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OPTIMIZATION OF THE PRINCIPAL EIGENVALUE UNDER
MIXED BOUNDARY CONDITIONS

LUCIO CADEDDU, MARIA ANTONIETTA FARINA, GIOVANNI PORRU

ABSTRACT. We investigate minimization and maximization of the principal
eigenvalue of the Laplacian under mixed boundary conditions in case the
weight has indefinite sign and varies in a class of rearrangements. Biologically,
these optimization problems are motivated by the question of determining the
most convenient spatial arrangement of favorable and unfavorable resources
for a species to survive or to decline. We prove existence and uniqueness re-
sults, and present some features of the optimizers. In special cases, we prove
results of symmetry and results of symmetry breaking for the minimizer.

1. INTRODUCTION

Suppose that 2 C R? is a smooth bounded domain representing a region occupied
by a population that diffuses at rate D and grows or declines locally at a rate g(x)
(so that g(z) > 0 corresponds to local growth and g(z) < 0 to local decline).
Suppose the boundary 92 is divided in two parts, I' and 9Q \ T so that the 1-
Lebesgue measure of I' is positive. Suppose there is an hostile population outside
I’ (we have Dirichlet boundary conditions on I'), and suppose there is not flux of
individuals across 9Q\ T' (we have Neumann boundary conditions there). If ¢(x,t)
is the population density, the behavior of such a population is described by the
logistic equation

00 — DAG+ (gla) — ko) in @ xR,

ot
$=0 onl xRT, g—qb:() on (OQ\T) x RT,
v

where A¢ denotes the spatial Laplacian of ¢(x,t), « is the carrying capacity and v
is the exterior normal to OS.
It is known (see [7,[8]) that the logistic equation predicts persistence if and only
if Ay < 1/D, where ), is the (positive) principal eigenvalue in
0

0 on ONN\T.
v

Au+Ag(z)u=0 in Q, u=0 on T, 3
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Many results and applications related to such eigenvalue problems are discussed in
[2, @, 20, 22).

In the present paper we consider the following question: for weights g(x) within
the set of rearrangements of a given weight function go(x), which, if any, minimizes
or mazximizes Ag ?

The corresponding problem with Dirichlet boundary conditions has been inves-
tigated by many authors, see [I0} [IT] 12, 4] and references therein. For the case
of the p-Laplacian see [I3] 23]. For the case of Neumann boundary conditions see
[16]. Eigenvalue problems for nonlinear elliptic equations are discussed in [15]. The
problem of competition of more species has been treated in [0} 21].

In what follows, Q is a bounded smooth domain in RY. In applications to
population dynamics, we have 1 < N < 3, but most of our results hold for general
N. If E C RY is a measurable set we denote with |E| its Lebesgue measure. We
say that two measurable functions f(z) and g(z) have the same rearrangement in
Q if

{oeQ: @)= 0} = {oeQ:gle) > B} VBER
If go(z) is a bounded function in Q we denote by G the class of its rearrangements.

We make use of the following results proved in [3] and [4]. For short, throughout
the paper we shall write increasing instead of non-decreasing, and decreasing instead
of non-increasing.

Denote with G the weak closure of G in LP(Q2). It is well known that G is convex
and weakly sequentially compact (see for example [4, Lemma 2.2]).

Lemma 1.1. Let G be the set of rearrangements of a fixed function go € L*(£2),
and let uw € LP(Q), p > 1. There exists § € G such that

/gudmg/gud:ﬂ Vg € G.
Q Q

The above lemma follows from [4, Lemma 2.4].

Lemma 1.2. Let g: Q — R and w : Q — R be measurable functions, and suppose
that every level set of w has measure zero. Then there exists an increasing function
¢ such that ¢(w) is a rearrangement of g. Furthermore, there exists a decreasing
function ¢ such that ¥(w) is a rearrangement of g.

The assertions of the above lemma follow from [4, Lemma 2.9].

Lemma 1.3. Let G be the set of rearrangements of a fized function go € LP(S2),
p>1, and let w € LY(Q), g =p/(p—1). If there is an increasing function ¢ such
that ¢p(w) € G then

/gwdx§/¢(w)wdx Vg eg,
Q Q

and the function ¢(w) is the unique maximizer relative to G. Furthermore, if there
is a decreasing function v such that ¥(w) € G then

/gwdxz/i/)(w)wdx Vg eg,
Q Q

and the function 1(w) is the unique minimizer relative to G.

