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MULTIPLICITY OF SOLUTIONS FOR ELLIPTIC BOUNDARY
VALUE PROBLEMS

YIWEI YE, CHUN-LEI TANG

ABSTRACT. In this article, we study the existence of infinitely many solutions
for the semilinear elliptic equation —Au+a(z)u = f(z,u) in a bounded domain
of RN (N > 3) with the Dirichlet boundary conditions, where the primitive of
the nonlinearity f is either superquadratic at infinity or subquadratic at zero.

1. INTRODUCTION AND MAIN RESULTS

Consider the Dirichlet boundary-value problem
—Au+a(z)u = f(z,u) in Q, .
u=0 on 09, (1.1)
where (2 is a bounded domain of RY (N > 3) with smooth boundary 99, a € L*(Q2),
s> N/2. We assume that f € C(Q x R, R) satisfies:
(F1) There exist a; > 0 and p € (2,2*) such that
[f(z, ) ar(L+ [P, V(1) € A xR,
where 2* = 2N/(N — 2).
The existence of infinitely many solutions of problem (|1.1)) was first proved in
Ambrosetti and Rabinowitz [I] under the superquadratic condition
(AR) There exist p > 2 and r > 0 such that

0 < pF(z,t) < flz,t)t, YeeQ, [t =,
where F(z,t) := fot f(x, s)ds be the primitive of f.

Since then, this condition has appeared in most of the studies for superlinear
problems, e.g., elliptic equations, Hamiltonian systems and wave equations, see
[2, [, 13 [15] [16] 20, 21] and references therein. Indeed, condition (AR) implies that
there exists C' > 0 such that F(z,t) > C|t|* for || > 1 and all x € Q. A more
natural superquadratic condition is that:

(F2) F(x,t)/t? — +o0 uniformly in z as |t| — oc.
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Although the condition (AR) is quite natural and important not only to ensure
the Euler-Lagrange functional ¢ of problem has a mountain pass geometry,
but also to guarantee every Palais-Smale sequence of ¢ is bounded, it is somewhat
restrictive and eliminates many functionals. For example, the function

F(z,t) =t*In(1 +t%), VY(z,t) € A xR,

is superquadratic at infinity, but it does not satisfy condition (AR) for any u > 2.
For this reason, in recent years, some authors studied the superquadratic problem
trying to remove the (AR) condition, we refer the readers to [3} 5, 6} [8, [0} [T}
12, 14l 18, 19, 23] 24]. [3, 6, 8, 23] studied problem replacing (AR), among

other conditions, by
tf(xz,t) — 2F(x,t)

[t]—o0 |t|“

>c¢ >0 uniformly for a.e. x € Q,

where p > 0. In [I8], to get an existence of nontrivial solution result, Schechter

and Zou assumed

F(z,t)
$2

F(z,t
=400 or limM:qLoo

either lim
t—+too 12

t=-00
instead of (AR). While in [3} Bl [6, [8 10 12| 4], the authors adapted the mono-
tonicity trick. In particular, under the strictly increasing assumption; i.e.,

(F3) t— f(x,t)/|t| is strictly increasing on (—o0,0) and on (0, +00).
Szulkin and Weth [19] proved the following theorem.

Theorem 1.1 ([I9, Theorem 3.2]). Suppose that (F1), (F2), (F3) are satisfied and
(F4) f(z,—t) = —f(=z,t) for all (x,t) € Q x R.
(F5) f(z,t) = o(t) uniformly in x ast — 0.

Then problem , where a(x) = X, has infinitely many solutions.

Zou [24] considered the global monotonicity condition, i.e.,
(F3”) t— f(x,t)/|t| is increasing on (—o0,0) and on (0, +00).

By using the special version of fountain theorem established there (see [24, Theorem
2.1]), he obtained the next theorem.

Theorem 1.2 ([24, Theorem 3.2]). . Suppose that (F1), (F3”), (F4) are satisfied
and
fz, )t

(F2’) liminf}y o T 2> 0 uniformly for x € RN, where p > 2.

Then problem (1.1), where a(x) = 0, has infinitely many solutions.

