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EXISTENCE OF SOLUTIONS TO DIRICHLET IMPULSIVE
DIFFERENTIAL EQUATIONS THROUGH A LOCAL
MINIMIZATION PRINCIPLE

GHASEM A. AFROUZI, SAEID SHOKOOH, ARMIN HADJIAN

ABSTRACT. A critical point theorem (local minimum result) for differentiable
functionals is used for proving that a Dirichlet impulsive differential equation
admits at least one non-trivial solution. Some particular cases and a concrete
example are also presented.

1. INTRODUCTION

In this article, we study the existence of at least one non-trivial classical solution
to the nonlinear Dirichlet boundary-value problem

—(p)u' (1)) + q()u(t) = \f(t,ult), te[0,T], t#t;,
u(0) =u(T) =0, (1.1)
AU (t5) = M (u(ty), j=1,2,...,n,

where T > 0, p € C1([0,T7,]0, +o0[), ¢ € L>=([0,T)), X €]0, +oo[, f : [0,T] xR — R
is an L!'-Carathéodory function, 0 = to < t; < to < --- < t,, < tpp1 = T,
AU (t;) = u’(tj') —u'(t;) = hmt_)t; u'(t) — limt_%; w(t) and I; : R — R are
continuous for every j =1,2,...,n.

The study of impulsive boundary-value problems is important due to its vari-
ous applications in which abrupt changes at certain times in the evolution process
appear. The dynamics of evolving processes is often subjected to abrupt changes
such as shocks, harvesting, and natural disasters. Often these short-term perturba-
tions are treated as having acted instantaneously or in the form of impulses. Such
problems arise in physics, population dynamics, biotechnology, pharmacokinetics,
industrial robotics.

Recently, many researchers pay their attention to impulsive differential equations
by variational method and critical point theory, and we refer the reader to [12, [I5],
17, 18, [19] 20] and references cited therein.

Our analysis is mainly based on the critical point theorem by Bonanno [2],
contained in Theorem 2.1] below. This theorem has been used in several works
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to obtain existence results for different kinds of problems (see, for instance, [T, [4,
5, 6l 7, [, [ [10], [T, 13, [14]).

2. PRELIMINARIES

Our main tool is Ricceri’s variational principle [I6, Theorem 2.5] as given in [2]
Theorem 5.1] which is below recalled (see also [2, Proposition 2.1]).

For a given non-empty set X, and two functionals ®, ¥ : X — R, we define the
functions
SUD 1 (Jry ro[) P (1) — ¥ (v)

T1,Tg) = inf
5( 1 2) ve®—1(]ry,ra]) Ty — @(’U)
and
U (v) = SUPyeap—1(—oco,r)) (1)
p(ri,re) == sup

ve®=1(r1,72]) P(v) — 71
for all r1,r2 € R, with 1 < ra.
Theorem 2.1 (|2, Theorem 5.1]). Let X be a reflexive real Banach space; @ : X —
R be a sequentially weakly lower semicontinuous, coercive and continuously Gateaux
differentiable function whose Gdteauzx derivative admits a continuous inverse on

X* WU : X — R be a continuously Gateauz differentiable function whose Gateaux
derivative is compact. Assume that there are 1,19 € R, with r1 < ro, such that

B(r1,72) < p(r1,72). (2.1)

Then, setting I := ®—A\T, for each A E]m, m[ there is ugx € ®~(Jr1,72)

such that Iy(up ) < Ix(u) for all u € ®~1(Jry,r2]) and I} (up,n) = 0.

In the Sobolev space X := HZ(0,T), consider the inner product

T T
(1, v) = /0 () (B0 () dt + /O d(Butyo(t) dt

which induces the norm

= ([ s aes [ aowora)”

Then the following Poincaré-type inequality holds:
T /2 T T 1/2
[ / w?(t) dt] <z [ / ()2 (1) dt} . (2.2)
0 m™LJo
Let us introduce some notation that will be used later. Assume that Ti‘{
where

> _pia

p~ = essinfiecporyp(t) >0, ¢ :=essinficporq(t).
Moreover, put oy := min{7?%q~/72,0} and § := /p~ + 09. Then, we have the
following useful proposition.

