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STEKLOV PROBLEMS INVOLVING THE p(z)-LAPLACIAN

GHASEM A. AFROUZI, ARMIN HADJIAN, SHAPOUR HEIDARKHANI

ABSTRACT. Under suitable assumptions on the potential of the nonlinearity,
we study the existence and multiplicity of solutions for a Steklov problem
involving the p(z)-Laplacian. Our approach is based on variational methods.

1. INTRODUCTION

The aim of this article is to study the following Steklov problem involving the

p(z)-Laplacian,
Apyu = a(z)|[ulP™ 2y inQ,

1.1
Qa—Z:Af(x,u) on 02, (1)
where Q@ C RY is a bounded smooth domain, \ is a positive parameter, p € C(Q),
Apyu = div(|Vu[P®*)=2Vu) denotes the p(x)-Laplace operator, f : 9Q x R — R
is a Carathéodory function, a € L*°(Q) with essinfn a > 0 and v is the outer unit
normal to 0€).

The study of differential equations and variational problems with nonstandard
p(z)-growth conditions is a new and interesting topic. It varies from nonlinear
elasticity theory, electro-rheological fluids, and so on (see [24] [25]). Many results
have been obtained on this kind of problems, for instance we here cite [T}, [5, 6} [7]
9, (10, [T}, (13, [14}, (16, [18, [19).

The inhomogeneous Steklov problems involving the p-Laplacian has been the
object of study in, for example, [22], in which the authors have studied this class of
inhomogeneous Steklov problems in the cases of p(xz) = p = 2 and of p(x) =p > 1,
respectively.

In this paper, motivated by [I], at first, we prove the existence of a non-zero
solution of the problem , without assuming any asymptotic condition neither
at zero nor at infinity (see Theorem . Next, we obtain the existence of two so-
lutions, possibly both non-zero, assuming only the classical Ambrosetti-Rabinowitz
condition; that is, without requiring that the potential F' satisfies the usual con-
dition at zero (see Theorems and . Finally, we present a three solutions
existence result under appropriate condition on the potential F' (see Theorem [3.4]).
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Our approach is fully variational method and the main tools are critical point the-
orems contained in [3] and [§] (see Theorems and in the next section).
A special case of Theorem is the following theorem.

Theorem 1.1. Let p(z) =p > N for every x € Q and let f : R — R be a non-
negative continuous function. Put F(t) := fg f(&)d¢ for each t € R. Assume that

F(d) > 0 for some d > 1 and, moreover,
F F
lim inf & = lim sup ﬁ
=0 &P oo €
Then, there is \* > 0 such that for each X > \* the problem
Apu = a(z)|[ulP"2u in Q,

|Vu|p72% =Af(u) on 09,

=0.

admits at least three non-negative weak solutions.

2. PRELIMINARIES

In this section, we recall definitions and theorems to be used in this paper. Let
(X, ] - ) be a real Banach space and ®, ¥ : X — R be two continuously Géateaux
differentiable functionals; put

I=%-V

and fix 71, 19 € [—00, +00], with 71 < 9. We say that the functional I satisfies the
Palais-Smale condition cut off lower at r1 and upper at ro ([”](PS)[TQ]—condition)
if any sequence {u,} € X such that

e {I(uy)} is bounded,

o limy o | (un) [ x- =0,

ey < Pu,) <12 VneN,
has a convergent subsequence.

If 1y = —oo0 and ro = +00, it coincides with the classical (PS)-condition, while
if 11 = —oo and ro € R it is denoted by (PS)[Tz]—condition.

First we recall a result of local minimum obtained in [3], which is based on [2
Theorem 5.1].

Theorem 2.1 ([3] Theorem 2.3]). Let X be a real Banach space and let ®, ¥ :
X — R be two continuously Gateaux differentiable functionals such that infx ® =
®(0) = ¥(0) = 0. Assume that there exist r € R and @ € X, with 0 < ®(a) < r,
such that

SUPyecd—1(]—o0,r[) \II(U’) \I/(a)
< -
r D ()
d(u r ; O
and, for each A € A = }@Eﬁg’ ST — ) [ the functional Iy := & — AU
satisfies the (PS)[T}—condition. Then, for each X\ € A, there is uy € ®71(]0,7])
(hence, uy # 0) such that I\(uy) < Ir(u) for allw € ®~(]0,7[) and I} (uy) = 0.