In the present paper, base on an approach different to that of the results men-
tioned above, i.e., the classical Fountain Theorem of Bartsch, we can prove the
same result of problem , where a(x) does not necessarily equal to constant,
under more general assumptions, unifying and improving Theorems and

Theorem 1.3. Assume that (F1), (F2), (F4) hold and
(F3) There exist 0 > 1 and C* > 0 such that

OF (z,t) > F(z,st) — C*, V(x,t) e Ax R, s€]0,1],
where F(xz,t) = f(x,t)t — 2F(x,t).
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Then problem (1.1) possesses infinitely many solutions (ug) such that

%/ (IVug|® + a(z)ui)dz — / F(z,ug)dx — 400 as k — .
Q Q
Remark 1.4. (i) Condition (F3) with C* = 0 is originally due to Jeanjean [7] for a
semilinear problem on RY. For p-Laplacian equations setting on a bounded domain,
it was used in [I0] to obtain infinitely many solutions and in [5] to compute the
critical groups of the energy functional ¢ at infinity and obtain nontrivial solutions
via Morse theory.

(ii) It turns out that if for fixed = € 2 and some r > 0,

f(z,t)/|t] is increasing on (—oo, —r) and on (r, +00),
then (F3) holds with # =1 and

Cr=1+ sup F(x,t) — inf F(z,t),
(z,t)€QX[—1,r] (w,t)€QX[—r,7]
see [I1] for a proof. Thus, (F3) is much weaker than the globally condition (F3’)
and (F3”).
(iii) There are functions f(z,t) satisfying (F3) and not satisfying (F3’) and (F3”).

For example, let
t2lnt|+1), [t]>1,
T, t) = 1.2
S 1) {—|t|t—|—2t, lt] < 1. (12)

Simple computation shows that

Fa.1) Lt + 3, [t >1,
z,t) = .
—2[tF+ 2, [ <1

Thus it is easy to check that f satisfies (F3) with # = 1 and C* = 1. But it does
not satisfy (F'3’), (F3”), since f(x,t)/t is increasing on (—1,0) and decreasing on
(0,1).

Remark 1.5. Theorem unifies and generalizes Theorems and First,
the globally monotonicity conditions (F3’) and (F3”) respectively in Theorems
and are replaced by the more generic assumption (F3). In addition, condition
(F2’) in Theorem is stronger than (F2) and the condition (F5) in Theorem
is completely removed. Therefore, our result applies to more general situations.
For example, the function listed in satisfies our Theorem [1.3] But it does not
satisfy Theorems and and the results in [3] [6] 8, 12} 13} 23].

Remark 1.6. Comparing with Theorems [I.1] and our approach is much sim-
pler.

e In [T9], the difficulty that without (AR) the Palais-Smale sequences of ¢ may
be unbounded is solved by minimizing ¢ over the set M. Since it is not assumed
that f is differentiable, M need not be a C''-submanifold of E. Hence, to show that
minimizers of ¢ over M are critical points of ¢ is not easy.

e In [24], Zou constructed a variant fountain theorem, and as an application,
studied the boundary value problem with symmetry. He dealt with a family
of perturbed functional. Nevertheless, this approach is not very satisfactory, be-
cause working with a family of perturbed functionals makes things unnecessarily
complicated.
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We shall prove Theorem [I.3| by directly applying the usual variational method to
. The main ingredient in our argument is based on the observation that: although
there may exist unbounded Palais-Smale sequences, we can prove that all Cerami
sequences of ¢ are bounded (see Lemma below). Then Theorem follows
from the Fountain Theorem of Bartsch.

Furthermore, He and Zou [6, Theorem 1.3] considered the asymptotically linear
case. They obtained the following theorem via the variant fountain theorem due to
Zou [24, Theorem 2.2].

Theorem 1.7 ([6, Theorem 1.3]). Suppose that F(x,t) satisfies the following con-
ditions:

(F6) F(x,t) = 3At? + H(x,t), where A & o(—A + a) a constant; o denotes the

spectrum.
(F7) There exist 6; € (1,2), i = 1,2, and by, ba > 0 such that
b1|t|§1 < H(Ivt)7 H(SC, 0) =0, |Ht(x7t)| < b2|t|6271 (13)

for all (z,t) € Q x R.
(F8) H(w,—t) = H(x,t) for all (z,t) € Q x R.
(F9) 0 is an eigenvalue of —A + a with the Dirichlet boundary condition.
Then problem (1.1) has infinitely many nontrivial solutions.
In this article, with the aid of the new version of the symmetric mountain pass

lemma developed in Kajikiya [9], we obtain the following theorem, which sharply
improves Theorem

