> < h707 Vy

Consider the transformation
(t,y) — (t,x), where z=y+ ((y)(h(t) — ho), 0 <y < 0.

As long as |h(t) — hg| < ho/8, the above transformation is a diffeomorphism from
[0,00) onto [0,00). Moreover, it changes the free boundary x = h(t) to the line
y = hg. If we set

u(t, z) = u(t,y + C(y)(h(t) — ho)) = w(t,y),
v(t, z) = v(t,y + C(y) (h(t) — ho)) = 2(t,y),
then the free boundary problem becomes
wy — Adywy, — (Bdy + V' C)wy, = w (a1 — biw" +2P), t>0, 0 <y < hy,
2 — Adazyy — (Bda 4+ h'C)zy = z (ag + w? — be2®), t>0, 0<y < ho,
w(t,0) = z(t,0) = w(t,hg) = z(t,hg) =0, ¢>0,
w(0,y) = uo(y), 2(0,y) =vo(y), 0<y<ho,

(2.2)

where
1
A= AR Y) = T 700 = ho
) ") (h(t) = ho))
B = Bh{t)9) = =~ o) (@ = ho)*
- B ¢(v)

C = OO = TG0 (0 — o)
Denote hq = —p(ugy(ho) + pvy(ho)), and for 0 < T < 8(1}10’11)’ define Ar = [0,7] x
[O; h0]7

Dir = {w e CF(Ar) s w(t,y) > 0,w(0,y) = uo(y), w(t, ho) =0,
lw — UOHC%,Q(AT) <1},
Dor = {h € C*([0,T]) : h(0) = hg, h'(0) = hq, ||h' — hilleqo,ry < 1}

It is easily seen that the set D = Dip X Dor is a closed convex set in C%’O‘(AT) X
c([o, 7))

Next, we shall prove the existence and uniqueness result by using the contraction
mapping theorem. First, we observe that due to our choice of T', for any given
(w, h) € D, we have

|h(t) —ho| < T(1+ hy) < %.

Therefore the transformation (t,y) — (¢,2) introduced at the beginning of the
proof is well defined. Applying standard L? theory and then the Sobolev imbedding
theorem, we find that for any (w, h) € D, the initial boundary value problem

2t — AdQZyy — (Bd2 + h/C)Zy =z (CLQ + w? — ngs) s t> O7 0< y < h(),
2(,0) = 2(t,ho) =0, t>0, (2.3)
Z(O7y):’l}0(y)7 O§y§h07
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admits a unique solution (see [11]) z € C 2*1+*(Ay), and

el ren s, <
Moreover, the initial boundary value problem
wy — Adywyy — (Bdy + W' O)wy = w (a1 —byw” +2P), ¢t>0, 0<y < ho,
w(t,0) =w(t,ho) =0, t>0, (2.4)

m(oay):’U/O(y)? OSZI/Sho,
admits a unique solution w € CHTQ’H‘“(AT), and

HWHCHTG,HQ(AT) < Oy, (2.5)

where C7, Cy are two constants depending on hg, a, ug, vg.

Defining )
()= o~ [ @, (7o) + . )
we have ’
R (t) = —p(@, (t.ho) + pzy(t. b)), F(0)=ho, T (0)=hi,  (26)
and hence &’ € C/2([0,1]) with
HEI”CQ/?([O,)&]) < O3 := p(Cqy + pCh). (2.7)
We now define F : D — C2:*(Az) x C*([0,T]) by
F(w,h) = (w,h).

Clearly (w,h) € D is a fixed point of F if and only if it solves (2.2).
By (2.7)) and (2.5), we have

— —
1B = hallcqory < I lloarzoryrars < CsT?,
[w— UOHC%va(AT)
lto —
= 4wl g0

_ 1 — || —
< Il e Th 4+ By loarnoan T

(AT)
<Gy (T +1h 4 nyorel?).

)

Therefore, if we take T' < min{1, 03_2/0‘, [(2+ hy~*)C1]~2/*}, then F maps D into
itself.
Next we prove that F is a contraction mapping on D for T > 0 sufficiently small.