The assertions of the above lemma follow from [4, Lemma 2.4]. We recall that
the L(€) topology on LP(Q2) is the weak topology if 1 < p < oo, and the weak*
topology if p = oo [3].
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2. OPTIMIZATION OF THE PRINCIPAL EIGENVALUE

Let © be a bounded smooth domain in RY, and let go(z) be a bounded measur-
able function in 2 which takes positive values in a set of positive measure. Suppose
T is a portion of 992 with a positive (N — 1)-Lebesgue measure. Let G be the class
of rearrangements generated by go. For g € G, we consider the eigenvalue problem

0
Au+Ag(z)u=0 inQ, u=0 onT, —Z:O on ON\T. (2.1)

0

We are interested in the principal eigenvalue, that is, a positive eigenvalue to which
corresponds a positive eigenfunction. If

Wlff:{weHl(Q): w=0onT, /ngdx>0},
Q

we have
o VwPPde [ [Vug|?da
Ag = inf = 3 , (2.2)
wew; Jo g wdx Jo gu2dz

where ug is positive in €2 and unique up to a positive constant. Note that, if u, is
a minimizer, so is |u,|, hence |uy| satisfies equation (2.1). By Harnack’s inequality
(see, for example, [24] Theorem 1.1]) we have |uy| > 0 in Q. By continuity, we have
either uy, > 0 or u, < 0. We also note that if there are a positive number A and a
positive function v such that

ov
5—0 on OO\ T,

then A = X\, and v = cu, for some positive constant ¢ (see [19, Corollary 5.6]).
Actually, in [I9] the authors consider the case of Dirichlet boundary conditions,
however, the same proof works in our situation.

We investigate the problem of finding

Av+Ag(z)v=0 inQ, v=0 onT,

inf A sup Ag.
9€6" " geg !

Let G be the closure of G with respect to the weak* topology of L>(£). Recall
that G is convex and weakly sequentially compact.

Theorem 2.1. Let A\, be defined as in (2.2).
(i) The problem of finding

min A,
g€eg

has (at least) a solution.
(it) If § is a minimizer then § = ¢(ug) for some increasing function ¢(t).

Proof. If g, is a minimizing sequence for inf,cg Ay, we have

. . . fQ |vugn |2d.'L'
I'=inf Ay = lim Ay, = lim ———7——.
geG n—o0 n—o0 fQ gnugndx

We can suppose the sequence )y, is decreasing, therefore,

/Q|Vugn|2dm§Cl/ﬂgnuindngg/Quindx, (2.4)

for suitable constants C'y, C>. Let us normalize u,, so that

/ up de = 1. (2.5)
Q
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By and we infer that the norm [lug, || g1 () is bounded by a constant
independent of n. Therefore (see [I7]), a sub-sequence of uy, (denoted again by
ug, ) converges weakly in H'(Q) and strongly in L*() to some function z € H()
with z(z) > 0in 2, z=0on I' and

/ 22dr = 1.
Q

Furthermore, since the sequence g, is bounded in L*°(2), there is a subsequence

(denoted again by g,) which converges to some 1 € G in the weak* topology of
L>(Q). We have

/ gnuﬁndx — / n 2%dx = /(gn —n) 22dx +/ gn(ugn — 2%)dx.
Q Q Q Q

Since
lim [ (9o —n) 2%dz =0
n—oo Q
and since
| antu, = )] < Callug, + 2Nl — oo
we find
nh_)ngo gnugndm = / n 2%dx > 0. (2.6)
Q Q

1

2

Furthermore, since ( Jo |Vu|2dx) is a norm equivalent to the usual norm in H!(€2)

with v = 0 on I', we have

liminf/ \Vugn|2dx2/ V2 |2d. (2.7
Q Q

n—oo

We claim that fQ nz%dx > 0. Indeed, passing to the limit as n — oo in

/ Vug, - Vipdr = Ag, / Gn Ug, VY dx
Q Q
we obtain

/V2~dele/nz1/)dx, Vi € H' (),
Q Q

/|Vz\2dx:I/nz2dx.
Q Q

If we had [,|Vz[*dz = 0, we would have z = 0, contradicting the condition
Jo, 2%dz = 1. The claim follows.
Now, by Lemma [T} we find some § € G such that

/ande/ngdm.
Q Q

Using this estimate and recalling the variational characterization of A3 we find
S IV2Pdx - Jo IV2|2dx
- fonzde T [, g72dx

and

1

>N > 1.

