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MINIMIZATION OF ENERGY INTEGRALS ASSOCIATED WITH
THE p-LAPLACIAN IN R FOR REARRANGEMENTS

SHANMING JI, JINGXUE YIN, RUI HUANG

ABSTRACT. In this article, we establish the existence of minimizers for energy
integrals associated with the p-Laplacian in RN with the admissible set being
a rearrangement class of a given function. Some representation formulae of
the minimizers are also stated.

1. INTRODUCTION

In this article, we study the optimization problems of minimizing the energy
integrals associated with the p-Laplacian equation

~Apu=f—h, zeR", (1.1)
lim  wu(z)=0. (1.2)
|z|—+o00

Here 1 < p < N, A, stands for the usual p-Laplacian; i.e., A,u = div(|Vul|P~2Vu).
Let fo,h € L>=°(RY) be fixed nonnegative functions with compact supports, and let
R be the class of rearrangements of fy with compact support; that is, R = {f €
L®RNY); {x; f(z) > a}| = {z; fo(r) > a}|,Ya € R,supp f is bounded}, where
| - | is the Lebesgue measure. For A > 0 and f varying in R, we define the energy
functional with (A > 0) or without (A = 0) penalty as

n()= [ Vupdoea | ofds, (1.3)

where u is the solution of problem (L.1)-(1.2)), g € C*(RY) is the penalty function,
im0 g(x) = 400 and Apg > P~ for some constant ¢ > 0. The optimization
problem (1.4)) is to find the minimizer for energy integral ¥, (f), namely,

min UA(Sf)- (1.4)

The optimization problems of maximizing or minimizing convex functionals over
the set of rearrangements of a given function have been investigated by many au-
thors. In such problems, the theory of rearrangements and functionals on rear-
rangements established by Burton [2], 3] has proved to be a crucial tool in addressing
questions such as existence, uniqueness and symmetry of optimal solutions. This
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theory has already been applied to shape optimization problems of membranes,
solid and fluid mechanics, eigenvalue optimization problems of some differential
operators and so on, see [7] and references therein.

In recent years, a great deal of attention has been devoted to optimization prob-
lems where the cost functionals are the energy integrals associated with elliptic
equations. For problems in bounded domains, numerous elliptic operators have
been studied, including the Laplacian [2, Bl [6], p-Laplacian [4] [I0] and some semi-
linear operators [8]. For example, Marras [10] studied the minimization problem of
energy integral Wo(f) associated with the p-Laplacian on bounded domain

“Apu=f, zeq,
u=0, x€iQ,

where p > 1, f € R. There are also some works dealing with elliptic operators in
unbounded domains. Bahrami and Fazli [I] considered the minimization problem
of energy integral

1
Dy(f) = f/ fufd$+)\/ gf dzx,
2 R3 R3
where uy is the solution of Poisson’s equation

—Au=f—2h, xelR3
Jm_ue) =
where f € R, h € L®(R?), g € C?*(R?), lim};| 4 g(2) = +00, Ag > ¢ > 0 and
A>0.

We mention here some details of the previous works. The weakly sequentially
continuity of the functional ¥ (f) on space L(Q) for ¢ > 1 and bounded domain
(), is essential in the proof of [I0] and other works when applying Burton’s theory
of rearrangements. However, the continuity is generally not true on unbounded
domains due to the general loss of compact imbedding of Sobolev spaces on un-
bounded domains, especially on the whole space. Thus the authors in [I] investigate
the problem on bounded domains to solve the optimization problem on unbounded
domains.

We are interested in the extension of the work of Bahrami and Fazli [I] to the
nonlinear diffusion case. As a matter of fact, the p-Laplacian arises in various
physical contexts: non-Newtonian fluids, reaction diffusion problems, nonlinear
elasticity, electrochemical machining, elastic-plastic torsional creep, etc., see [4]
and references therein.

We state here our main results of existence and representation formulae of min-
imizers for problem in the case A > 0 and A = 0 respectively.