Let (w;, h;) € D(i = 1,2) and denote (w;, h;) = F(w;, h;). Then it follows from
(2.5) and (2.7) that

o —
||wi|\clga,1+a(AT) <Co  |hilleara (o) < Cs. (2.8)

Setting U = Wy — Wa, V = 21 — 29, we find that V(¢,y) and U(¢,y) satisfy
Vi — A(h2,y)d2Vyy — (B(ha, y)ds + hC (e, Y)Vy
= [A(h1,y) — A(h2,y)]d221 yy + [B(h1,y) — B(ha,y)]d221 4
+ [ C(h1,y) — h5C (hae, )21y + (a2 — ba®a(t, y) + wi) (21 — 22)
+ 20Ws(t,y) (w1 —we), t>0,0<y< hg,
V(t,0)=V(t,hg) =0, t>0,
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V(0,y) =0, 0<y< ho,
and
Uy — A(h2,y)d1Uyy — (B(ha,y) + h5C (h2,y))U,
= [A(h,y) = A(h2, y)ldrwy gy + [B(h1,y) — B(he, y)ldiwy,y
+ [P C(h,y) — hoyClhe, y)lwy + (a1 — bi®1(t, y) + 27) (w1 — w2)
+ w0y (t,y)(z1 — 22), t>0,0<y< ho,
U(t,0) = U(t,h) =0, t>0,
U(0,y) =0, 0<y<ho,

where

By(ty) = / (r + 1)(0un + (1 — B)uwn)"do,
1
Ba(ty) = [ (s 1B+ (1= 0)z)°ds
\I/l(t,y):/o (021 + (1 — 0)25)P~Ldo),

Uy (t,y) = /0 q(0wy + (1 — O)wq) 7 d.

Using standard partial differential equation theory [I1], the L? estimates for para-
bolic equations and Sobolev’s imbedding theorem, we obtain

lor = 22ll age ave ) < Calllon —w2llear) + b1 = halleroy),  (29)
||El _EQHCHTQ’PHX(AT)
< Cy(Jlwr — walleary + b1 = haller o, + 121 — 22llccar)) (2.10)

< Cs(lwr — wallear) + k1 = hallcro,7))-
using (2.6, we have
- = o o
1Py = hallcarz(o,ryy < @1 = Wallcarzoar +ollr — 22l pg0a,)- (2:11)

Combing ([2.9)-(2.11)), assuming 7' < 1, and applying mean value theorem, we
obtain

. o - =
[w1 — W 14 + 1y = hallcarz o,y

’1+a(AT)
< Cs([lwr —wallear) + 11 — hallcr o))
which implies

_ _ lta
@1 = Walloarzeag) < lwr —wall jage o T2+ wr — w2l L 2ge Yz

(Ar)
+ hy~[Wry — WayllcarzoamT?

< (24 by )TE W — W2\|C1+Ta,1+a(AT)'

Hence, for
ho

T min {1, (44 20) 2/, G5/ (24 ) O, gt )
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we have

@1 — Wallgarza(ar) + 11 = hallcro,)

< @+ hy TR [0 =2l e v

< (24 by T2 Co(|lwr — walloar + Ih1 — hallero,mm)

+ 2772 || by — Byl sz o, 1)

1,
< SUlwr =@l garzeag) + 11 = hellor(ory)-

This shows that for this T', F is a contraction mapping on D. It now follows from the
contraction mapping theorem that F has a unique fixed point (w, k) in D. Moreover,
by the Schauder estimates, we have additional regularity for (w, z, h) as a solution
of ([2:2), namely, h € C'+5([0,7]) and w, z € C3514((0,T] x [0, ho]), and ([2.5),
ld. In other words, (w(t,y), z(t,y), h(t)) is a unique local classical solution
of the problem . Hence, (u, v, h) is a unique classical solution of . [

Theorem 2.2. The free boundary for the problem (1.1) is strictly monotone in-
creasing; i.e., for any solution in (0,T], we have h'(t) >0 for 0 <t <T.