Proposition 2.2. Let u € X. Then

1
'l 22 o,y < 5 llull (2:3)

VT

< Syl (24

[lloo
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Proof. First we prove (2.3)). To this end, let ¢~ > 0. Then, oo =0 and § = /p~.
Therefore,

1 T
I oy < o= / POl (D) dt

I 1
< Z?/o ()] () + q(®)u(t)]?) dt = 57\\U||2~
Thus, the desired inequality (2.3]) follows. On the other hand, if ¢~ < 0, we have

0o = Tfrg_ and 6 = 4/p~ + T;g’. Obviously,

T
¢ lull2 0.1y < / a(®)lu(t)? dt.

Now, applying inequality (2.2) and bearing in mind that ¢~ < 0, one has
T?%q~ _
7||u/”2L?([O,T]) < ¢ ullZ2 o,

By the above inequalities we have

T2q7 12 g 2
W By < [ @l

This inequality together with
T
P By < [ a0 at

imply (2.3)).
In view of Holder’s inequality and (2.3]), one has

VT VT
lulloo < THU/HL?([O,T]) < 75||U||a

which completes and the proof. ([

Put &k := (||plloc + quHoo)l/Q. Then, from (2.2)) we have
l[ull < Ellu'll 22 go,7))- (2.5)
Here and in the sequel f : [0,7] x R — R is an L!-Carathéodory function, namely:
(a) the mapping ¢t — f(t, z) is measurable for every z € R;

(b) the mapping = — f(¢,x) is continuous for almost every ¢ € [0,T7;
(c) for every p > 0 there exists a function [, € L'([0,7]) such that

sup |f(t, )| < 1,(t)
[z|<p

for almost every ¢ € [0, 7).
Corresponding to f we introduce the function F : [0,7] x R — R as follows

Ftx) = / " re) de,

for all (t,x) € [0,T] x R.
By a classical solution of problem (1.1]), we mean a function

we {we C0.T]) : wly, iy, € H(It:t541])}
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that satisfies the equation in (1.1) a.e. on [0,7]\ {¢1,...,t,}, the limits u’(tj),
u'(t;), j = 1,...,n, exist, satisfy the impulsive conditions Au'(t;) = AL;(u(t;))
and the boundary condition «(0) = «(T") = 0.

We say that a function v € X is a weak solution of problem (1.1)), if u satisfies

/0 PO () (1) dt + /0 a(Ou(t)o(t) dt
A u@po =3 u)e) <o

for any v € X.

Lemma 2.3 ([3, Lemma 2.3]). The function u € X is a weak solution of problem

(1.1) if and only if u is a classical solution of (1.1)).

Lemma 2.4 ([3| Lemma 3.1]). Assume that
(A1) there exist constants 1,0 > 0 and o € [0, 1] such that

|I;(z)| < 2n|x| +0|z|°t forallz €R, j=1,2,...,n
Then, for any u € X, we have

n u(t;) n
I3o0t) [ D sl < 3ope) (ol + Sll?). (26

Also put

pi=Yoplt), pr) = YT p T (LY

C

where 7, 0, o are given by (A1) and ¢, T are positive constants. We assume through-
out, and without further mention, that the assumption (A1) holds.

3. MAIN RESULTS

For a given non-negative constant v and a positive constant 7 with 202 # 2272,
put

fOT max|, <, F(t,z) dt + prTy + p(u(7))*T () — fST/4 dt
5212 — 2k27'2 '

Theorem 3.1. Assume that there exist a non-negative constant vy and two positive
constants vy and T, with vy < V2r < ova/k, such that

(A2) F(t,£) >0 for all (t,€) € ([0, £]U[ZE, T]) x [0, 7];

(A3) ar(12) < ar(11).
Th€n fOT e(lch )\ G]W, W
classical solution ug € X such that
2(51/1 25V2
Wis < luol| < Wirk

Proof. The aim is to apply Theorem [2.1] to our problem. To this end, we introduce
the functionals ®, ¥ : X — R by setting

ar(v) =

[, problem (1.1) admits at least one non-trivial

1
D) = oul,
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T n u(ty)
W) = /0 Flt,u(t) de =3 plt;) /O I,(x) da,

for every u € X, and put
I(u) == ®(u) —A¥(u) YuelX.