Theorem 1.8. Assume that (F1), (F4) are satisfied and
(F7) lims F(txz’t) = 400 uniformly for x € Q.
Then problem (1.1)) possesses infinitely many nontrivial solutions (uy) such that
1

5/ (IVug)® + a(z)u) dxf/F(x,uk)dxHO* as k — oo.
Q Q

Remark 1.9. Theorem extends Theorem in three aspects. First, noting
p > 2> 02, (F6) and the third inequality of (1.3)) imply that

|f(z, 1) < Alt| + [Hi(,1)]
< At| 4 bo|t]2 1
<A +b)(A+[tP7Y, Y(z,t) € AxR,

which is just (F1) with a3 = XA 4 ba. Secondly, it follows from (F6) and the first
inequality of (1.3) that
F(z,t) _ A by

t2 2§+W7 V(‘T,t)EQXR,
which implies that
F(xz,t
}iII(l) (tg;’ ) = +oo uniformly for z € Q.

And finally, the condition (F9) in Theorem is completely dropped. There are
functionals F' satisfying Theorem and not satisfying the results in [6]. For
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example, let
H(x,t) = —|t]*?In (1+Tt2), V(z,t) € Q xR,
F(x,t) = %)\tQ + H(z,t), Y(z,t) € QxR,

where A € 0(—A + a). A straightforward computation shows that F'(z,t) satisfies
all the assumptions of Theorem But it does not satisfy Theorem since
A€ o(—A+a)and H(z,t) <0 for all 2 € Q and || > /3.

The paper is organized as follows. In Section 2 we investigate the superquadratic
case and give the proof of Theorem In Section 3 we deal with the subquadratic
case and prove Theorem |1.8

2. PROOF oF THEOREM [L.1]

Let X := HZ(f2) be the Sobolev space equipped with the norm

Jull = ([ wuaz) "

Noting s > N/2, one has 2s/(s — 1) < 2*, and then, using the fact that the
embedding of H(Q2) — L"(Q2) (1 <r < 2*) is compact, we obtain

lul, < Clu|, YueX, (2.1)

for some C' > 0, where r = 1, 2s/(s — 1), and |- |,- denotes the usual norm of L"(12).
Denote by A1 < A2 < A3 < ... (counted in their multiplicities) the eigenvalues
of —A + a on H}(Q) and by (e,)22; the corresponding system of eigenfunctions,
which forms an orthonormal basis of H(2). Assume A1,...,A,- < 0, A\y—41 =
<+ = Ap= = 0 and let X~ :=span{ey,...,e,-}, X° :=span{e,—,1,...,e,} and
XT :=span{ep11,...}. Then we have the following decomposition

X=X oX’aXT,
and there exists § > 0 such that

/(|Vu|2 + a(z)u?)dz > 6|jul?, Vue XT, (2.2)
Q

/(|Vu|2 + a(z)u?)dr < —6|jul|?, Yue X . (2.3)
Q
Under assumption (F1), the functional associated to problem (|1.1)) given by

olu) = %/Q (IVul]® + a(z)u?) dx — /Q F(z,u)dz

is continuously differentiable on X, and
(' (u),v) = /(Vu Vo + a(x)uv)de — / f(z,u)vde
Q Q

for allu, v € X. It is well known that the weak solutions of problem correspond
to the critical points of .

To find critical points of ¢, we shall show that ¢ satisfies the Cerami condition,
that is, (u,) has a convergent subsequence in X whenever {¢(u,)} is bounded and
(1 + fJun Nl (un)[| — 0 as n — oc.
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Lemma 2.1. Assume that assumptions (F1), (F2), (F3) hold. Then ¢ satisfies the
(C) condition.

Proof. We adapt an argument in [I0, Lemma 2.2], see also [IT, Lemma 2.5]. Let
(un) be a Cerami sequence of ¢. We claim that (uy,) is bounded. Otherwise, up to
a subsequence, we can assume that, for some ¢; > 0,

p(un) = 1, (L [Jun)ll@ (un)ll = 0 and  [jun | — o0 (2.4)

as n — oo. Particularly,

lim (%f(:c, Up )Up — F(x>u71)) dr = lim (@(un) - %«p/(un)aun»

=C1.
Setting w, = un/||un||, then ||w,|| = 1. Going if necessary to a subsequence, we

may assume that
w, —w in Hy(Q),

w, —w in L"(Q) (1 <r<2%), (2.6)
wp(z) > w(z) ae z €.

If w = 0, we choose a sequence (s,,) C R such that

P(spun) = Jnax, p(sun).