(1.5)

Theorem 1.1. The optimization problem (L.4) has a solution for
P it
A> X0 == foll&
o

Moreover, if fx € R is a solution of (1.4) and uy, is the solution of problem (L.1f)-
(1.2) corresponding to fx, then there exists a decreasing function py such that

fr=¢xo('up, + Ag),

almost everywhere in RY.
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Theorem 1.2. Let fo and h be as introduced above. There exists a constant k =
(N, p) € (0,3] depending only on N and p, such that if || follee < [[2l|—sossupp
supp h C B, with r, > 0 appropriately large, and

Al 221 h\ %62
H H w,supph)” 1(|supp |)N( 1)|Supph|’ (16)

1]l |Br,|

then the optimization problem (L.4) with A =0 has a solution. Moreover, sz eER
is a solution of (1.4) with A = 0 and up is the solution of problem (L.1))—(1.2))

corresponding to f, then there exists a decreasing function ¢ such that

| supp fo| < fs(

f=douy,
almost everywhere in RV,

The crucial point of the proofs, compared with the linear diffusion case, lies in
the estimates on the different contributions of the two opposed-signed functions
f and —h to the solution. In the previous work [I], the classical theory of linear
elliptic equations was applied, namely, the explicit expression of solutions based
on the superposition principle is feasible and effective in deriving the estimates on
solutions of linear elliptic equations. However, such a method is inapplicable in the
current problem due to the nonlinearity of the p-Laplacian. It turns out to be more
difficult as we attempt to estimate the different contributions of the two opposed-
signed functions. To overcome those difficulties, we use the De Giorgi and Moser
iteration techniques to derive estimates in quasilinear case and we take advantage of
the representation formulas of the problem on bounded domains since they provide
additional correlation between the solution and the free term.

The organization of this paper is as follows. Section 2 is devoted to the basic
notations and some preliminary results, especially some fundamental estimates.
Then we will discuss the case with (A > 0) and without (A = 0) penalty in Section
3 and Section 4 respectively.

2. DEFINITIONS AND PRELIMINARY RESULTS

Throughout this paper, we assume that 1 < p < N, where N is the spatial
dimension, p’ = % the conjugate exponent of p, p, = J\J,V_pp the Sobolev conjugate
exponent of p and p/, = 1%' The measure of a Lebesgue measurable set A ¢ RN
is denoted by |A|. By B,(x) we denote the ball centered at z € RY with radius r;
if the center is the origin, we write B,. for simplicity. Constant wy stands for the
measure of the unit ball in RV,

Let us begin with the usual concept of rearrangement. Denote by L,(f) the
level set of a measurable function f at height «; that is L, (f) = {z € RY; f(x) =
a}. The strong support of a nonnegative function f is defined as supp f = {z €

RY: f(z) > 0}. Furthermore, we define

[ fll~oossupp f = sup{M > 0; f(z) > M, a.e. in suppf}.

When f and g are nonnegative measurable functions that vanish outside sets of
finite measure in RV, we say f is a rearrangement of g whenever

o € R f(2) = a}| = [{z € RN:g(2) = a}|, Va >0,
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Now fix fy € L*°(RY) being a measurable nonnegative function vanishing outside
a set of finite measure. As defined in Section 1, R denotes the set of all rearrange-
ments on RY of f; with bounded support. The subset of R containing functions
vanishing outside the ball B, is denoted by R(r); here we assume wyr > | supp fo
in order that R(r) is nonempty. The weak closure in LP(B,) of R(r) is denoted
by R(r)®.

Henceforth we may regard a function f € LY(RY) as a function in L4(B,) by
restricting its domain; we can also regard a function f € L9(B,) as its zero extension
in L4(RY) when necessary for 1 < ¢ < +o0.

To solve the optimization problems 7 we first need to consider the similar
problems whose admissible sets are nested subsets of R. We define minimizing
problems as follows:

min U, (f). (2.1)

The sets of solutions of and are denoted by Sy and S (r) respectively.

