Electronic Journal of Differential Equations, Vol. 2014 (2014), No. 136, pp. 1-14.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

PERIODIC SOLUTIONS FOR SECOND-ORDER DIFFERENTIAL
INCLUSIONS WITH NONSMOOTH POTENTIALS UNDER
WEAK AR-CONDITIONS

LIZHEN CHEN, QINGHUA ZHANG, GANG LI

ABSTRACT. In this article, we study a periodic second-order differential inclu-
sions with locally Lipschitz potentials. By means of the least action principle
and the minimax principle of nonsmooth type, we prove the existence of two
nontrivial periodic solutions under the weak AR-conditions. The method de-
veloped in this paper can be applied for studying second-order differential
inclusions of periodic type, and for elliptic equations with Neumann boundary
condition.

1. INTRODUCTION AND PRELIMINARIES

The AR-condition, which was introduced by Abrosstti-Rabinowitz (see Rabi-
nowitz [I5]), is used to investigate the PS-condition (or C-condition) for an energy
functional, which probably has critical points (refer to Papageorgiou-Papageorgiou
[13], Hu-Papageorgiou [6], and Nikolaos [12]). A nonsmooth function f : T x RY —
R of Caratheodory type, which growth is constrained by the r—th power of |z|
(r > 1), is said to be satisfying the AR-condition, if

(HO) there exist 4 > p > 1 and My > 0 such that for a.e. ¢ € T and all

x € RY with |z| > My, the inequality 0 < puf(t,z) < (u,z), or equivalently
uf(t,x) < —fO(t,x,—x) (see [13]) holds for all u € Of (¢, x).
It is well known that (cf. [7], [I5, p. 9], or [9, p. 93]), any function f(¢, z) satisfying
the AR-condition is p-superlinear definitely; i.e., there are 3; > 0, i = 1,2, such
that f(t,z) > Bi|z|* — B2 for almost all t € T and all z € RV.

If » = p, then the AR-condition can be weakened as (please refer to Kourogenis-
Papageorgiou [7])

(H1)

— t
|| — o0 |$|O‘

>0, a€(0,p)

uniformly for all u € df(¢, ), and a.e. t € T,

or even as
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(H2)
lim inf((u, z) — pf(t,x)) = o0,
|| —o00
uniformly for all u € 9f(t,x), and a.e. t € T (cf Li-Zhou []]).
In this article, we study the periodic problem

—(Jp(@' () + a(t)Jp(z(t)) € Of (t,x(t)) a.e. on T =[0,b],
z(0) = z(b), 2'(0)=2'(b), 1<p<+oo
where J,, denotes the p-Laplacian defined by

|z|P~2z, if z #0,
(@) = {o if 2 =0

(1.1)

and the nonsmooth potential f(t,z) satisfying the AR-like condition

(H3) there is a d. > 0, such that for a.e. t € T, inequality
(u,2) — pf(t,2) > d. (1.2)
for all u € df (¢, z) with |z| > M.
Since condition (H3) is weaker than all those mentioned above, it is not used here
to verify the C-condition for the energy functional anymore. Instead, an extra
condition (see H(f); (vii)) which describe the asymptotic property of the potentials
is taken into account. In this situation, the weak AR-condition is used only to
investigate the asymptotic property of the energy functional in the infinite, and
the former role of it to verify the nonsmooth C-condition has been replaced by the
additional one.
For the convenience of the reader, we firstly overview briefly the theory of non-
smooth analysis, which is established by Clarke [I].
Let X be a Banach space, on which, we define a real function f, which is said
to be locally Lipschitz at = (or equivalently, Lipschitz near z) with the rank L, if
there is a neighborhood U of z, such that

|f(z1) = f(@2)| < Lllzy — 22|
forall z; e U, i=1,2.
Attached to any locally Lipschitz function f, we can define the Clarke derivative
at x along the direction v € X:

fo(ﬂf,l}) — limsup f(y + /\U) — f(y) )
y—x, A0 A
Let v run over the space X, we get a function f°(z,-), which is subadditive,
positively homogeneous and uniformly Lipschitz with the rank L. So there exists a
w*—compact and convex subset df(x) of X*, for which, f°(x, -) is the corresponding
support function; i.e.,

Of(x) ={£ € X7 : (§,v) < f°(z,v), Vv € X},
or conversely,
fo(a,v) = sup{(€,v) : £ € Of ()}
with the supermum being reached for each v € X. In this definition, df(x) is called

the Clarke subdifferential of f at the point x.
Here we list two properties of 9f(x):

(1) OAf)(x) = XNOf(z), forall A\ e R, z € X,
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(2) if g is another function locally Lipschitz on X, then for all x € X, the
following inclusion holds

(f +9)(x) € Of(x) + dg(x),
and equality holds if one the functions f, g is strictly differentiable.