Therefore,

inf A\, = \;.
gnelg g g
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Part (i) of the theorem is proved.
Let us prove that § = ¢(uy) for some increasing function ¢. By

Jo IVw|?dx - Jo Vug|?da
Jogw?dz ~— [ guide

with w = u; we obtain

VgGQ,VwEWIf,

/gugdx < / ngdx Vg €G. (2.8)
Q Q
The function u; satisfies the equation

- A’U@ = )\QQU@. (29)

Recall that uz; > 0 in Q. By equation (2.9), the function u; cannot have flat zones
neither in the set

FL={zeQ:gx) <0}
nor in the set
Fy={ze€Q:§(z) >0}

By Lemma there is an increasing function ¢ (t) such that ¢; (ug) is a rearrange-
ment of §(z) on Fy U Fy. Define

a= inf uZ(z).
z€Q\Fy

gs;ing (2.8), one proves that ug () < ain Fy (see [0, Lemma 2.6] for details). Now
efine

8= sup ui(aj)
z€Q\F,

Using again one shows that ui(w) > [ in F,. Since
sup g1 (u3) = sup g(x) < 0
Fy Fy

we have ¢1(t) <0 for t < a. Similarly, since
inf 1 (ug) = inf§(=) 20

we have ¢1(t) > 0 for t > 5. We put

h(t) f0<t<a
o(t) =40 ifa<t<p
o1(t) ift> g
The function ¢(t) is increasing. Furthermore, q@(u?]) is a rearrangement of §(z) in
Q (the functions § and qg(uz) have the same rearrangement on Fy U F, and both

vanish on Q\ (F; U F»)). By (2.8) and Lemma we must have § = é(uz) Part
(ii) of the theorem follows with ¢(t) = é(tQ). O

Let us prove a continuity result.
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Proposition 2.2. Let A\, be defined as in (2.2)). Suppose g, € G, g € G and g, — g
as n — oo with respect to the weak® convergence in L ().
(i) If g(x) > 0 in a subset of positive measure then

lim A, = A,
o Agn g

(i) If g(x) <0 in Q then
lim Ay, = +o0.
Proof. To prove Part (i), we follow an argument similar to that used in [I3, Lemma

4.2] in the case of Dirichlet boundary conditions and g(x) > 0. Let u,, be the
eigenfunction corresponding to g, normalized so that

/ uzndx =1.
Q

_ fQ |vugn|2dx < fQ |Vug|2da:

[y gnud dr T [ gnudde
where u, is the principal eigenfunction corresponding to g normalized so that

/ uzdac =1.
Q

_ fQ |Vug|>dz
g ngugdz

We have

Since

A

we have

Jo |Vugldz \ Jo guida
Jo gnulda 7 [ gnudde
The assumption g,, — g with respect to the weak™ convergence in L*°(2) yields

. 25 _ 2
nlgréo/ﬂgnugdxf/ﬂgugdx.

Therefore, for € > 0 we find v, such that, for n > v. we have \;, < Ay +e€. It
follows that

A

gn —

limsup Ay, < Ag.

n—oo
To find the complementary inequality we use the equation
—ug, Aug, = Agngnugn'

Integrating over €2, recalling that u,, = 0 on I', that the normal derivative of ug,
on 00\ T vanishes, and using the inequality A, < g + € (for n large), we find a
constant C such that

/Q Vg, |*de < (A, + e)/{zgnuzndac <C,

where the boundedness of g, and the normalization of u,4, have been used. We
infer that the norm |ug, || 1 () is bounded by a constant independent of n. A sub-
sequence of u,, (denoted again by ug, ) converges weakly in H'(2) and strongly in
L?() to some function z € H'(Q) with 2 >0, 2= 0on I, and