In the following part of this section we state and prove some lemmas which are
essential in our analysis. We begin with some results about properties of rearrange-
ment classes and the relative variational problems proved by Burton in [3].

Lemma 2.1. For r > 0 satisfying wnr™ > |supp fo| and ¢ > 1, we have
() [fllg = lfollg, for f € R(r);
(il) R(r)v is weakly sequentially compact in L1(B,);

(i) R(r)* = {f € LYB,); [; f2dt < [o fodt,0 < s < wnrN, [ fdr =
N
)

fB, fodx}, where f® is a decreasing function on the interval (0,wnr
satisfying

{s € (0,wnr™); f2(s) > a}| = {z € B,; f(z) > a}|, VYa > 0.

Remark From the representation of R(r)% in (iii), we find that the weak closure of
R(r) in LP+(B,) is actually the weak closure in L(B,.) for 1 < ¢ < +oo. Combining
(i) and the property of weak closure we have

Ifllq < lfollg, V€ R(r)*, 1 < g < +oo. (2.2)

The following two lemmas are simple variations of [3, Lemma 2.15 and Theorem
3.3].

Lemma 2.2 ([3, Lemma 2.15]). Let T : L (B,) — R be the linear functional
defined as T(f) = fBr fvdz forr >0, wyr™ > |supp fo| and v € LP(B,.). If f is

a minimizer of T relative to R(r)¥ and

|La(v) Nsupp f| =0, Va€R,

we have f € R(r) and f =pouv a.e. i B,, for a decreasing function .

Lemma 2.3 ([3, Theorem 3.3]). Let ¥ : LP (B,) — R be a weakly sequentially
continuous and Gdateaux differentiable functional.

(i) There exists a minimizer for ¥ relative to R(r)®.
(ii) If f* is a minimizer for ¥ relative to R(r)¥ and the Gateauz differential of
U at f* is U'(f*) € LP(B,), f* is a minimizer for the functional (-, ¥'(f*))

relative to R(r)v.
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The following Sobolev’s inequality plays an important role in our estimates. For
more details, see [9].

Lemma 2.4 ([9, Theorem 7.10]). For 1 <p < N and p. = NN—Z, we have

p. < ColVullp,  Vue WHP(RY), (2.3)
where Cy = Co(N,p) is a constant depending only on N and p.

[Ju

Remark Invoking usual approximations, we see that this estimate is also valid
provided u € LP*(RY), Vu € LP(RV;RY).

Henceforth, we assume r > 0, wyrN > |supp fo| and A > 0. For f € LP-(RY),
we consider the problem f. It is a classical result of variational the-

ory that such a problem has a unique solution u € W = {w € Wﬁ)’cp(RN);w €
LP+(RN), Vw € LP(RY;RM)} satisfying

sup (p(f —h)v — |Vv|p)dx = / (p(f —h)u — |Vu|p)dx
veEW JRN RN (24)

— 1) / Vuldr,
RN

/ (f — h)vdz = / |Vu|P~2Vu - Vodz, Vv e W. (2.5)
RN RN

Lemma 2.5. Let u be the solution of problem (1.1)—(1.2) corresponding to f €
LP-(RN). We have

=" 1
IVull, < C7~" (I follp, + IAllp,) 7T, (2.6)
o 1
p. < G5 (o p )Pt (2.7)
where Cy is the constant in (2.3)).
Proof. From ([2.5)), we apply Holder’s inequality to find

/ |VulPdx = / (f —hudz < | f—h
RN RN

Combining this inequality with Sobolev’s inequality , we get the results. [
Lemma 2.6. The functional ¥y defined in is weakly sequentially continuous
and Gateauz differentiable in LP' (B,) with derivative p'us + \g € LP(B,) at f €
LPI(B,,), where uy is the solution of problem 7 corresponding to f.
Proof. Tt suffices to prove that the functional I(f) = [on |[Vuy|Pdz is weakly se-
quentially continuous and Gateaux differentiable in )i (By) with derivative p'uy €
LP(B,) at f € L” (B,). Let f, — f in L?'(B,) and uy, , u; be the solutions of the
problem 7 corresponding to f,, f respectively. Using , we have

=01+ [ plfu= Pugda

[

p, t Hh

e l[ullp. -

- / ((fo — By — [Vug|?)dz < (p — DI(f2)
R (2.8)

= / (p(f = h)uy, — [Vug, |P)dx +/ p(fn — fug, dx
RN

RN

< (p-1)I(f) + / p(fo — fluy, da.