For other properties, please refer to [I].
In what follows, we need the nonsmooth C-condition (introduced by Cerami
originally) for a locally Lipschitz function f; that is, any sequence {z,} € X with

(1) {p(zn)} bounded, and
(2) (14 ||lzn|)m(zy) — 0, a8 n — 00
contains a strongly convergent subsequence.

In this definition, the notation m(z) denotes inf¢cp,(z) [|€][+, which can be at-
tained by some & € dp(z) because dp(z) is w*—compact and the norm || - ||« is
w*—lsc (cf. [1]).

This article is organized as follows. In Sections 2,3, we pay attention to the
periodic differential system of scalar type, where the potential function f satisfying
the AR-like condition (H1) or (H3). By truncating the potential function, inves-
tigating the asymptotic properties of the corresponding energy functional in the
infinite area, and using the critical point theory of nonsmooth type developed by
Chang [2] and Kourogenis-Papageorgiou [7], we find two distinct positive solutions
for this problem. And in Section 4, we turn to deal with the periodic differential
inclusion in RY (N > 1) under the weaker AR-conditions, and deduce the multiple
existence of solutions. Our work space in this paper is

WLP(T,RY) = {z € W'P(T,RY) : 2(0) = z(b)}.

per

For other treatment of positive solutions for the periodic differential systems, please
refer to [I4] and [3].

2. PROPERTIES OF THE ENERGY FUNCTIONAL

Firstly, we give some hypotheses on f and a, which will be used in the following
paragraphs.
(HF) f : T xR — R is a real function satisfying f(-,0) € L*>°(T,R;), and
0 € df(t,0) a.e. on T, and
(i) for each z € R, the function ¢t — f(¢,x) is measurable,
(ii) as the function of z, f(¢, ) is locally Lipschitz for a.e. t € T, and
(iii) for almost all ¢t € T', and all x € R,

u| < a(t) + dola|P~ (2.1)
for all u € Of (¢, x), where ag € L>*(T,R), and dy > 0,
(iv) there are constants My,d > 0 (without loss of generality, we may
assume My > 1 here) and 0 < a < p, such that
ux — pf(t,z) > dz® (2.2)
for a.e. t € T, and all u € df (¢, z) with > My, or weakly
(iv’) for ae. t €T,
ux —pf(t,z) >d (2.3)
for all w € Of(t,x) with « > My,
(v) limsup,_,o+ P f(t,z) <0, uniformly for a.e t € T,
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(vi) there exists xg > My satisfying

7" 1 v
5 | > el (24
(vii)
t,x 3
zh sup f(xp ) < Z p+2 / F(t, z0)dt) (2.5)
r~xTo

uniformly for a.e. t € T.
(HA) a € LY(T,Ry) and fo t)dt > dy.

Remark 2.1. Combining (iii) with the mean value theorem for locally Lipschitz
function (please refer to [I, Theorem 2.3.7]), we can deduce the following estimate
for f(t,x):

[f(t,2)] < ao(t) || 1 do Ifflp (2.6)
and then for each € > 0, there is a constant C, > O7 such that
do +
£ )] < Cet == fal, (2.7)

for a.e. t €T, and all z € R.

Remark 2.2. Some properties of f can be derived from (HF) (v) and (vii). The
first one is f(¢,0) < 0, and hence f(¢,0) = 0 a.e. on T, since f(¢,0) is nonnegative.
And for every € > 0 and p > p, there is a C, ;, > 0 such that

ft,x) <ext +C.p (2.8)
for a.e. t € T and all x € R.