Clearly, ® and ¥ are well defined and continuously Gateaux differentiable function-
als whose Gateaux derivatives at the point « € X are the functionals ®’(u), ¥'(u) €
X*, given by

@mwo=4pmwmmwﬁ+4qumwMa

V()= [ fue)e) =3 pe) i)l

for every v € X. Moreover, ® is coercive and sequentially weakly lower semi-
continuous and ¥ is sequentially weakly upper semicontinuous. Also, ®' admits
a continuous inverse on X* and V¥’ is compact. Note that the critical points of
the functional I in X are exactly the weak solutions of problem . We verify
condition of Theorem [2.1} To this end, we put

26% 262,
T - ?V17 To 1= TVQ,
1, ift €[0,7/4],
w(t) =T, ift € [T/4,3T/4],
(T —1t), ifte]3T/4,T).

It is easy to verify that w € X and, in particular, taking (2.3) and (2.5) into
account, one has
85272

8k272
T )

< Jlul? < =

IA

So, we have
462712 4k272
< .
7 S°Wws—F
From the condition v; < v/27 < dva/k, we obtain r; < ®(w) < r5. Moreover, for
all w € X such that u € ®71(] — oo, r2[), from (2.4), one has |u(t)| < v for all
t € [0, 7], from which it follows

IN

T n u(ty)
sup  U(uw)=  sup ( / F(t,u(t))dt — 3 plty) / I;(x) das)
ueP—1(]—o0,rsa[) ueP—1(]—o0,rs[) 0 =1 0
T
< max F(t,z)dt + prsT,,.
0 lzl<v2
Arguing as before, we obtain
T
sup U(u) < max F(t,z)dt + pviT,,.
wed=1(]—o0,r1]) 0 lzl<m
Since 0 < w(t) < 7 for each t € [0, T, assumption (A2) ensures that

T

/ ety dir [ F(w(o)dt> 0
0 3T/4
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and so

3T /4 n w(t;)
U(w) > / F(t,T) dt—Zp(tj)/O Ii(z)dx

T/4
3T/4
> [ P () Ty,
T/4
Therefore, we have

SUPyed—1(]—oco,ra) \Ij(u) B \Ij(w)

B(ri,m2) <

ro — ®(w)
T 8T/4 1o
_ fo max|,|<,, F(t,z)dt + prsT,, + plu(r Ly — f / t,7)dt
- 26202 4k272
B _ akic
= 5aT(1/2).

On the other hand, we have
U (w) = SUPyeqp-1()—oo,ry]) Y(W)

>
p(rlv/rQ) el (p(w)_’rl
3T 4 - T
> fT/4/ (t,7) dt = p(u(7))°T ey = pYiTw, — [y maxjz<y, F(E ) dt
- 4k272 26203
T ~— T
T
= ECLT(Vl).

So, from assumption (A3), it follows that B(r1,72) < p(r1,72). Therefore, from
Theorem [2.1} for each A €77 ( ' Ta 2(V )[ the functional I admits at least one

critical pomt ug such that r1 < ®(ug) < re; that is,
2(51/1

and the proof is complete. O
Now, we point out the following consequence of Theorem

Theorem 3.2. Assume that there are two positive constants v and T, with \/2kT <
dv, such that assumption (A2) in Theorem- holds. Furthermore, suppose that

A4 f(;r maxX|z|<v F(t,.’I:) dt+ﬁ’/3r‘u IST/4 t T dt P (/“(T)) p(r)
( ) v2 ka T2 .
Then, for each
4k% 72 26212
T T

}IST“ F(t,7)dt = (1(7)*Tucry Jo maxip<, F(t,2) dt + proT, [’

problem admits at least one non-trivial classical solution ug € X such that
luo(t)] < v for all t €10,T7.

Proof. The conclusion follows from Theorem by taking »1 = 0 and vy = v.
Indeed, owing to assumption (A4), one has
(1- 2522522 )( fOT max|, (<, F(t,z)dt + pr°T,)

02p2 — 2k272

ar(v) <
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_ fOT max|, <, F(t,z)dt + pv°T,

0212
On the other hand,
Jigd F(t,7) dt = p(u(r)* )
a7(0) = 2k272 '
Now, owing to assumption (A4) and , it is sufficient to invoke Theorem for
concluding the proof. O

The following result gives the existence of at least one non-trivial classical solu-
tion in X to problem in the autonomous case. Let f : R — R be a continuous
function. Put F(x o f(§)dE for all z € R. We have the following result as a
direct consequence of Theorem B.1]