RN
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By assumption, we have
lim (fn — Hugdr = hm / flugdz = 0. (2.9)

n—oo [pN

Let us prove that

lim (fn— Huy,dx = hm / fuy, dx =0. (2.10)
n—oo JpN
From 7 and || fllp,evy = [ fllpy:B, < ‘BT|NHf||p’;Br for f € Lp/(Br)7 we see
that the norms ||Vuy, ||,.&~, ||us, [|p..z¥ and [Juy, [|1,p;8, are bounded by constants
independent of n. Therefore, we can choose a subsequence of {uy,} denoted by
{uy,, } and a function w € W, such that {uy, } converges weakly in LP~ (R™) and
strongly in LP(B,) to w, {Vuy, } converges weakly in LP(RN;RYN) to Vw. From

nE nd: nE d nE S d7
[ o= Dunda= [ (o= Ppudes [ (o = D, —wite

and
| / (e = P(ag,, —w)dz| < o — fllss, l1ag,, — wllpss,

the limit ( is valid for a subsequence {ny}. Combining this with . .,
we deduce

lim T(f,) = 1(). (2.11)

We claim that the function w is actually us , which is a fixed function independent
of the choice of subsequence {n;}, to show that the sequence {uy, } itself converges
and equality (2.10) is valid. Indeed, from

0= DI = [ (=g, = [Vuy, ).
lim ny — R)uy, dr = — h)wdz,
=g o= [ (=n)

k—o0 R

and the classical result

k—o0

using and (2.4]), we get
p=DIN < [l =hpw=VuP)de < p=DIG). (213

lim inf [Vug, |pdx2/ |[Vw|Pdz, (2.12)
RN ¥ RN

By the umqueness of the maximizer of [,x (p(f — h)v — [Vv|P)dz in W, we have

w = uy. Thus - 2.10]) yield the weak continuity.
Let z € L¥ (Br) and {t,} be a positive sequence such that lim, . t, = 0.

Taking f, = f + t,z in the inequality (2.8)), we find

I(f+t,2)—1
/ puszdr < (f + tn2) () S/ puy, zdx.
RN RN

n

As already observed, {uy, } converges to uy strongly in L?(B,). Therefore,
I tnz) — 1
lim (f +tn2) (/) = / pugzde.
RN

n—oo tn
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Since the sequence {t,} and the function z are arbitrary, it follows that I(f) is
Géateaux differentiable with derivative p'uy. ([

Note that the functional ¥, is not weakly sequentially continuous in LP’ (RM).
Lemma 2.7. Let u be the solution of the problem 7 corresponding to
feR(r)v. We have

e < CoN. D) — T f— BT (214
where C1(N, p) is a constant depending only on N and p.
Proof. For any k > 0, take v = (u — k)3 € W in . We deduce

/ |Vo|Pdx §/ |f — hllv|dz.
RN RN

By Sobolev’s inequality and Holder’s inequality, we have
1917, a0 < % | 1l < Gl Hlociacn,

where A(k) = {x € R¥;u(x) > k}. Therefore,

<Cr ) < CEIIf = hlloo|A() /P

Il
Combining this with
poA(n) > (b= B)AR)|MYP~, VYh >k >0,

[0llp.;a) = [lv
we have
’ 1
Co llf = hll& \P-
< (X0 W 7iico
Ah)] < (S =) A)
By iteration, we see that |A(ko + d)| = 0 for ko > 0,

e o
d=C|f - hllé’o12 v’ \A(ko)lW

From estimate (2.7]), we see that

BT, Vh> k> 0. (2.15)