Remark 2.3. Due to hypothesis (HA), we can deduce by contradiction that, for

each nonnegative number € smaller than fo t)dt, there is ¢. > 0 (depends on ¢)
for which, the following inequality

1 1 [°
Ellx’llﬁ + ];/0 (a(t) = e)|x()[Pdt > cellz[]} (2.9)

holds on W2E(T).

per
Let us define the truncated function f; of f as follows:

if

Evidently, f1(-,«) is measurable for each € R, and f; (¢, -) is locally Lipschitz for
a.e t € T. In view of the chain rules (cf [I, Theorem 2.3.9]), we have

af(t,x), if x >0,
Ofi(t,x) = ¢ co([0,1] - Of (¢, 2)), if x=0, (2.11)
0, ifz <0

a.e.on T, where [0,1] - 0f(t,z) = {Ay: A € [0,1],y € 9f(¢,0)}. Thus f; has all the
properties as f has under hypotheses (HF).
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If we define ¢(x fo filt,z(t)dt, z € Lp( ), then we get a locally Lipschitz

functional with its bubdlfferentlal d¢(x) C fo Of1(t, z(t))dt, which means for every
¢ € 0¢(x), there exists a LI(T) 5e1ect10n uof Of1 (-, x(-)) (£ + % = 1), such that

p

b
(€ ¥)pg = / u(tyy(t)dt (2.12)

for all y € LP(T') (see [1, Theorem 2.7.5]).
Since W) 2(T) is a dense subspace of LP(T') with the inclusion mapping continu-

ous, if we set ¢y = ¢|W;é5(T), then we obtain another locally Lipschitz functional ¢q
defined on WLP(T) with O¢o(z) = d¢(x) = holding for all x € W1P(T)

per per

(see the corollary of [I, Theorem 2.3.10]).
Now, we can consider the energy functional on WLP(T) associated with the

per
periodic system (|1 '

b b
/\ PPdt + 1 /a(t)|:c(t)|pdt—/0 Ata®)d.  (2.13)

Based on the discussion in [I7] and the finite sum rule (see Section 1), we know
that ® is locally Lipschitz and its Clarke subdifferential can be represented by

6f (s (-)

00(x) = Jpr + a(-)Jp(x(-)) — Ido(), (2.14)
where J,, : W) 2(T) — (W, 2(T))* is a demicontinuous and (S) operator defined

by \
(T = / (@ () (dt, ¥ 2y € WER(T),

Lemma 2.4. Under hypotheses (HF) (1)-(iv) and (HA), the energy functional ®
satisfies the monsmooth C-condition.

Proof. Suppose {®(z,,)} is bounded and (1+||zy, ||1,p)m(x,) — 0 as n — oo for some

sequence {x,} of W 2(T), we will show that {x,} has a convergent subsequence.

For this purpose, we need to introduce two truncated functions for any function x.
vt =max{0,2}, 2~ =max{0,—z}. (2.15)

As we know that, both =% and ™ are all in W) 2(T) whenever 2 € W)2(T)

(please refer to Marcus-Mizel [10] or Evans-Gariepy [5], p.130). Moreover, for the
derivatives of T and x~, we have

2'(t), if x>0,
0, ifz<o,

v 0, if x >0,
(= )(t){—x'(t), if x <0.

Consequently, the following relations between x and =T, z~ hold:

+||1,p» ”x_ ,p} < ||x
b
/0 Ty (@ (1) () (t)dt = /{M}wc( )P = / (Y (P, (2.17)

b
| e enay e~ - /{} lPdt = /\ OPd. (218)

1,p> Hle,p > ||$+||Lp + [Jz~ |1,p7 (2.16)

max{||z
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Since the subdifferential d®(x) is a w*-compact subset of (W3:2(T'))*, its minimal

norm can be reached by some elements in it. Hence for each n € N*, there is
&n € 00(xy,), such that

||€nH* = m(xn> — 0, (2.19)
max{|(&n, Tn )|, [(€n, 2} < [l l1pm(zn) — 0 (2:20)

as n — 00. Therefore we can find constant M > 0, sequences of positive numbers
{en} with e, | 0, and functions {u, } with u,, € Saf (-on () Satisfying

b b b
—Mpg/o |x;(t)|pdt—|—/o a(t)|xn(t)\pdt—/0 pfi(t,z,(t))dt < Mp, (2.21)
b b b
—en < —/ \x;(t)\pdt—/ a(t)|xn(t)|pdt+/0 U ()T (t)dt < &y, (2.22)
e < / () (6) Pt + / a0 (Bt < o (2.23)

The above inequality tells us that {x; } is bounded in W) 2(T') by some constant
M; > 0, and inequalities (2.19| , - jointly give

b
—Mp—eg, < /0 (un(O)xn(t) — pfi(t, zn(t)))dt < Mp+ ep. (2.24)