Theorem 3.3. Assume that there exist a non-negative constant vy and two positive
constants v and T, with vy < Vor < ova/k, such that

(A5) f(z) >0 for all x € [—vq, max{ve, T}];
(AG)
TF(v3) + pra®To, + b (u(7))*T ) — SF(7)
62v3 — 2k272
< TF(Vl) +ﬁy13FV1 +ﬁ(M(T))3F;¢(7) - %F(T)
52v¢ — 2k272 ’

Then, for each
26%v3 — 4k27?
T (TF(v2) + pva3Ty, + 5 (u(1))*T piry — TF(7))
26%v3 — 4k?7? {
T (TF(v1) + pri®Ty, + 5 (u(7))*T ey — TF(1))

re|

)

the problem
—(pu' ()" +q()u(t) = Af(u(t)), te[0,T], t#t;,
u(O) u(T) =0, (3.1)
AU (t) = M (u(t)), 5 =1,2,.
admits at least one non-trivial classical solution ug € X such that
2(51/1 25V2
VT VT
Proof. Since § < k, from the condition v < V27 < 5% we obtain v; < .

Therefore, assumption (A5) means f(z) > 0 for each € [—vq,14] and f(x) > 0
for each x € [—va, 1], which implies

max F(x)=F(r1) and max F(x) = F(vy).

z€[—v1,v1] T€[—v2,v2]

< uoll <

So, from assumptions (A5) and (A6), we arrive at assumptions (A2) and (A3),
respectively. Hence, Theorem [3.1] yields the conclusion. O

Theorem 3.4. Let f: R — R be a non-negative continuous function such that
(AT) lime_o+ = 1O = oo



8 G. A. AFROUZI, S. SHOKOOH, A. HADJIAN EJDE-2014/147

Then, for each \ €]0, % SUp,~o TF(V)%[, problem (3.1) admits at least one
non-trivial classical solution ug € X.

Proof. For fixed A as in the conclusion, there exists a positive constant v such that

26212
ANTF(v) + T, < T” . (3.2)
Moreover, assumption (A7) implies that lim, g+ Fg(f) = +00. On the other hand,
o WO e _ [n(FE)°, ito<o <,
gm0t L2 I (25)? ifo=0.
Therefore,
F(&) — 3T
o PO WO T
£—0+ &
So, a positive constant 7 satisfying v/2kT < v can be chosen such that
3 F(r) = p(u(7))°T 4k’
2 w(r) AR
)\( = ) > (3.3)

Hence, taking (3.2)) and (3.3) into account, Theoremensures the conclusion. O

Remark 3.5. Taking (A7) into account, fix p > 0 such that f(£§) > 0 for all
¢ €]0, p[. Then, put

262 V2

— SUp

T VG]OI,)p[ TF(V) +ﬁydru

The result of Theorem [3.4]for every A €]0, A, [ holds with |ug(t)| < p for all € [0, T],
where ug is the ensured non-trivial classical solution in X.

Ap =

Example 3.6. Let I(u(t1)) = u(ty) for some t; € (0,1). Then I : R — Ris a
continuous function satisfying the sublinear growth condition (Al) with n =6 = %

and o = 0. Now, put p(t) =1, q(t) = *7”2 for all t € [0,1] and f(¢) = (1 + &)eS for

every ¢ € R. Clearly, one has § = % Hence, since
v? v? 2
sup

v = sup = )
v€jo,1{ f() f(g) d& + Vng rvelo,1] ve¥ + VBFV 2e+1

from Remark for every A € ]0, ﬁ [ the problem

—u"(t) — =u(t) = M1 +u(t))e*®, ae. in [0,1],
(

has at least one non-trivial classical solution ug € HE (0, 1) such that |ug(¢)] < 1 for
all t € [0, 1].

Here, we point out a special situation of our main result when the nonlinear
term has separable variables. To be precise, let o € L*([0,7]) such that a(t) > 0
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ae. t € [0,T], « Z 0, and let g : R — R be a nonnegative continuous function.
Consider the following Dirichlet boundary-value problem

—(p®u'(1) + q(W)u(t) = Aa(t)g(u(t)), te€[0,T], t #1;,
u(0) =u(T) =0, (3.4)
Au'(tj) :/\Ij(u(tj)), ]: 1,2,...,n.

Put G(z) := [ g(§)d¢ for all z € R, and set [lofy := fOTa(t)dt and o =
37 /4
Jorlta(t)at.