Proof. Firstly, as u > 0 for 0 < « < h(t) and v = 0 at x = h(t), we see that
uz(t,h(t)) < 0 and so h/(t) > 0. Since we only know h € C'*+5([0,0)), it can not
be guaranteed that the domain (0,00) x [0, h(¢)] has an interior sphere property at
the right boundary = = h(t). hence, the Hopf lemma cannot be used directly to get
K (t) > 0. To solve this, we use a transformation to straighten the free boundary
x = h(t). Define y = x/h(t) and w(t,y) = u(t,x),z(t,y) = v(t,z). A series of
detailed calculation asserts that

wy — di((wyy — E(t, y)wy = w(ar —bw" +2P), t>0,0<y<1,
zp — doC(t)zyy — E(t,y) 2y = 2(ag — be2® +w?), t>0, 0<y<1,
w(t,0) =w(t,1) =0, t>0,
w(ovy) = Uo(hoy), Z(Oa y) = /UO(h()y)v 0 < Y < ]-7
where ((t) = h™2(t), &(t,y) = yh/(t)/h(t). This is an initial and boundary value
problem with fixed boundary. Since w > 0,z > 0 for t > 0 and 0 < y < 1, by
the Hopf lemma, we have w(y,1) < 0, z(y,1) < 0 for ¢ > 0. This combines with

the relation u, = h™!(t)w, and v, = h™!(t)z, to derive that u, (¢, h(t)) < 0 and
vz (¢, h(t)) < 0 and so h'(t) > 0 for ¢t > 0. O

It is observed that there exists a 7" such that the solution exists in the time
interval [0,7]. The maximal existing time of the solution T},.x depends on a prior
estimate with respect to ||ul| Lo, ||v||ze and R'(t). Next we show that if ||u| g~ < 00
or ||v]|Le~ < 00, the solution can be extended. Therefore we first give the following
lemma.

Lemma 2.3. Let (u,v,h) be a solution to problem (1.1)) defined for t € (0,Ty) for
some Ty € (0,+00]. If My : =|ullp([0,1)x[0,n(t))) < 00, then there exist constants
Ms and M3 independent of Ty such that

0< U(t,ﬂ]‘) < MQ(Ml), 0< h/(t) < Mg(Ml)
for0 <t < Ty, 0<z<h(t).
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Proof. By (1.1]), we obtain
vy — dovgy < v(ag + M —bov®), 0<t<Ty, 0<z<h(t).

It follows from the comparison principle that v(t,z) < ©(t) for t € (0,7p) and
x € [0, h(t)], where T(t) is a unique solution of the problem

i
d%f) =0(az + M{ —b20°), t>0; 9(0) = [|vo]|oc-

It is obvious that v is globally bounded. Thus we have
v(t,z) < My :=supv(t).
>0
Moreover, by Theorem we have h/(t) > 0 for t € (0,Tp). It remains to show

that h/(t) < M, for all t € (0,Tp) with some M independent of Ty. To this end,
we define

Qup ={(t,z) : 0 <t <Tp, h(t) —1/M < z < h(t)}
and construct an auxiliary function
w(t,z) == M[2M (h(t) — x) — M>(h(t) — z)?].

We will choose M so that w(t,x) > u(t, z) holds over Q.
Direct calculations show that, for (¢,z) € Qyy,

wy = 2My MR (t)(1 — M(h(t) —2)) >0, —wge = 2M M?,
u(ay — byu” +0P) < My(ay + MY).
It follows that
wt — dywgy > Mi(ar + MEY) > u(ag — biu” + 0P)

if M? > al;l]:/fg. On the other hand,
w(t,h(t) —1/M) = My > u(t,h(t) — 1/M), w(t, h(t)) =0=u(t,h(t)).
Thus, if we can choose M such that
uo(x) <w(0,z) for x € [hg — 1/M, hy], (2.12)

then we can apply the maximum principle to w—u over Qs to deduce that u(t, z) <
w(t,x) for (t,z) € Qpr. It would then follow that

Ug (L, h(1)) > wa(t, h(t)) = —2M M.
With the same method, we can deduce
Ve (t, h(t)) > we(t, h(t)) = —2M Mo,
if M2 > %. Hence, if M? > max{ al;:;lw;), azz-zl:lf }, we have
B () = — (s (t, h(t)) + pug (£, (1)) < My == 2Mu(M; + pMy).