/ 22dr = 1.
Q
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As a consequence,
liminf/ |Vugn\2dz2/ |V2|2da.
Q Q

n—oo

Moreover, arguing as in the proof of Theorem [2.1] we obtain

lim gnugﬂdac:/gzzdm.
Q ' Q

n—oo

An argument similar to that used in the proof of Theorem [2.I]shows that we cannot

have
/ V2|2 de = / gz2dx = 0.
Q Q

\Y% 2d \V4 2d
liminf Ay, = liminf Jo [Vug, |*dz > Jo IV2|2da -
n—oo n n—oo fQ gnu?]”dx fQ g Z2d1'

Therefore, it follows that

Part (i) of the proposition follows.
To prove Part (ii), we argue by contradiction. Suppose there is a sub-sequence
of \g,, still denoted Ay, , and a real number M such that

N fQ |Vug, |?dz

gn T 2
-[Q g"ugn dm

/ u;"dx =1.
Q

/ |V, |*dr < M/ gnugnd:ﬂ <M.
Q Q

Therefore, there is a sub-sequence of ug, (denoted again by u,,) which converges
weakly in H'(Q) and strongly in L?(2) to some function z € H*(Q), z(z) > 0
z=0on I', and such that
/ Z2dr = 1.
Q

Furthermore, up to a subsequence, we may suppose that

lim A,, = A

n—oo

<M

and

It follows that

Forn=1,2,... we have
/QVugn -Vapdr = Ay, /anugndjdx Vi € HY(Q).
Letting n — oo we find
/Qv,z - Vipdr = X/ngpdx Vo € HY(Q).
By the latter equation we find z € C1(Q). Furthermore, putting ¢ = 2z we find

/ |Vz|2dx = 5\/ gz%dx <0,
Q Q

where the assumption g(z) < 0 has been used. It follows that |Vz| = 0 in Q.
Therefore, z = 0, contradicting the condition fQ 22dx = 1. The proof is complete.
(]
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Proposition 2.3. Let A\, be defined as in (2.2), and let J(g) = 1/A;. The map
g — J(g) is Gateaux differentiable with derivative

_ Joh ugdm

J'(g;h) = =——4—.
(g’ ) fQ|Vug|2dx

Furthermore, if g satisfies fQ g(z)dxz >0, the map g — Ay is strictly concave.

In case we have Dirichlet boundary conditions, the proof of this proposition is
well known (see, for example, [9, Proposition 1]). The same proof also works under
our boundary conditions.

Theorem 2.4. Let A\, be defined as in (2.2). The problem of finding

max \g

=Y
has a solution; if [, go(x)dx >0, the mazimizer § is unique; if [, go(z)dx > 0, we
have § = 1 (ug) for some decreasing function (t); finally, if go(x) > 0 then the
mazimizer § belongs to G.

Proof. Since the functional g — A, is continuous with respect to the weak™* topology
of L*°(Q) (by Proposition , and since G is weakly compact, a maximizer § exists
in G. Assuming [, go(x)dx > 0, the uniqueness of the maximizer follows from the
strict concavity of A, (see Proposition . If [, go(x)dx > 0, the maximizer § is
positive in a subset of positive measure, therefore, \; is finite and uz(z) > 0 a.e. in
Q. Ifo<t<landif g: =g+t(g—g), since J(g) is differentiable (see Proposition

2.3), we have

1) < J(gr) = J(g) + 1429~ 9z

—_— = t t 0.
fQ Vg Pde o(t) as t—

It follows that
[ (9= auids=0.
Q

Equivalently, we have

/ gugdaj > / gugdm Vg € G. (2.10)
Q Q
The function ug satisfies the equation

— A’U@ = )\gﬁﬂg. (211)

By equation 7 the function u; cannot have flat zones neither in the set F3 =
{r € Q: g(x) > 0} nor in the set Fy = {z € Q: §(z) < 0}. By Lemma [1.2}
there is a decreasing function 11 (t) such that ¢;(u?) is a rearrangement of ()
on F3 U Fy. Following the proof of [5 Theorem 2.1], we introduce the class W of
rearrangements of our maximizer §. Of course, W C G. Define

= inf wui(z).
7=t e

Using ([2.10)), one proves that ug (x) <« in F5. Define

0= sup u?](x)

xz€Q\Fy
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Using (2.10) again one shows that u}(x) > ¢ in Fy. Now we put

Pi(t) f0<t<n
Y(t) =40 ify<t<é
1/}1(t) ift>¢.