(2.1)

Now we point out an other result, which insures the existence of at least three
critical points, that has been obtained in [§] and it is a more precise version of [4,
Theorem 3.2].
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Theorem 2.2 ([8, Theorem 3.6]). Let X be a reflexive real Banach space, ® : X —
R be a continuously Gateaux differentiable, coercive and sequentially weakly lower
semicontinuous functional whose Gateaux derivative admits a continuous inverse on
X*, U: X — R be a continuously Gateauz differentiable functional whose Gateaux
derivative is compact, moreover

®(0) = ¥(0) = 0.
Assume that there exist r € R and u € X, with 0 <r < ®(a), such that
oy SUPueca—1( o) YW _ W(a)
(i) o < ()
(ii) for each A € A = } 32;;, SuPueqﬁlgim,m 5y | the functional I = & — AU

18 coercive.

Then, for each X\ € A, the functional Iy has at least three distinct critical points in
X.

Here and in the sequel, we suppose that p € C(Q) satisfies the following condi-
tion:

N<p = lIelgp(x) < p(z) < pT = supp(x) < +oo. (2.2)
x z€eQ

Define the variable exponent Lebesgue space LP(*)(Q) by
LP@(Q) = {u : Q0 — R : v is measurable and / lu(z) [P dz < +oo}.
We define a norm, the so-called Luxemburg norm, on ‘Sczhis space by the formula
ull Lo () = |tlp(a) = inf {A>0: /Q ‘@V)mdx <1}

Define the variable exponent Sobolev space WP (Q) by
Whr@/(Q) == {u € LF(Q) : |Vu| € LP(Q)}
equipped with the norm
[ullwre @) = lulp@) + Vtlpe)-

It is well known [I7] that, in view of (2.2), both LP(*)(Q) and WP(®)(Q), with the
respective norms, are separable, reflexive and uniformly convex Banach spaces.
When a € L>®(Q) with essinfga > 0, for any u € WHPE)(Q), define

lu|lq == inf {)\ >0: /Q (|VUT(35)|p(z) + a(x)|@|p($))dx < 1}.

Then, it is easy to see that ||u|, is a norm on WP(#) (Q) equivalent to llullw1.pe (o)
In the following, we will use [|uf|, instead of [|uly1.p@) o) on X = whr)(Q).

As pointed out in [20] and [I7], X is continuously embedded in W1? () and,
since p~ > N, WP () is compactly embedded in C° (). Thus, X is compactly
embedded in C°(Q2). So, in particular, there exists a positive constant m > 0 such
that

lulloo@y < mllulla (2.3)
for each u € X. When € is convex, an explicit upper bound for the constant m is

E 1 .+~ d p”—1 2==1 ||al| 0o
<2 max P Q) » 1+ |Q
m = P a. {(”aHl) ) p17 ( — N| |) ||GH1 }( | |)
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where d := diam( ) and || is the Lebesgue measure of Q (for details, see [10]),
lally == Jq a(z)dz and ||a||oo 1= Sup,cq a(x).
Lemma 2.3 ([I7)). Let I(u) = [,,(|Vul? @) 4 a(2)|uP®)dz. Foru € X we have
i) fulle <1(=1;>1) & I( ) < 1(=1;>1);
.. + -
(i) If llulle <1 = flulli < I(u) < flulf
(i) If flulla > 1 = flully < I(u) <[lulf .
We refer the reader to [I5] [I7] for the basic properties of the variable exponent
Lebesgue and Sobolev spaces.

Throughout this article, we assume the following condition on the Carathéodory
function f: 90 x R — R:

(FO) [f(z, )| < a(z)+b|s|?@=1 for all (z,5) € 2 x R, where a € L1 (),
b > 0 is a constant and 8 € C(9Q) such that

1< A7 = inf B@) < B(@) < 5 i= sup Ala) < p~. (2.4)

e

We recall that f : 90 x R — R is a Carathéodory function if x — f(z,€) is
measurable for all £ € R and £ — f(z,£) is continuous for a.e. x € 9. Put

Fat) = [ fla.6)de,
for all (x,t) € 002 x R.

Theorem 2.4 ([I, Theorem 2.9]). Let f ONXR — R be a Carathéodory function
satisfying (F0). For each u € X set W(u) = [, F( ))do. Then ¥ € C'(X,R)

and
= / f(z,u(x))v(x)do
a0
for every v € X. Moreover, the operator ¥’ : X — X* is compact.