1 / T
kol A(ko)|P+ < [lully, < CEIIf = Al "
Hence
P pu
L1 = Al

PP*
N

0

u<ko+d<hko+2VCH I - n|TT
2 /2 1 p’ipj
N = (N*pp)(pfli)’ A= 2NC€ PNf =Rl - h||;§z(p Y and ko =

(aA)%ﬂ. We get u < (aﬁrl + 047%*1)14%*1. By considering —u instead of u, we
complete the proof. O

/
Let o = BE=

In Section 4, the case A = 0, more precise estimates are required to demonstrate
our result. We begin with an estimate on the lower bound of the energy functional
Jan [VulPd.
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Lemma 2.8. Let u be the solution of the problem (L.1)—(1.2) corresponding to

fE€R(r)*¥ and supph C By, || foll1 < ||hll1. We have
N—p

- 1

IVullp > Co(N, p)ry, "7 (IRl = [l foll1) 77, (2.16)
where Co(N, p) is a constant depending only on N and p.
Proof. From ({2.4)), it suffices to prove that there exists v € W such that

/RN (b7 = o = Vo) do = CN,p)r, " (Il = £l 7,

for a constant C'(N,p) depending only on N and p. We verify that the function
v(z) = —k min{(%ﬁlw‘)% 1} € W fulfills the conditions for some specially se-
lected positive constants k and a. Indeed, noticing the signs of f, h and v, we
have

[, ot =10 = 1VoP)do > kol = 1 foll) = (5)" 01+ )Y

NN’I"N_p

= ko(llhlly = _ kp——_"h

PRl = [[foll1) —wn (N = p)N

’ N-—p

(p—1p" (N —p)r -2 _p_

= ISR r, 7 (Rl = N foll) 7=,
wr P NPT
for a = 27, and kP! = pP(N=p) P (||hll [l foll1) 0

N-p uNNNr}]:]_p

Next we deduce the local boundedness of solutions by the Moser iteration tech-
nique.

Lemma 2.9. Let u be the solution of the problem (L.1)—(1.2) corresponding to
nonnegative function f € LP« (B), v=(—u)+ and supph C By, . There holds

1 1/p«
||v||OO;BR/2(xO)SCg,(N,p)(R—N/B ( )|U\P*dm) , (2.17)
R(Zo

for any v € RY and R > 0 provided Br(zo) N B,, = 0, where C3(N,p) is a

constant depending only on N and p.

Proof. For 0 < p < p' < R, let n(z) be a cut-off function n € C§°(By(z0)),

satisfying 0 < n < 1, n(z) = 1 on B,(zo), n(x) = 0 on R¥\ B,/ (z¢) and |Vn(z)| <
2_ We write Bg = B r(20) in this proof for the sake of convenience.

p=p’
Choose nPv® as a test function in (2.5 for s > 1 and set ¢ = s +p — 1. We have
/ |VulP~2Vu - V(nPv®)de = / (f = h)nPvde = fnPvidz > 0,
RN RN Br

or
—/ 0P| Vu|P~2Vv - V(v*)dx — / v¥|Vol|P~2Vo - V(nP)dx > 0.
Br Br
Therefore, using Young’s inequality, we deduce

| e
Br

_ ¢ P p—2 s q" p—1 DY [0S
== nP|VolP~*Vu - V(v®)dx < — [VolP~ V(nP)|v*dz
spP [y SpP JBg
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[l = [t vl as
spP Br S JBg
1 v P
o np\V(UE)V’da:—f—q—/ Vi |Poide.
P JBg ps? Jpg
Hence we obtain
q P
[owwehrae <L [ wapetds <p [ wupetds, vz
Br sP JBg Br

Combining this with Sobolev’s inequality (2.3)), we have

N—p
(/ n%v%dx) " SC(’)’/ IV (qu? ) [Pda < (4pCo)p/ [VnPvide.
Br Br

Br

It follows that

1 Ng At 1
R N-»p < p q .
(RN /3va daz) < (8pCh) (RN*p(p’ — /Bp/ v dsc)

Denote py, = %(1 + 2%), k=0,1,... and choose ¢ = p*(NL_p)k, P = pri1, P = Pk
Since Ni_p > 1, invoking iterations we see that (2.17)) is valid. O

There are difficulties in carrying out an estimate independent of r on the corre-
sponding solution of (1.1))-(L.2)) due to the fact that f varies in R(r)*. Hence we
introduce the following comparison principle.