For the intermediate terms in (2.22)), we have

(un( Jan(t) — pfi(t, zn(t)))dt

\

/ zn(t) — pf(t,zn(t)))dt (2.25)
{a:n>0}

(/{0<z <Mo} /{m >M, })(Un(t)xn(t) —pf(t,za(t)))dt,

IN

and
/ (D) (8) — pf(t, 20 (8)))dE < C (2.26)
{0<zn<Mp}

for some C' > 0. Thus, by the AR-like condition (HF) (iv), we have
d/ o (t)dt < Mp+e, + C, (2.27)
{zn>Mo}

which yields the boundedness of {z}} in L*(T).
Next, select p < p < p+ « in (2.4)), then there exists 0 < 6 < 1, such that
1 1-90 0

= + .
u « P+

(2.28)

Thus, using the interpolation inequality, we have

—6 0 0
i Ml < Nadlla I I sa < Cullzi g sa- (2.29)
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This inequality, together with the boundedness of ®{z,} and {z,, } produce the
following estimates

b
x—&-/p a 33"' p
H<n>up+/0 ()l (Pt

< Mp+CoMP + / (an(£) + r o (8)| 1)t
{20 >0} (2.30)
< Mp+ CoM? + bar|lso + 1| |1

6
< 03 + 04”"17:”1710

< Gy + Gl [|% < Cs + Collf |17,
Finally, using (2.7) with € = 0, we have

|z} 117, < O + Csll=f |17, (2.31)
All the constants C; > 0, i = 1,2,--- |8 in estimates (2.27)), (2.28) and (2.29) are
independent of n.

It is easily to show that O < p (please see [7] for a reference), therefore the

consequence {z}'}, and hence {x,} is bounded in W, 2(T).

On account of the compact embedding of WLP(T) into C(T), we deduce that

per
{z,} has a subsequence, which is still denoted by {x,}, converging to x weakly in

1, .
W(T'), and strongly in C(T). Consequently,

b
| a0 0),an) = o)t — 0
b
/O tn (8) (@n (£) — (£))dt — 0

as m — 0o.
Using z,, — x as a test function in (2.18)), we have
lim sup(Jpzn, xn — x) <0, (2.32)

which yields x, — x in W)2(T), since J, is of class (S);. Thus the proof is
complete. O

If we replaced (HF) (iv) by (vii), then we can verify the nonsmooth C-condition
of ® more briefly, i.e.

Lemma 2.5. Under Hypotheses (HF) (i)-(iii), (v), (vil) together with (HA), the
energy functional ® also satisfies the nonsmooth C-condition.

Proof of this lemma is omitted here, and a similar proof can be find in Section
4.

3. EXISTENCE OF POSITIVE SOLUTIONS IN THE SCALAR CASE

To derive the existence results for positive solutions of periodic system (L.1)), we
need the following three lemmas.

Lemma 3.1. If hypotheses (HF) (i)—(iii), (v), (HA) are satisfied, then there exist
p, 3 >0, such that
inf  ®(x) > 0. (3.1)

llzll1.p=p
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Proof. Based on the inequality (2.6]), we know that
T ’ P e P n
®(x) > *le ||p+]; ; a(t)|=(t)[Pdt — | [];\Jf(t)l + Ce,ula(t)["]dt, (3:2)

where € can be selected smaller than fo t)dt so that we can invoking (2.7)) to
derive the lower estimates for functional ®; that is,
O(x) 2 celllly ), = Ceulllly
> cellzllt,, — callzllo (3:3)

> cellzllt p — esllzllp

for some constants ¢; > 0, i = 2,3 independent of x € W(T). Consider that

p > p, so if p > 0 is taken small enough, we then have inf) ), -, ® > 3 for some
6> 0. O

The proof of the next lemma is much similar to that of Lemma [£.5] and here it
is omitted.

Lemma 3.2. If (HF); (i)-(iii), (iv’), (vi), (HA) hold, then for the fixred number
xog > 0 taken in (vi), there is an v > 1 making the value of ® at rxgy negative.

Remark 3.3. Lemma [3.2 remains true if (HF) (iv") is replaced by (iv), since the
latter is weaker than the former.