Corollary 3.7. Let I;(z) <0 for allx € R, j=1,...,n. Assume that there exist
a mon-negative constant vy and two positive constants vo and T, with v; < V2r <

ova/k, such that
(A8)
G(va)|lells + pr3Tv, + P(u(7))°T sy — G(T)axg
5203 — 2k272
_ Gullalh +pATy, +pu(r))°Tum = G(T)ao
52v3 — 2k272 '

Then, for each
26202 — 4k27?
T(G)llalls + p2Ty, + p(a(r)*T i) — G(r)ao)
26%v2 — 4k37?
T(G(ve)ll el + pr3Tu, + p(u(1))*T iry — G(7)exo) [
problem admits at least one positive classical solution ug € X, such that
2011 2019
VT VT

Proof. Put f(t,€) := a(t)g(§) for all (t,€) € [0,T] x R. Clearly, F(t,z) = a(t)G(x)
for all (t,z) € [0,7] x R. Therefore, taking into account that G is a non-decreasing
function, Theorem and [3, Lemma 3.6] ensure the conclusion. (]

xe|

< luoll <

An immediate consequence of Corollary is the following.

Corollary 3.8. Let I;(z) <0 forallz € R, j =1,...,n. Assume that there exist
two positive constants v and T, with /2kT < dv, such that

(A9) G(V)Ila!12+iwsl‘u < %G(T)ao—ﬁ%(r))srwﬂ.

Then, for each

) e } 4k 26212 | [’

T(G(r)ao = p(1(7))*T () " T(GW)llall + pr°T,

problem (3.4) admits at least one positive classical solution uy € X, such that
lup(t)] < v for allt € 10,T].

The above corollary follows directly from Theorem and [3, Lemma 3.6].
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Now, consider the nonlinear Dirichlet boundary-value problem
—u"(t) + a(t)u'(t) + b(t)u(t) = Ah(t,u(t)), tel0,T], t#t;,
u(0) =u(T) =0, (3.5)
A/ (t;) = M (u(ty), j=1,2,....n,

where h : [0,7] x R — R is an L!'-Carathéodory function and a,b € L*>([0,T])
satisfy the following conditions

essinf,cio ) a(t) > 0, essinf,c 1y {b(t)e*A(t)} > —;—Ze*A(T),
where A(t) be a primitive of a(t).
It is easy to see that the solutions of are solutions of if
p(t) = e Jo @ de gy = p(t)em Jo O ft ) = h(t,u)e Jo (&),
Let H(t,x) := ngE h(t,&)d¢. Then, by a simple computation, we obtain
F(t,z) = e AWH(t,z), VY(t,z)e[0,T] xR.

Set
- T2 /2 T2 ) B
k= (1 + §||be A||oo) , 00:= mln{ﬁ essinfyepo 1) (b(t)e A(t)),O},

6= e AT + 5.

For a given non-negative constant v and a positive constant 7 with 6202 £ 2k272,
put () := v2k7/6 and

T
a-(v) := (/0 e max H(t,z) dt + pr°T, + p ((1))*T i)

o/ <v

3T /4 ~ ~
- / e AOH(t,7) dt)/((52u2 — 2k°7%).
T/4

With the above notation and by Theorem [3.1] we obtain the following existence
property for problem ({3.5)).

Theorem 3.9. Assume that there exist a non-negative constant vy and two positive
constants vy and T, with 11 < Vor < ovs [k, such that

(A10) H(t, &) >0 for all (¢,€) € ([0, T]U[EL, T]) x [0, 7];

(A11) a,(ve) < a,(11).

Then, for each A 6]#@1), #@2)[, problem (3.5)) admits at least one non-trivial
classical solution ug € X such that

DUy < 202
—_— U, —_—.
VT T

REFERENCES

[1] G. A. Afrouzi, A. Hadjian, S. Heidarkhani; Non-trivial solutions for a two-point boundary
value problem, Ann. Polon. Math., 108 (2013), 75-84.

[2] G. Bonanno; A critical point theorem via the Fkeland variational principle, Nonlinear Anal.,
75 (2012), 2992-3007.

[3] G. Bonanno, B. Di Bella, J. Henderson; Existence of solutions to second-order boundary-
value problems with small perturbations of impulses, Electron. J. Differential Equations, Vol.
2013 (2013), No. 126, pp. 1-14.