Lemma 2.10. Let uy and ug be the solutions of the problem (L.1))~(L.2) corre-

sponding to f € R(r)¥ and f = 0 respectively. There holds

ugp(z) > up(x), ae. in RV,
Proof. From ({2.5)), we see that

/ (|Vur[P~2Vus — |Vug|P~2Vug) - Vodr = / fedr, YoeW.
RN RN
Choosing ¢ = (up — uyf)4+ € W, we obtain
/ (|IVus|P=2Vuy — [Vuo|P~2Vug) - (Vuy — Vug)dz = —/ fedz <0,
A A

where A = {z € R¥;uy(z) < up(x)}. Thus Vi = 0 and ¢ = 0 from Sobolev’s
inequality. O

Now we could give a locally lower bound of the solution independent of f and 7.

Lemma 2.11. Let u be the solution of the problem (L.1)—(L.2) corresponding to
f € R(r)®. For any € > 0, there exists r. > 0 depending only on N, p, h and ¢,
such that

u(r) > —, VreRN\B,..

Proof. Let ug be as defined in Lemma which is independent of f and r. Using
the similar method in the proof of Lemma we demonstrate ug < 0 in RY.
Utilizing Lemma we find

||u0||OO;Bl/2(I0) S CS(N7p)||u0
provided Bj(zp) Nsupph = 0. Let r > r, + 1 and |zo| > r, where r, > 0
satisfies supp h C B, . From (2.7)), we see that ||ugll, gy < Cg,HhHF. It follows

P«;B1(xo)»

Px;
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w0 lloo; By o (xo) < € provided [zo| is large enough. By applying Lemma we
complete the proof. O

3. THE CASE A >0

First we are concerned with the existence of minimizers for the energy functional
in bounded domains, then we will show that a solution valid in a sufficiently large
bounded domain is in fact valid in the whole space.

Lemma 3.1. Let A >0, r > 0 and wyr™ > |supp fo.

(i) The functional ¥y attains its minimum relative to R(r)v.
(ii) If fra is a minimizer for Uy relative to R(r)¥, fr is a solution of the
variational problem

min fW'ug, 5 + Ag)de,

fER(r)w JRN
where uy, , is the solution of (L.1)-(L.2)) corresponding to fy x.

The above lemma is a simple consequence of Lemma [2.3] and Lemma [2.6

, 1
Lemma 3.2. Let A > A\ = Z||fol|&". If frn is a minimizer of Wy relative to

R(r)* and v\ = p'uy, , + Ag, we have
‘La(wr,)\) M supp fr,/\‘ =0, VaeR
Proof. We argue by contradiction. Suppose there exists & € R such that |Ss| > 0,

Sa = La(¥r) Nsupp frn C Br. We have 1,y = p'uy, , + A\g = &, a.e. in Ss.
Therefore,

A A

-1, .
||f||oo >f—h= _Apufr,x = Ap(}?g) > (?)p Pt > ”fOHOOv a.e. in S,
in the sense of distribution, which contradicts to (2.2)). This completes the proof.

O

Lemma 3.3. Let Ao be as defined in the lemma above and A > Ao, wnr?™ >
|supp fo|. The set of solutions of the variational problem (2.1) denoted by Sx(r) is
nonempty. If frx € Sx(r), we have

f'r‘,)\ = Prx© (p/ufr,x + )‘9)7 (31)

almost everywhere in B, for a decreasing function ¢, .