Lemma 3.4. Under conditions (HF) (i)-(iii), (HA), every critical point x of @,
which satisfies 0 € 0P (x), lies in the set

Cl(T)y ={x € CHT) : z(0) = x(b), 2'(0) = 2/(b), and x(t) >0, Vt € T}

per

and solves problem (|1.1)).

Proof. A simple computation shows that every critical point x of ® lies in C;er( )
with the equality

Tpr +a(-)Jp(z(-)) —u=0 (3.4)
holding for some u € S5, (cf [L3] or [I4]), which means

b b
(Tosy) + / a(t) Ty (1)) (t)dt — / u(t)y(t)dt = 0 (3.5)

for all y € WE(T).

per

Take y = z~ as the test function in (3.5), we have
b
/ () (&) Pdt + / a(t)z~ (B)Pdt = 0, (3.6)

hence ||(x ’)’||p =0 and fo |z~ (¢)|Pdt = 0, which produce 2= = 0 in W12(T)

per

since fo t)dt > 0 Therefore a:( y=at(t)>0foralteT.
By reviewing again, we can also find u(t) = 0 a.e. on {z = 0}, this fact
combining with 0 € 3f(t 0) a.e. on T, leads to the desired results u € Saf( 2())
(]

and then z is a solution of problem (|1 .

Theorem 3.5. Under hypotheses (HF) (i)—(vi), (HA), the periodic problem

has a nontrivial and nonnegative solution in CL..(T) 4.
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Proof. Lemmas [2.4] [3:1] [3:2] together with the “Mountain Pass Lemma” of non-
smooth type [7, 2] yield a critical point = of the energy functional ® with ®(z) = ¢,
where
= inf D(~(t
¢ = Inf max (v(1)),
I'={y € C([0,1], Wy(T)) : 7(0) = 0,7(1) = ra}.

per

Obviously, ¢ > 3 > 0, which infers z # 0. Finally, invoking Lemma [3.4] we have
z € C}.(T)4+ and solves problem ([I.1)). O

per

Theorem 3.6. Putting hypotheses (HF) (i)—(iil), (iv’), (vii), (HA) together, the
periodic problem (1.1) has a nontrivial and nonnegative solution which minimizes
the energy functional on the whole place W) 2(T).

Proof. For the minimizer, we appeal to the lower estimates of the energy functional

® in view of (2.5) and (2.7)); i.e,

b
O(z) Zp~ | +p7" / a(t)a(®)Pdt — ep™ |2l - Cc,pub
0
> cellzlly , — Ce.ub

if0 <e < foba(t)dt. Considering that WLP(T) is reflexive, and ® is weakly

per
semicontinuous, we can use the least action principle of nonsmooth type, to find

another critical point of ®, which realizes the whole minimum of ® on Wg;j; (1),

and solves problem (|1.1)) simultaneously. O

Theorem 3.7. If hypotheses (HF) (i)—(iii), (iv’), (v)-(vii), (HA) are all satisfied,
the periodic problem (1.1|) has at least two nontrivial and nonnegative solutions in
CL.(T)y.

per

Proof. Using Theorems and we can find two solutions of denoted by
x1 and o respectively. By reviewing the proofs of the two theorems, we can also
find ®(z1) = c and ®(w2) = inf, 1.7 On the other hand, Lemmata and
tell us that, infxewgéf 1) ®(x) < 0 < ¢, so the two solutions z1 and xs are different
and nontrivial, which completes the theorem. [

Remark 3.8. According to the strong maximum principle (cf. Vazquez [16]), if
condition ([2.1)) in H(f)(i4) is replaced by

lu| < éolzP™t (69 >0) Vu € df(t, ), (3.7
then every solution of problem can be positive everywhere (see also [6]).
Remark 3.9. If a(t) = 0, and H(f)(vii) is replaced by
(vii’) there is a function § € L>°(T) with 6(¢) <0 and fob 0(t)dt < 0, satistying

tim sup 2252 < o) (3.8)
r— 400 xP

uniformly for a.e. t € T,

then the same conclusions as in Theorem [3.6] and 3.7 can be reached.
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4. EXISTENCE RESULTS IN THE COMMON CASE

In this section we assume that N > 1, and the function f : T x RY — R satisfies
(Hf1) (i) for each z € RN, f(-,z) is measurable, and f(-,0) € L>=(T,R,),
(i) for a.e. t € T, f(t,-) is locally Lipschitz, and 0 € 9f(t,0),
(iii) for almost all t € T, all z € RY and all u € df(t,z), the following
inequality
[ul < ag(t) + do|a["~" (4.1)
holds, where ag € L*°(T,R), and dy > 0,
(iv) there are constants My > 1, d > 0, such that