To complete the proof, we need only find some M such that (2.12) holds. By direct
calculation, we obtain

uo(z) = / )y < [l (oo (ho — ) on [ho — 1/M, ho),

w(0,2) = My[2M (ho — ) — M?*(hg — x)?] > My M (ho — z).
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Therefore, upon choosing M > Hu“”i/[w, (2.12)) follows. To conclude, we choose

ay + M3 az + M} |luglleqone [1v6llc(o,n) !
2d, ' 2dy M, ' M ’
thus the proof is complete. O

M = max{

With the same method as in proof of [0, Theorem 2.3], we can get the existence
and uniqueness of a global solution for (|1.1)).

Theorem 2.4. The solution of problem (1.1) exists and is unique, and it can
be extended to [0, Tmax) where Tmax < 00. Moreover, if Tmax < 00, we have

lim SUPt Tk HuvU||L°°([O,h(t)]><[0,t]) =00

Proof. Tt follows from the uniqueness that there is a Tyyax such that [0, Tiyax) is the
maximal time interval in which the solution exists. In order to prove the present
theorem, it suffices to show that, when T < 00,

lim sup ||, v|| Lo (0,4 x[0,h(t)]) = O

t—Tmax

In what follows we use the contradiction argument. Assume that T, < o
and [[ul] oo ([0, Tima) x[0,0(1)]) < 0. Since v < Ma(M) in [0, h(t)] x [0, Tiax) and
0 < W(t) < Ms in [0,Tmax) by Lemma using a bootstrap argument and
the Schauder’s estimate yields a priori bound of |lu(t,x),v(t, 7)|[c1+e ([0, for all
t € [0, Tiax). Let the bound be My. It follows from the proof of Theorem that
there exists a 7 > 0 depending only on My, Ms, M3 and M, such that the solution
of the problem with the initial time Tihax — 7/2 can be extended uniquely
to the time Tinax — 7/2 4+ 7 that contradicts the assumption. Thus the proof is
completed. O

3. GLOBAL SOLUTION FOR THE CASE pq < 7S

We first give a comparison principle, whose proof is standard and we omit it (see
[16]).

Lemma 3.1. Let a;(x,t),b;(x,t),ci(x,t), (i = 1,2), be continuous functions in
Q x (0,T). Assume that a;(x,t),ci(z,t) > 0 in Q x (0,T) and b;(z,t),c;i(x,t) are
bounded on Q0 x [0, Ty] for any Ty < T. If functions u; belong to C*'(Q x (0,T)) N
C(Q2x[0,7)), i =1,2, and satisfy
U < >)(Z1A’U,1 + biu; + cus, 0<t<T, x¢€ Q,
< (Z)agAug + bous + cou1, 0 <t < T, =z €4,
r) < (2)0, u2(0,7) < (=)0, €,

(>)0, wua(t,x) < ()0, 0<t<T, z €,

(
e (( (3.1)
uy(t, x) <
then
(u,uz) < (>)0, VY(z,t) € Qx[0,T),i=1,2.

In order to get the global existence, we aim to construct a constant supersolution
of (1.1)). Now, we state a simple fact without proof.

Lemma 3.2 ([12, Lemma 1]). If p,q,r,s > 0 and pq < rs, then for any positive
constants A, B, there exist two positive constants My and My such that AMT >
MY and BM§ > M. In addition, if (M1, My) is a solution to this inequalities,



10 J. SUN, H. LU, S. GAN, L. CHEN EJDE-2014/122

(M1, tMs) is a solution to such inequalities for every k,£ > 1 satisfying k%/° <

< kTP,

Lemma 3.3. If pq < rs, the solution of the free boundary problem satisfies
0<u(t,z) <My, 0<v(z,t) <My for0<t<T, 0<z<h(t),

where M; is independent of T fori=1,2.