Proof. From Lemma there exists f,n» € R(r)¥, which is a minimizer of ¥y
relative to R(r)*. By Lemma the level sets of 1, x = p'uy, , + Ag on supp frx
have zero measure. Utilizing Lemma[3.1](ii) and Lemma[2.2] we see that f, x € R(r)
solves the variational problem and has the representation . As already
shown in the proof, the minimum for ¥, relative to R(r)* actually equals the

minimum relative to R(r) under the assumption of this lemma. Thus for any
frox € Sx(r), frx has a representation as (3.1) for some ¢, . |

We have proved that the variational problem (2.1]) has a solution for A > A\g and
wnr™N > | supp fo|. Now we will show that if r is chosen large enough, it ceases to
have any influence on the variational problem (2.1)).
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Lemma 3.4. Let A > X\g. There exists 7\ > 0 satisfying wnry > |supp fo| such
that for any r > ry and frx € Sx(r), we have supp frr C By, .

Proof. Let r, > 0, wyrY > |supp fo| = |supp f,»|. From estimates and
, we see that [|uy, , [|oo;r~ is bounded by a constant depending on N, p, || fo||oo,
R |lso, | supp fol, | supp h| and independent of 7, A. Since A > g, g € C?(RY) and
lim| 4| 400 g(x) = +00, we can find a constant ry > r, such that

Pup, (@) + Ag(@) = puy, ,(2) + Ag(2), Vo €eRV\B,,, z € By, (3.2)

Using the representation (3.1) of f,x in B,, the decreasing property of ¢, and
the fact supp fr » C B;, we deduce

0< frr(z) < inf fra(2), VoeRM\B,.

[z[<Ta
By the assumption of r,, we get inf|.|<,, fr(2) = 0 since |B;,\ supp f x| > 0. It
follows supp frx C Br,. (]

Now we are ready to prove Theorem [1.1

Proof of Theorem[I1. Let A > Ao, r > ry and f, » € S\(r). From Lemma we
have supp fr.x C By,. Therefore, f, » € R(rx) C R(r). It shows that the minimum
of U, relative to R(r) is attained at and only at some points in subset R(ry) for
r > rx. Since R = (J,,, R(r), we obtain Sy = Sx(rx) = Sx(r) for » > ry. It
follows has a solution. To prove the last part of this theorem, for any r > 7\
and f) € Sy = Sx(r), we have by applying Lemma [3.3]

A=pra0 (p/ufA + Ag), a.e. in B,,

for a decreasing function ¢, . We can use the similar method in the proof of (3.2)
to choose r > ry and C) € R such that

Plup, (x) + Ag(z) > Cx = sup (P'up, (2) + Ag(2)), Vo e RN\B,.
2€By,

Noticing that supp fx C By,, we have that ¢, \(t) = 0 for t € [Cy,C}], and
C\ =sup, 5 (p'us, (2) + Ag(z)) > Cx. Now define

era(t), t<Chy,
Hy=4""
SDA( ) {0, t > C).

Clearly ) is a decreasing function and fy = ¢y o (p'us, + Ag) a.e. in RV, O

4. THE CASE A =0

To derive the existence result in this case, we need some additional conditions
on f and h. Similarly, we first deduce the following lemma in bounded domains.

Lemma 4.1. Suppose ||folloo < ||Bl—cowsupphr, 7 > 0 and wnr™ > |supp fo|. Let
fr be a minimizer of ¥y relative to R(r)¥ and uy, be the solution of the problem

(1.1)—(1.2) corresponding to f.. We have
|La(uy,) Nsupp fr| =0, Va€eR.
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Proof. We argue by contradiction. Suppose there exists & € R such that |A4| > 0,
As = La(uy,) Nsupp fr C B,. We have uy, = & a.e. in As. Hence —Ajuy, =
f—h =0 ae. in Ag, in the sense of distributions. Since As C supp f,, we find
f > 0in Ag, which follows b > 0 a.e. in A4 and Ag C supp h. Thus ||h]|—cosuppr <
[ £lloe < IIfolloe from (2.2), which is a contradiction to our assumption. O

Lemma 4.2. The set of solutions of the variational problem with A = 0
denoted by So(r) is nonempty under the assumption of the lemma above. Moreover,
if fr € So(r), we have

fr=¢rouy., ae. in By, (4.1)

for a decreasing function ¢,..