For any m > 0, letting v, = v2mw,,, one has

=0 in L7(Q) (1< 7 < 2%) (2.7)
by (2.6). From (F1), we have
1
F(z,1)] < / f(z, st)tlds < ar(t] + 1), V(@ t) e QxR,  (2.8)
0

which, together with (2.7]), shows that
/ F(x,v,)dz < ay / (lvn| + [vn]?P)dx = a1 (|'Un|1 + |”n|g) —0 (2.9)
Q Q

as n — oo. Taking s’ = 2s/(s — 1), since s > N/2, we have
1 2

1<s'<2° and -4 = =1,

s s

so that, using Holder’s inequality and ([2.7)),

Lo\ Us o \2/
/Qa(z)u;idxs (/Qla(x)\ dw) (/Q|”n| df”) (2.10)

= \a|s|vn\§, — 0.

Now, for n large enough, v/2m||u,| =t € (0, 1), we obtain

1 1
(snttn) = 9(vn) = Slvall® + / ax)o2dz — / F(a,v)de
2 2 Ja Q

for all n. Combining (2.10) and (2.9), we deduce

liminf p(spu,) > m,

which implies that
lim o(spun) = +o00 (2.11)

n— oo
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by the arbitrariness of m. Noticing ¢(0) = 0 and ¢(u,) — ¢1 (n — 0), we see
that, for n sufficiently large, s, € (0,1) and

/|V(snun)\2d:v+/a(x)|snun|2dx—/f(x,snun)snundx
Q Q Q
= (¢ (snun); Sntin)

% . o(su,) = 0.

Therefore, using (2.11)) and (F3),
1
/ <7f(xvun)un - F(x7un))dx
o \2

:Sn

> %/Q (%f(:c, Snln)Spuy — F(x, snun))dac - %\m
i ., 1 : o
_ 5/9 (319 wen) 2 + (@) snunl? = E(z, sun) ) = |0

*

1 C
= ggo(snun) - @m\ — 400,

a contradiction with (2.5)).
If w # 0, then the set Q1 = {z € Q@ : w(x) # 0} has positive Lebesgue measure.
For x € £, we have |u,(x)] — 0o as n — o0, so that, using (F2),

F(z,un
(HCL@;))|wn(ac)|2 — 400 as n — oo.
|un ()]
Hence, via Fatou’s lemma (see [22]),
F
Mwidw — 400 asn — oo. (2.12)
w#0 Un

On the other hand, (F2) implies that there exists r; > 0 such that
F(z,t)>0, VzeQ, [t[>r.

From ([2.8)), one has
|F(z,t)] < ca, VzeQ, |t| <,

where ¢y = ay(r1 +r¥). It follows that F(x,t) > —co for all (z,t) € 2 x R. Hence
we have

Flew) o fuoceda ol

— neN
w=o luall> 7 w2 T fluall?® e
which implies that
hmmf/ —————=dz > 0. (2.13)
n—oo Jy—o |lunl?

Notice that
1 1
/ F(2,u,)dr = =|jun||* + */ a(zx)uZdr — p(u,), VneN.
Q 2 2 Ja

Dividing both sides by |lu,||? and letting n — oo, we obtain via (2.13)), (2.12)) and
the first limit of (24) that

11 F(z, uy,
—+ 7/ a(x)w?dx > limsup de
Q

22 n—oo Jo |unll?
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F(z, un
= limsup (/ +/ )%widm = +4o00.
n—o00 w=0 w#0 U

n

This is impossible.

In any case, we deduce a contradiction. Hence (u,) is bounded in X. Next we
verify that (u,) has a convergent subsequence. Without loss of generality, one can
suppose that

Uy, —u in X,

up, —u in L"(Q) (1 <r<2).
By (2.14) and the Holder inequality, we have

/Qa(x)(un ~w)%de < (/Q |a(:c)lsdas)1/s(/Q [t *“‘S,df”)% (2.15)

= |a|s|un — u|§, — 0,

where s’ = 2s/(s — 1). It follows from (f1), and Holder’s inequality that
| () = ) (=
< [ sG] + 1)) e, = ulda