Proof. Fix C = max{maxg uo(z), maxg vo(z)}. We seek a pair of constant My,
My such that M1, My > C, and

blM’{ > aq + Mg, bg./\/lg > a9 + ./\/lrll (3.2)

To begin with, we choose (M, Ms) such that a; < M% and ay < M?. Therefore,
(3-2) holds provided that

bqu > 2./\/1127, bQMS > QM?

Since pg < rs, the existence of suitable M; and Mj is guaranteed by Lemma [3.2
Next we prove that for any I > hg, (u(t,z),v(t,z)) < (My, M3) := (w,v). From
the above process, we have (u,v) satisfies
Uy — diUgy > Ulay —b1u” +77), 0<t<T,0<uz<l,
Uy — dolge > T(ag + 0! — bo0%), 0<t<T,0<z<l,
>0, 5>0, 0<t<T, a=0,1
w(0,x) > ug(z), 0(0,z) >vo(x) 0<zx<l
Set w =14 —wu, z =0 — v, then we have
wy — d1Wey > (a1 — b1 D3(t, ) + VP )w+a¥s(t,z)z, 0<t<T, 0<z<l,
2zt — dozgy > (a2 — b2®y(t, ) + u)w + 0Py (t, )z, 0<t<T,0<uz<lI,
w>0,2>0, 0<t<T, z=0,l,
w(0,2) >0, 2z(0,2) >0, 0<z<lI,

where

Ds3(t, ) = /0 (r+1D)0a+ (1 —0)u)"df, D4t ,z)= /o (s4+1)(0v 4+ (1 —0)v)°db,

1 1
Palti) = /0 p(0v + (1= 0)0)"" 1o, Wa(t,z) = /0 g(0u + (1 — 0)u)T~1dp.

Using Lemma in [0,7] x [0,!] shows that u < @ and v < T. Now for any fixed
(to, o) € [0,T] x [0,h(t)], let I be sufficiently large so that (¢o, o) € [0,T] x [0,],
and it follows from the above proof that

u(to, o) < u(to,x0) = My,

U(to, Jfo) < E(to, 330) = My,
which gives the desired estimates. O
Combining Theorem [2.4) with Lemma[3.3]yields the existence of a global solution.

Theorem 3.4. If pq < rs, the free boundary problem (1.1 admits a unique global
classical solution.
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4. GLOBAL AND NONGLOBAL SOLUTIONS FOR THE CASE pq > Ts

In this section, we consider the asymptotic behavior of the solution for the case
pq > rs. First we give the blowup result.

Theorem 4.1. Assume that pqg > rs. If bjby’ < 1 for some ro > 0 satisfying
pq = 108, or bi°bh < 1 for some so > 0 satisfying pq = 70, then all solutions of
(1.1) blow up in finite time with suitable initial data.

Proof. To show this, it suffices to compare the free boundary problem with the
corresponding problem in the fixed domain:

up — ditg, = ulag —bu” +0P), t>0, 0 <z < hg,

Vg — doVge = v(az +u? —bov®), >0, 0 <x < hg,

u(t,0) =v(t,0) =0, t>0, (4.1)
u(t, ho) =v(t,ho) =0, t>0,

uw(0,2) =up(x) >0, v(0,2) =vo(x) >0, 0<ax<hg

It follows from Proposition that the solution blows up if bjb5” < 1 for some

ro > 0 satisfying pg = 7¢s, or bj°b5 < 1 for some so > 0 satisfying pg = rsg. We
conclude the result by using comparison principle for the fixed boundary. O

Now we present a comparison principle for u,v and the free boundary x = h(t)
which can be used to estimate the solution (u(t,z),v(t,2)) and the free boundary
x = h(t).

Lemma 4.2. Suppose that T € (0,00), h € C*([0,T)), u,v € C’(biT)ﬂCl’Z(DT 7)
with D} 7 = (0,T] x (0,A(t)), and ’
U — dylUge > U(ay — bya” +77), t>0,0<z<h(t),
Ty — doUpy > V(ag +u? — byv®), t>0, 0 < < h(t),
u, ©v>0, t>0,z=0,
u=v=0, h'(t)>-—pla,+pv.), t>0, x=h(t),
(0, 2) > up(x),v(0,2) > vo(x), 0<z < hg.