We say that a function u € X is a weak solution of problem (|L.1)) if

/\Vu\p(z)QVqudx—F/a,(x)|u|p(m)72uvdx:)\/ f(z,u)vdo
Q Q a0

for all v € X.
We cite the very recent monograph by Kristély et al. [21I] as a general reference
for the basic notions used in the paper.

3. MAIN RESULTS

In this section we present our main results. First, we establish the existence of
one non-trivial solution for the problem (1.1J).

Theorem 3.1. Let f : 9Q x R — R be a Carathéodory function satisfying (F0).
Assume that there exist d > 1 and ¢ > m with d°" |al|; < g—;(%)pi such that

faQ maxp <. F(z,t)do  p~ faQ F(x,d)do
(2)" v Tl

m

(3.1)
Then, for each

AEA = } dp+ ”a”l (%)Zf [ (3 2)
o lpm fBQ F(x,d)do’ pt f[‘)Q max <. F(z,t)do U '
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problem (1.1)) admits at least one non-trivial weak solution 4y € X such that

max i1 ()] < e

Proof. Our aim is to apply Theorem to (1.1). To this end, for each u € X, let
the functionals ®, ¥ : X — R be defined by

D(u) := /Q Zﬁ <|Vu\p(””) + a(x)|u|p(m)) dz,

U(u) := F(x,u(x))do,
1)
and put
I(u) := ®(u) — A\¥(u), ueX.

Note that the weak solutions of are exactly the critical points of I,. The
functionals ® and ¥ satisfy the regularity assumptions of Theorem Indeed,
by standard arguments, we have that ® is Gateaux differentiable and its Gateaux
derivative at the point v € X is the functional ®'(u) € X*, given by

@%uﬂv)zl/]OVhdmw_QVqu+wﬂxﬂuwwyauv)¢v
Q

for every v € X. Moreover, ® is sequentially weakly lower semicontinuous and its
inverse derivative is continuous (since it is a continuous convex functional) and,
thanks to Lemma the functional ® turns out to be coercive. On the other
hand, by Theorem [2:4] the functional ¥ is well defined, continuously Gateaux
differentiable and with compact derivative, whose Gateaux derivative at the point
u € X is given by

w%m«o=;égfwawx»wme

for every v € X. So, owing to [2, Proposition 2.1], the functional I satisfies the
(PS)"-condition for all € R.
We will verify condition of Theorem Let w be the function defined by
w(z) :=d for all z € Q and put
1 renNe
)

Clearly, w € X and from our assumption one has
1 1
o<¢@o:/f—fd@ﬂ@mxggqmm#+<n

o p(x) P~
For all u € X with ®(u) < r, owing to Lemma [2.3] definitively one has

. + -

min {||ullf", Jullf } < rp*.

Then

. 1 C

lulla < max { (s )7, (o )77 } = <,

and so, by (Z.3),

< .
max u(2)] < mllull, < ¢

Therefore,
SUPyed—1(]—o0,r]) \II(U’) < f@Q maX|¢|<c F(ZL‘, t)dO’

' ()"
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On the other hand, taking into account that
1
o(w) < —d” |all,
p
we have
U(w) S Joq F(z,d)do
o(w) = L all;

Therefore, by the assumption (3.1]), condition (2.1)) of Theorem is verified.
Therefore, all the assumptions of Theorem [2.1] are satisfied. So, for each

D (w) r
AC
A€ - :| \:[/(’LU)7 Supue(bfl(],oo’r[) \IJ(’U,) |:7

the functional I, has at least one non-zero critical point @#; € X such that
maxzeq |41 (2)| < ¢ that is the weak solution of the problem (1.1)). O

The following result, in which the global Ambrosetti-Rabinowitz condition is also
used, ensures the existence at least two weak solutions.

Theorem 3.2. Assume that all the assumptions of Theorem[3.1 hold. Furthermore,
suppose that f(-,0) # 0 in 98, and

(AR) there exist two constants u > pt and R > 0 such that for all x € Q) and
s = R,
0 < pF(x,s) < sf(z,s).
Then, for each A € A, where A is given by (3.2), the problem (1.1) has at least two
non-trivial weak solutions w1, us € X such that

max a1 ()] < e

Proof. Fix A as in the conclusion. So, Theorem ensures that the problem
admits at least one non-trivial weak solution @; which is a local minimum of the
functional 1.