(2.14)

s a / (2 + JunlP™ + [ulP Yy — uld
Q

(2.16)
(p—1)/p 1/p
< 2ai|u, —ul; + a1</ |un|de> (/ [wy, — u|de)
Q Q
(r—1)/p 1/p
—|—a1(/ |u\pdx> (/ [, —u|pd:1c)
Q Q
< 2ai|u, —uly + al\un|gfl\un —ulp + a1|u|§*1\un —ulp, — 0.
Moreover, the boundedness of (u,) and the second limit of (2.4) imply that
(" (), . — )| < {I9" (un) [[([fun + [[ul]) = 0 as n — oco.
Combining this with (2.16)) and ([2.15)), we obtain
[tn = ull® = (¢ (un) = &' (), un —u) — / a(x)(up — u)*dz
Q
[ () = fa )~ w)do — 0
Q
Thus u,, — v in X and the proof is complete. ([

For convenience to quote, we state the Fountain Theorem of Bartsch (see [2
Theorem 2.5]), which will be used to prove Theorem [1.1

Let X be a reflexive and separable Banach space, then there are (e,)neny C X
and (€ )neny C X* (the dual space of X) such that

X =span{e, : n € N}, X" =span{e’ : n € N}

and

(ens em) = {O n ; m.
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Let X; = span{e;}, then X = &;>1X;. Now we define
V=@l X; and Z =35 X;. (2.17)
Then we have the following Fountain Theorem.

Theorem 2.2 (Fountain Theorem). Assume that p € C1(X,R) satisfies the Ce-
rami condition, o(—u) = p(u). For almost every k € N, there exist pp > rp > 0
such that

(i) b = infyez, |ulj=r,p(u) — +00 as k — oo;

(ll) ap ‘— maxueyk)uu”:pkgo(u) S 0.

Then ¢ has a sequence of critical points (uy) such that p(u) — +00.

Remark 2.3. In [2 21], the Fountain Theorem is established under the Palais-
Smale (PS) condition. Since the Deformation Theorem is still valid under the
Cerami condition, we see that like many critical point theorems, the Fountain
Theorem holds true under the Cerami condition.

Proof of Theorem[I.3 For the Hilbert space X = H} (1), define Y;, and Z as in
([217). According to Lemma [2.1]and assumption (F4), we know that ¢ satisfies the
Cerami condition and ¢(—u) = ¢(u). It remains to verify the conditions (i) and

(ii) of Proposition

Verification of (i). For 1 <r < 2%, taking

Br:= sup  uly,
u€ Zi fjull=1

one has 3y — 0 as k — oo (see [2I, Lemma 3.8]). Set
0 \7ts
(m) R
Since p > 2, we get rp — +00 as k — 00. So choosing k large enough such that
Zy C Xt and r > 8a1C/§, we obtain, for u € Zy with ||u| = rg,

p(u) = %/Q(|Vu|2 + a(z)u?)dx — /Q F(z,u)dz

]
> 7Hu||27a1/ |u|dxfa1/ |u|Pdx
2 Q Q

b
> S lull* = ar Cllull = a1 B ul|”

Tk =

— 4
by (2.8) and (2.1), which implies that
. (57“,3
inf olu) > =% — 400 as k — oo.
u€ Z,||ull=rx 4

Verification of (ii). Since Y} is finite-dimensional, there exists a constant Cj, > 0
such that

Crlulz = |lull, Vu € Yi. (2.18)
By (F2), there exists r2 > 0 such that
F(a,t) > C3(1+]al GO, Vo e, [t > rs.
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From (2.8)), one has

|F(z,t)] <ay(re +18), VoeQ, |t| <ra.
Thus we obtain

F(x,t) > C}(1 4+ |a|CHt* — My, V(z,t) € Qx R,
where M = a1 (ro +75) + C#(1+ |a|sC?)r3. Combining this with (2.18)), and
the Holder inequality, we obtain
o(u) = 1/(\Vu|2 + a(z)u?)dr — / F(z,u)dz
2 Ja Q
< gl + Slaluful? — C2(1 +1al GOl + Ml

1
< S+ [alsCH)ull® = (1 + lal C?)||ul® + My|9]
1

< =5 (U +[alsC*)ull® + M2

for all u € Yy, where s’ = 2s/(s —1). Hence, choosing py > max{rg, (
we deduce

AM|Q| \1/2
Har,0?) b

1
max  o(u) < —(1+ |a],C?)p? < 0.
u€Yk,|lull=pr 4

Consequently, by Proposition  possesses a sequence of critical points (uy) such
that p(ux) — +o00 as k — oo. O

3. PROOF OF THEOREM [L.§|

To prove Theorem [I.8] we need the variant symmetric mountain pass lemma
established in [9]. Before stating it, we first recall the definition of genus.