(u,z) = pf(t, ) = dlz|* (4.2)
for a.e. t € T, and all u € 9f(¢, z) with |z| > My, or weakly
(iv’) for ae. t €T,
(w,2) — pf(t ) > d (43)
for all uw € 9f (¢, z) with |z| > Moy,
(v) limsup,,_g 2|77 f(¢, ) < 0, uniformly for a.e ¢t € T, and
(vi) there exists zg € RY with |zg| > M, satisfying

70 1
6%f@%W>;WM%W (44)
(vii)
t,x 3
|x0|p‘ T;l|p| f|(x|p) < Z / f(t, z)dt) (4.5)
x|~|T|o

uniformly for a.e. t € T.

Remark 4.1. Similar to Section 2, we can derive some inequalities from (Hf1) (iii)
(v) and (vii): There exists a; € L*(T,R,), and ¢; > 0, such that

|f(t,2)| < ai(t) + exfal” (4.6)

for a.e. t € T, and all z € RV, and
flt,z) < |fﬂ| + Ces (4.7)
flit,x) < |:c|” + C. plz|* (4.8)

for a.e. t € T and all z € RV, where 2 p and C, , > 0 depend on € and p.

Associated with the periodic system (|1.1)) with N > 1, the energy functional on
WLP(T) is defined by

1 b / P 1 ’ p ’
:5/0 12 (1) dt+];/0 a(t)|z(t)] dt—/o fta@)d. (4.9

Its Clarke subdifferential can be represented by

8‘1’( ) = Tpx + a(-)Jp(x(:)) — Odo(x), (4.10)
where ¢q(x fo ))dt for all x € Wi2(T,RY). Following the steps as in

Sections 2 and 3, we have the following results.

Lemma 4.2. Under conditions (Hf1) (i)-(iv), (HA), the energy functional ® sat-
isfies the nonsmooth C-condition.
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Lemma 4.3. Under conditions (Hf1) (i)—(iii), (v), (vii), (HA), the energy func-
tional @ satisfies the nonsmooth C-condition.

Proof. Suppose {®(x,,)} is bounded and (1+||zy]|1,,)m(z,) — 0asn — oo, we need
only to show the boundedness of {z,,} in W12(T,R™). Similar to Lemma there

per

is a constant M > 0, and functions u,, € Saf(, en () 0 = TpTata()Jp(@a(-)) —un
with ||€, ]|« = m(x,,), such that

b b b
Mgt [P [CaleaOPd - [ (e < (1)
0 0 0
[(€ns zn)| < (1 + [|2nll1,p)m(zn) — 0 (4.12)
Inequality (4.9)) together with (4.5) and (2.7)), lead to the estimate

b
collznll} , < P~ Hl2lIE +p~ 1/0 a(t)|zn (t)[dt

<M+ /Ob ft,zn(t))dt

<M+ Ce b+ ep™t|zallp.
Select & > 0 smaller than cop in (4.11)), we can deduce the boundedness of {z,} in

1, N
Lemma 4.4. There exist p, 3 > 0, such that
| Hinf O(x) > B. (4.13)
Z|[1,p=p

provided (Hf1) (1)-(iii), (vi), (HA) hold.
Lemma 4.5. If (Hfl) (i)—(iii), (iv’), (vi), (HA) hold, then for the fixed point x¢
taken in (vi), there is an r > 1 making the value of ® at rxy negative.
Proof. Take any v > p + 2, and consider the function
A(r) =r7"f(t,rag), r>1. (4.14)

It is easy to check that A is locally Lipschitz on [1, +00), and according to the chain
rule of multiple functions, we have

N(r) = —vr V7 f(t rag) + 177 (u, z0) (4.15)
for some u € Of(t,rzo) and a.e. > 1, thus invoking (iv’), we obtain
N(r) > —(v—p)yr " f(t,rag) +dr " = —(v —p)r'A(r) +dr7V (4.16)
a.e. on (1,400). Notice that

rIN(r) = Rt rag) < dyr 2, (4.17)
where
1= 4 p—|—2 ftxo dt) >El;1f1)7“ vHLE(t, )
is derived from . Thus we obtam
N(r) > —di(v—p)r~2 +dr "% (4.18)