(@(0,2),9(0,2)) = (0,0) on [0,A(0)],
(uo(z), vo(x)) < (@(0,2),5(0,2)) on [0, hol,

then the solution (u,v,h) of the free boundary problem satisfies h(t) < h(t) in
(0,7, (u(t,z),v(t,z)) < (@(t,z),v(t,z)) in [0,T] x (0,h(t)).

Proof. We first assume that h(0) > h(0). Then h(t) > h(t) for small t > 0. We
can derive that h(t) > h(t) for all ¢ > 0. If this is not true, there exists t* > 0 such

that A(t*) = h(t*) and h(t) > h(t) for all £ € (0,*). Thus, & (£*) < h/(t*). Recall

that (uo(z),vo(x)) < (@(0,2),7(0,2)) on [0, hol, w(t*, h(t*)) = 0 = u(t*, h(t*)) and
v(t*, h(t*)) = 0 = B(t*, h(t*)). As the proof of Lemma and applying Lemma
for the fixed boundary, we can obtain that (u(t,z),v(t,z)) < (u(t,x),v(t,x)) in
(0,t*) x (0, h(t*)) and

0 _
(t*,h(t*)) Z 07 %(U - U)

*x(u*ﬂ)
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which shows that

S B A P )
< (P2 R + o2 (1 B(e))
- Ox "’ Oz’
<R (t).

This leads to a contradiction, which proves that h(t) < h(t) for 0 < t < T in
the case h(0) > h(0). The general case can be established through approximation
(we also can refer to [8, Lemma 5.1]). Since h(t) < h(t) for 0 < t < T, we have
(u(t,z),v(t,z) < (@(t,x),v(t,x)) in [0, T] x (0, h(t)). O

Remark 4.3. The pair (7,7, h) in Lemma is usually called an upper solution
of . We can define a lower solution by reversing all the inequalities in the
obvious places. Moreover, one can easily prove an analogue of Lemma [1.2] for lower
solutions.

Next we present some conditions so that the global fast solution is possible.

Theorem 4.4. If pq > rs, then the free boundary problem (L.1) admits a global
fast solution, provided the initial data is suitably small and hqg is suitably small.

Proof. Tt suffices to construct the suitable global supersolution. Inspired by [10],
we define

o(t) =2ho(2 — e ), t>0;
Viy) = COS(gy), 0<y<l

w(t,z) = z(t,x) = ze(f‘)‘t‘/'(i t>0,0<z<o(t),

where v, and € > 0 are to be chosen later. Direct computation yields
wy — djWgy — w(ag — byw” + 2P)

>ceM[—aV + d1V0_2(g)2 —V(ay — byw” + 2P)]

—a w2 d
> ce tV[—a—i— (5) 716;1(2) —ap — €p],
and
2t — dozgy — 2(ag + 29 — by2®) > 5e_atV[—a + (g)z% —ag — 5’1]7
0

for all t > 0 and 0 < z < o(t). On the other hand, we have ¢/(t) = 2yhoe™ 7" > 0
and —w, (t,0(t)) = —2.(t,0(t)) < 26071 (t)e~*". Now we choose hq that satisfies

T2 di . 2 di w2 do
ai < (3) 64n2" 64hg’(5) 64h3}’

—min{ (3" )" () ) Y

Then we have

=1,2; a:'y:min{(g)

wy — djwye, > w(a; —bw" +27), t>0,0<z<o(t),
2t — dozzy > 2(ag + W —be2®), t>0,0<x<o(t),
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By

w(t,0) >0, =2(t,0) >0,
ow

w(t,x) =z(t,z) =0, o' (t) > —u(% + p%% t>0, x=o0(t),

J(O) = 2hg > hg.

Lemma one can show that h(t) < o(t), as long as the solution exists

u(t,z) < w(t,z), v(t,x) < z(t,z) for 0 < z < h(t). In particular, it follows from
Lemmathat (u, v, h) exists globally and lim;_, . h(t) < co. O
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