EJDE-2014/147 DIRICHLET IMPULSIVE DIFFERENTIAL EQUATIONS 11

[4] G. Bonanno, B. Di Bella, D. O’Regan; Non-trivial solutions for nonlinear fourth-order elastic
beam equations, Comput. Math. Appl., 62 (2011), 1862-1869.

[5] G. Bonanno, S. Heidarkhani, D. O’Regan; Nontrivial solutions for Sturm-Liouville systems
via a local minimum theorem for functionals, Bull. Aust. Math. Soc., 89 (2014), 8-18.

[6] G. Bonanno, G. Molica Bisci, V. Ri#dulescu; Nonlinear elliptic problems on Riemannian
manifolds and applications to Emden-Fowler type equations, Manuscripta Math., 142 (2013),
157-185.

[7] G. Bonanno, G. Molica Bisci, V. Radulescu; Weak solutions and energy estimates for a class
of nonlinear elliptic Neumann problems, Adv. Nonlinear Stud., 13 (2013), 373-389.

[8] G. Bonanno, P. F. Pizzimenti; Neumann boundary value problems with not coercive potential,
Mediterr. J. Math., 9 (2012), 601-609.

[9] G. Bonanno, P. F. Pizzimenti; Existence results for nonlinear elliptic problems, Appl. Anal.,
92 (2013), 411-423.

[10] G. Bonanno, A. Sciammetta; An existence result of one nontrivial solution for two point
boundary value problems, Bull. Aust. Math. Soc., 84 (2011), 288-299.

[11] G. Bonanno, A. Sciammetta; Exzistence and multiplicity results to Neumann problems for
elliptic equations involving the p-Laplacian, J. Math. Anal. Appl., 390 (2012), 59-67.

[12] P. Chen, X. Tang; New existence and multiplicity of solutions for some Dirichlet problems
with impulsive effects, Math. Comput. Modelling, 55 (2012), 723-739.

[13] S. Heidarkhani; Non-trivial solutions for a class of (p1,...,pn)-biharmonic systems with
Navier boundary conditions, Ann. Polon. Math., 105 (2012), 65-76.

[14] S. Heidarkhani; Non-trivial solutions for two-point boundary-value problems of fourth-order
Sturm-Liouville type equations, Electron. J. Differential Equations, Vol. 2012 (2012), No. 27,
pp. 1-9.

[15] J. Nieto, D. O’Regan; Variational approach to impulsive differential equations, Nonlinear
Anal. Real World Appl., 10 (2009), 680-690.

[16] B. Ricceri; A general variational principle and some of its applications, J. Comput. Appl.
Math., 113 (2000), 401-410.

[17] J. Sun, H. Chen, J. Nieto, M. Otero-Novoa; The multiplicity of solutions for perturbed second-
order Hamiltonian systems with impulsive effects, Nonlinear Anal., 72 (2010), 4575-4586.

[18] Y. Tian, W. Ge, D. Yang; Existence results for second-order system with impulse effects via
variational methods, J. Appl. Math. Comput., 31 (2009), 255-265.

[19] J. Xiao, J. Nieto, Z. Luo; Multiplicity of solutions for monlinear second order impulsive
differential equations with linear derivative dependence via variational methods, Commun.
Nonlinear Sci. Numer. Simul., 17 (2012), 426-432.

[20] J. Xu, Z. Wei, Y. Ding; Ezistence of weak solutions for p-Laplacian problem with impulsive
effects, Taiwanese J. Math., 17 (2013), 501-515.

GHASEM A. AFROUZI
DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES, UNIVERSITY OF MAZAN-
DARAN, BABOLSAR, IRAN

E-mail address: afrouzi@umz.ac.ir

SAEID SHOKOOH
DEPARTMENT OF MATHEMATICS, FACULTY OF MATHEMATICAL SCIENCES, UNIVERSITY OF MAZAN-
DARAN, BABOLSAR, IRAN

E-mail address: saeid.shokooh@stu.umz.ac.ir

ARMIN HADJIAN
DEPARTMENT OF MATHEMATICS, FACULTY OF BASIC SCIENCES, UNIVERSITY OF BOJNORD, P.O.
Box 1339, BOJNORD 94531, IRAN

E-mail address: hadjian83@gmail.com



	1. Introduction
	2. Preliminaries
	3. Main results
	References