Now, we prove the existence of the second local minimum distinct from the first
one. To this end, we must show that the functional I, satisfies the hypotheses of
the mountain pass theorem.

Clearly, the functional I, is of class C' and I,(0) = 0.

We can assume that @ is a strict local minimum for I, in X. Therefore, there
is p > 0 such that inf)j,_g,|=, Ix(u) > I\(21), so condition [23 (I1), Theorem 2.2]
is verified.

From (AR), by standard computations, there is a positive constant C' such that

F(xz,s) > Cls|* (3.3)
for all x € 9Q and |s| > R. In fact, setting v(z) = minj¢—g F(z,§) and
ps(t) = F(z,ts) Vt >0, (3.4)

by (AR), for every x € 92 and |s| > R one has
0 < pps(t) = pF(z,ts) < tsf(x,ts) = tol(t) Vt>0.

1 / 1
/ #s(t) 4y 2/ =y
R/|s| Ps(t) R/js| t

Therefore,
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Then

eu(1) = g ()l

Taking into account (3.4), we obtain

Fia,s) > (o, 2055} > 2(@)lsl* > Clsl,

and (3.3) is proved. Now, by choosing any v € X \ {0} and ¢ > 1, one has
I (tu) = (& — AW)(tw)

- /Q ;(( 7 (176 - a@)lup®) da = A /fm Hn
<o’ [ (VP el ) do = o [ (o))

Since p > p™, the functional I is unbounded from below. So, condition [23, (I2),
Theorem 2.2] is verified. Therefore, I satisfies the geometry of mountain pass.

Now, to verify the (PS)-condition it is sufficient to prove that any (PS)-sequence
is bounded. To this end, suppose that {u,} C X is a (PS)-sequence; i.e., there is
M > 0 such that

sup | In(un)| < M, Ii(u,) —0 asn — +oo.

Let us show that {u,} is bounded in X. Using hypothesis (AR), since Iy(u,) is
bounded, we have for n large enough:

M +1> I (uy) — L (If\(un),un) + %(Iﬁ(un)vum

/ ] (|Vu P@) 1 g(x )|un|p(‘”))dx—)\ | F(eun(a))do

1
f[ (|w P+ @) de =2 [ [ o) ()
I
1
1 1 -1
> (F - ;)Hunllg - ;”I:\(un)HX*”un”a -G
1 1 - Co
>\~ ung_*una_c7
> (0 = Dl = Zuall =

where c¢; and ¢, are two positive constants. Since u > pT, from the above inequality
we know that {u,} is bounded in X. Hence, the classical theorem of Ambrosetti
and Rabinowitz ensures a critical point @s of Iy such that I(as) > I(@1). So, 11
and ug are two distinct weak solutions of and the proof is complete. [l

Here we give the following result as a direct consequence of Theorem in the
autonomous case.

Theorem 3.3. Let f : R — R be a continuous function satisfying f(0) # 0 and
lf(s)] < a+b|s |5 ! for all s € R, where a >0, b >0 and 1 < 8 < p~ are three
constants. Put F(t fo &)d¢ for allt € R. Under the following conditions
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(i) there exist d > 1 and ¢ > m with d¥" ||a); < % (i)p , such that

m
maxmgc F(t) pfF(d) .
() rra el

(ii) there exist two constants > p+ and R > 0 such that for all |s| > R,
0 < pF(s) <sf(s),
and for each

d"" Jlalls (£)"

m

p~|0QUF(d)’ p+|0Q| maxy <. F(t) [’

xe

the problem
Apyu = a(x)|[ulP™ 2y in Q,

1)72@
ov

admits at least two non-trivial weak solutions 41, us € X such that

|Vl = Af(u) on 09Q,

max lay(z)] < ec.

Now, we point out the following result of three weak solutions.

Theorem 3.4. Let f : 9Q x R — R be a Carathéodory function satisfying (F0).
Assume that there exist d > 1 and ¢ > m with d° |la] > ()" , such that the

m

assumption (3.1]) in Theorem holds. Then, for each A\ € A, where A is given by
(13.2), the problem (L.1)) has at least three weak solutions.