Proof. Utilizing Lemma [3.1} Lemma [£.1] and Lemma [2:2] we obtain the required
results by using the similar method in the proof of Lemma [3.3 g

Lemma 4.3. There exists a constant k = k(N,p) € (0, %] depending only on N
and p, such that if || follco < ||P||=c0:supp b, SUPP h C By, and

h —oo;supp h # Supph %
ISuppfo\éfs(” H”h| — ) (l B ||) " | supphl, (4.2)
[es} Th

we have supp f, C By, for any r > ro and f, € So(r), where ro > ry, is a constant
independent of r and f,.

Proof. From the representation of f,. in (4.1) and the decreasing property of ,., we
see that

su ur () =859 < inf ur (z). 4.3
o £, (2) R (%) (4.3)

Using (2.5, we calculate

[ IVuy s
RN

— [ (=g do
RN

:/ fruy, dx —/ hufrdsc—k/ (fr — h)uy,dx
supp f\ supp h supp h\ supp f supp frNsupp h

< sollfr 50[1ll1;supp n\ supp £ + ug, ool fr = lloc| sUpP fr]-
(4.4)

|1;supp fr\supph —

By assumption, for any x < %, utilizing (2.2) and (2.14), we have
I frll15upp £\ supp e < [[frllr < N1 follx < [folloo| supp fol
< [|hl| = cossupp n(| sUPP A| — [supp f|) < HhHl;supph\SUPp fro

(4.5)
1 1
Ifolls < Il folloolsupp fol < Sl -cossupp ul supp h| < Sllhlh, (4.6)
||uf7'Hoon7' - hHOO|Sllppr‘
Np P2
< Cullfr = Rl N fr = Rl [ supp £
) (4.7)

2 N P
< Cy 2T [ T supp fo

2 P
< 012(P*1)(16P7N+p) ||h||ggl | supp h| N(:’*l) | supp f0|’
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where C7 = C1(N,p) is the constant in (2.14). From the assumption and the
estimates ([2.16)), , we deduce

—@ P —rp 1 %1
[ 9un e > € (bl = 1ol = G (Gl

N-p
p—1

> 277 CFry "7 (| h]| —oossupp nl sUpp h|) 7T,

where Cy = C3(N, p) is the constant in (2.16). Let

N—p
p, ,N(p—1)

1 Cowyy
57

}.

K = min{ -
2.20" . 2G-—D(Np-N+p) ()

Combining , 7, 7, we obtain

TR =
Cy||hllf 7,

S0 S - 7
2.0 (”hHl;supph\suppfr - ||fr |1;suppfr\sum)h)
AT =
S 9o [Rll7™" Ty, = -9,

where § > 0 is a constant independent of r and f;..
For e = 16, applying Lemma we find that there exists ry > 7, independent
of r and f,- such that

1
ug, () > —§5>—5280= esupf uy, (r), Vo€ RN\B,,.
T Esupp fr

It follows supp fr C By,. a

Proof of Theorem[I.3. The first part of this theorem can be proved by using the
similar method in the proof of Theorem [1.1} Tt follows Sy = Sy(rg) = So(r) for
r > r9. To prove the last part of this theorem, for any f € Sy = So(rg), we have

from (4.1))

A~

f=¢roup, ae in By,

for a decreasing function ¢,,. Combining this with (4.3), we obtain ¢,,(t) > 0 for
t < so and r, (t) = 0 for t € [so, s0], 5o = sup,ep, uf(x). Now define

(ﬁ(t): {@rg(t)a tSS(),

0, t > sg.
Clearly, ¢ is a decreasing function and f =po ujp a.e. in RN, O
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