For each r > 1, integrating both sides of the inequality (4.18]) on [1,r], we have

Ar) = A1) > —di(v—p) (1 —r7 1) + g(l —r7Y) (4.19)
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which lead to the estimate

d
F(trzo) > 1" f(t,w0) — da(v = p)(r* =771 + — (" = 1), (4.20)
Consequently, for the energy functional ®, we have
pop b b
D(rzg) = [zo[’r / a(t)dt — / ft,rzo)dt
p 0 0
» b

< Mr” - 7’”/ f(t,xo)dt + bdy (v — p)(r* —r"™ 1) — %(r” -1

p 0 v

- bd, (v — p)
_ A > v—27,2 _ 1
= (bdi(v —p) — B—A)r*~*[r bdl(l/—p)—B—Ar
K B

—v+p+2

+bd1(1/fp)—BfA bdl(yfp)—BfA]7
(4.21)

where A = fob f(t,zo)dt, B =bd/v and K = p~—t||al|1]|zo|?.

If K < A, ie ptalli|zolP < fob f(t,zo)dt, then ®(xo) < 0, and the desired
result follows.

If A< K < TA/6, then take v = p+2, r = 1+ 86, k = K/(A+ B) and
0 =(B+ A)/(bd1(v — p) — B — A), and the part in the square brackets in the last
line of can be represented by:

g(s) = (14 58)% — (1 +8)(1 + s0) + kd + ATB
:(k—(l—s)(1+sé)+AfB)6, s €0,1].

Thanks to (4.17), we have § = 2, and g(s) = 2(k — (1 — s)(1 4+ 2s) + B/(A+ B))
which reaches its minimum at 1/4. On the other hand, from (4.5, we can deduce
that B > A/3, thus, on account of (4.4)), we finally have

ok —Aa-2EBy a4 B

7
<2(K — 6A>/<A+B) <0,
which leads to ®((3/2)zo) < 0 and the proof has been completed. O

Remark 4.6. In this proof, the desired inequality f(¢,rxzo) > r¥ f(t,z9) — CrP
for some v > p and C' > 0 could not be obtained, since it contradicts hypothesis

(HF) (vii). In this sense, hypotheses (HF) (vii), (HO) and fob f(t,zo)dt > 0 are not
compatible.

Lemma 4.7. Under conditions (Hf1) (i)—(iii), (HA), every critical point x of ® lies
in the set

Cécr(T, RY) = {2z € CY(T,RY) : 2(0) = z(b), 2'(0) = 2/ (b)}
and solves problem .

Combining all the results, we have the following statement.
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Theorem 4.8. If hypotheses (Hf1) (1)—(iv), (HA) are satisfied, then the periodic
problem (L1) has a nontrivial solution in C}. (T, RN).

Remark 4.9. This theorem is a revised result of [I3, Theorem 1].

Theorem 4.10. Under hypotheses (Hfl) (i)—(iii), (iv’), (vii), (HA), the energy
functional has a minimizer in WP (T,RYN) which solves problem .

per

Theorem 4.11. Putting all the hypotheses (Hf1) (i)-(iii), (iv’), (v)—(vii), (HA) to-
gether, the periodic problem (1.1)) has at least two nontrivial solutions in C. (T, RN).

per

Corollary 4.12. If hypotheses (Hf1) (i)-(iii), (v), (vii), (HA) hold, and if in ad-
dition, we assume A > K (see the proof of Lemma , then the periodic problem
(L) has at least two nontrivial solutions in C}..(T,RY).

Corollary 4.13. If hypotheses (Hf1) (1)—(iii), (iv’), (v), (vii), (HA) hold, then there
exists a 0 < g9 < TA/6K, such that for each € € (0,&¢), the periodic problem

—(Jp(2' (1)) + ea(t)J,(x(t)) € Of (t,z(t)) a.e. onT,
z(0) = z(b), 2'(0)=2'(b), 1<p<+o0

has at least two nontrivial solutions in C}..(T,RN).

There are some interesting topics in the study of differential inclusions with
nonsmooth potentials by means of nonsmooth analysis and critical point theory,
such as multiple solutions of elliptic inclusions with p-Laplacian, and infinite many
solutions for the hemivariational inequalities etc. For the related discussions, please
refer to [11] and [4] with references therein.
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