Let X be a Banach space and A a subset of X. A is said to be symmetric if
u € A implies —u € A. Denote by I' the family of closed symmetric subsets A of
X which does not contain the origin, i.e.,

I'={A C X\{0}: A is closed and symmetric with respect to zero}.
For A € T', we define

0 if A=0,
v(A) = ¢ inf{k € N : 3 an odd ¢ € C(A,R*\{0})},
+00 if no such odd map,

and I'y, = {A €T :v(4) > k}.

For convenience of the readers, we summarize the property of genus which will
be used in the proof of Theorem We refer the readers to [I7, Proposition 7.5]
for the proof of the next proposition.

Theorem 3.1. Let A, B € I'. Then (i)-(iv) below hold.

(i) If there is an odd continuous mapping from A to B, then v(A) < v(B).
(ii) If A C B, then v(A) < ~(B).
(ii) If A is compact, then v(A) < 400 and y(Ns(A)) = v(A) for 6 > 0 small
enough, where Ns(A) = {x € X : ||z — A|| < d}.
(iv) The n-dimensional sphere S™ has a genus of n + 1 by the Borsuk-Ulam
theorem.
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Now we state the variant symmetric mountain pass lemma.

Theorem 3.2 ([9, Theorem 1.1]). Let X be an infinite dimensional Banach space
and I € C1(X,R) satisfies the following conditions:

(1) I(u) is even, bounded from below, I(0) =0 and I satisfies the Palais-Smale
condition (PS), i.e., (u,) C X has a convergent subsequence whenever
{I(un)} is bounded and I'(uy,) — 0 as n — 0.

(2) For each k € N, there exists an Ay, € I'y such that sup,¢ 4, I(u) < 0.

Then I possesses a sequence of critical points (ug) such that I(ug) <0, up # 0 and
limk_wo uE = 0.

Proof of Theorem[1.8. We consider the truncated functional

I(u):%/Q\Vu\zdx+h(||u||)(%/ga(x)u2d:vf/QF(x,u)dx)

for all u € X, where h € C1([0, +00),R) such that 0 < h < 1, h(t) =1for0 <t <1
and h(t) = 0 for t > 2. Obviously, I € C'(X,R) and I(0) = 0. If we can prove that
I admits a sequence of critical points (uy) such that I(u,) <0, ux # 0 and up, — 0
as k — oo, then the critical points of I satisfying ||ux|| < 1 are just critical points
of ¢, since I(u) = ¢(u) when ||u]| < 1, and hence Theorem [1.8| follows. Applying
Proposition 3.2, we shall verify that I possesses a sequence of nontrivial critical
points which converges to the origin.
By the oddness of f, we see that I(—u) = I(u). For ||u|| > 2, one has

=5 | IVufdz = S ul?.

which implies that I(u) — 400 as |Ju|| — oo. Thus I is bounded from below and
satisfies the (PS) condition.

Given any k € N, let Fj, = @leXj, where X; = pan{e;}. Since on the finite-
dimensional space E}. all norms are equivalent, there exists d; > 0 such that

dilulz > [lull and dy|ull > [[u]le (3.1)
for all u € Ej, where ||u]lcc = maxgzeq |u(x)|. By (F7), there is r3 > 0 such that
F(x,t) > di(1+ |a|CH?, Yz eQ, |t| <rs. (3.2)

Therefore, for u € Ej, with ||u|| = I := min{1/2,r3/d)}, we obtain
1
I(u) == / (|Vu|* + a(x)u?)dx — / F(x,u)dx
2 Ja Q
1 1
< SllulP + Slaloful? (1 +1al.C?) [ wlda
2 2 Q

1
< 51+ lalsC)ull® = (1 + lal,C*)lu]®

1
< —5(1+al,C*)E

by (3.2), (3.1), (2.1) and Holder’s inequality, where s’ = 2s/(s — 1). This implies
that

{u€Ey:|ull=0l} c{ueX:I(u) < _5(1 + |alsC?)13}.
So, taking Ay = {u € X : I(u) < —(1+a|,C?)I3/2}, by Proposition 3.1, we obtain
V(Ak) = y({u € B - |Jull = I}) = &,
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and hence A; € T'y, and

1
sup I(u) < —=(1+|a|,C?)IZ < 0.
u€EAyL 2

Thus, Theorem follows from Proposition 3.2 and the proof is complete. O
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