Proof. Our goal is to apply Theorem The functionals ® and ¥ defined in the
proof of Theorem [3.1] satisfy all regularity assumptions requested in Theorem [2.2]
So, our aim is to verify (i) and (ii). Arguing as in the proof of Theorem (3.1} put

ri= p%(i)f and w(z) := d for all z € (), bearing in mind that d? |laf, > (£)P

m
we have

d(w) = /Q Iﬁa(x)d”(m)dm > p%d”_ laly > 7> 0.
Therefore, the assumption (i) of Theorem is satisfied.

We prove that the functional I is coercive for all A > 0. If v € X, then
by condition and the embedding theorem (see [12, Theorem 2.1]) we have
u € LP@)(99). Then there is some constant C' > 0 such that

[ull Lo a0y < Cllulla,  Vu € X.

Now, by using Holder inequality (see [I7]) and condition (F0), for all u € X such
that ||u|lo > 1, we have

) = [ Flou(z))do /8 Q( /O e f(a,1)dt) do

o0
b

< /8 (e + 5o (@) )do

b
<2 . 2 (gq) + = Alzlg
< Ha||Laff>ll(aQ)||u||m( 02 T 5= /asz lu(z)| o
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b
<20l s lulla + == / u(z)|?*) do.
LP@-T (90) B~ Joa

B(x)

On the other hand, there is a constant C’ > 0 such that

T + - +
/69 \u(x)lﬁ( Vdo < maX{”“Hism)(@Q)v ||u||§5<x>(asz)} < CHH“”S .
Then,
b +
U(u) <2C|all s ulla+2=C"llullf"
L@ (5Q) 8
Since

1 1 -
@u:/—(Vup(g‘)—&—ax ulP@ ) de > —|jul®,
) = [~ (V0P + a@)up® ) do > ]
for every A > 0 we have

.
lulld™

1 - AbC!

I(u) > —|u|f —2XC|la « ullqg —
") 2l =20l el —
Since p~ > BT, the functional T, is coercive. Then also condition (ii) holds. So,
for each A € A, the functional I, admits at least three distinct critical points that
are weak solutions of problem (|1.1)). O

Remark 3.5. If we assume that f: 9Q x R — R is a non-negative Carathéodory
function satisfying (F0), then the previous theorems guarantee the existence of
non-negative weak solutions. In fact, let u be a weak solution of the problem
(1.1). We claim that it is non-negative. Arguing by contradiction and setting
A= {x € Q:iu(x) <0}, one has A # (). Put v := min{a, 0}, one has v € X. So,
taking into account that % is a weak solution and by choosing v = ¥, one has

/ Vel dz + / a(2)|aP@ dz = A / o, a(z))a(z)do < 0,

A A o0

that is, [|@]y 1.5 (4) = 0 which is absurd. Hence, our claim is proved.
Also, when f is a non-negative function, condition (3.1) becomes

Joq Fz,c)do  p~ [,o F(z,d)do
=) v a7 [all

m

In this case, the previous theorems ensure the existence of non-negative solutions
to the problem (1.1 for each

d" ol (£)"

m

P~ Joq Fla,d)do’ p* [, F(z,c)do [

Remark 3.6. Theorems andensure more precise conclusions rather than [I]
Theorems 1.1 and 1.3]. In fact, Theorem 1.1 of [I] proves that for any A €]0, +o0],
the problem 7 when ¢ = 1, has at least a non-trivial weak solution. Also,
Theorem 3.1 of [I] establishes that there exists an open interval A C]0, 4+o00[ such
that, for every A € A, the problem (L.1)), when a = 1, admits at least three solutions.
Hence, a location of the interval A in ]0,4o00[ is not established.

xe|

Proof of Theorem[1.1l Fix A > \* := % for some d > 1 such that F(d) > 0.

F
lim inf & =0,
£—0 p

Since
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there is a sequence {c,} CJ0, +o00[ such that lim,,_, ;o ¢, = 0 and

F
i F)
n—-+4oo Cn
Therefore, there exists ¢ > m such that
F(e) F(d) 1
<
o <" Gndy el Rt
and ¢ < md||a||}/p. Also, by the assumption
F
lim sup ﬁ =0,
€] =400 &P
the functional I is coercive. Hence, by taking Remark into account, the con-
clusion follows from Theorem [3.41 O
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