The function 9(t) is decreasing and @(ug) is a rearrangement of g(z) in . Indeed,
the functions § and zﬂ(u_f}) have the same rearrangement on F3UF}, and both vanish

on 2\ (F3 U Fy). By (2.10) and Lemmawe must have § = @(ug) eWw.

Note that, in general, the maximizer § does not belong to G (see next Theorem
. Assuming go(z) > 0, we can prove that § € G. Indeed, by (2.11)), the function
ug cannot have flat zones in the set F' = {z € Q : g(z) > 0}. If |F| < |Q], since
G € G, by [ Lemma 2.14] we have |F| > [{x € Q: go(z) > 0}|]. Therefore there is
g1 € G such that its support is contained in F. By Lemma[T.3] there is a decreasing
function 41 (t) such that ¢ (u?) is a rearrangement of g;(z) on F. Define

= inf wu2(x).
V= it (@)
Using (2.10), one proves that u?(z) <+ in F. By using equation (2.10) once more
we find that u}(z) < v a.e. in F. Now define
~ 1!)1 (t) if 0 S t < Y
P(t) = :
0 if t > .
The function lﬁ(t) is decreasing and zﬁ(uz) is a rearrangement of g3 € G on ().
Indeed, the functions g; and ﬂ(ug) have the same rearrangement on F', and both

vanish on Q\ F. By and Lemmawe must have g = zﬂ(ug) € G. Hence, in
case of |[F| < |Q], the conclusion follows with () = ¥ (t?). If |F| = ||, the proof
is easier and we do not need the introduction of the function g;. The statement of
the theorem follows. d

Theorem 2.5. Suppose u € H?*(Q) N C%(Q) with w = 0 on T and 9% = 0 on
ONN\T. HereI' C 09 is supposed to be smooth and to have a (N — 1)-Lebesgue

positive measure. Let u(xz) > 0 in Q and
—Au=AYp(u)u a.e. in Q
for some A > 0 and some decreasing bounded function 1. Then, either Au < 0 or

Au >0 a.e. in Q.

Proof. By contradiction, suppose that the essential range of Au contains positive
and negative values. Since u > 0 and —Au = Ay (u)u, ¥(t) takes positive and
negative values for ¢ > 0. Let

B=sup{t: () >0}, Qp={reQ:ulx)>p}

By our assumptions, the open set {23 is not empty. On the other hand, since 9 is
decreasing and u > 0 we have

Ju

— =0 onT

ov A

where I's is a suitable subset of 9Q \ I'. By second Hopf’s boundary Lemma,
u cannot have its maximum value on I'g. Therefore, the maximum principle for

—Au<0 inQg, u=pF ondg\I's and
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subharmonic functions yields u(z) < § in Qg. This contradicts the definition of
g, and the theorem follows [l

3. SYMMETRY

3.1. The one-dimensional case. Let N =1 and Q = (0, L). Given a measurable
function f: Q — R, we denote by f* the decreasing rearrangement of f (f* is non
increasing on (0, L)). Similarly, we denote by f. the increasing rearrangement of
f- The following results are well known.

Lemma 3.1. Let N =1 and Q= (0,L).
(i) If f(x) and g(x) belong to L>=(S2) then

/f* dm</f dacg/f*(x)g*(x)dx. (3.1)

(ii) If u € HY(Q), u(x) > 0 and uw(L) = 0, then u* € H*(Q), u*(x) >0, u*(L) =0

and
U/ 2 X u* "2 Z. .
/()d Z/K ))7d (3.2)

For a proof of the above lemma, see, for example, [I] [18]. Note that, (i) is often
proved for non negative functions. However, replacing f by f+ M and g by g+ M
with a suitable constant M, one gets the result for bounded functions.

Theorem 3.2. Let G be a class of rearrangements generated by a bounded function
go. Let g € G, and let Ay be defined as in (2.2)) with Q@ = (0,L) and uw(L) =0. Then
we have A\g > Ag=

Proof. If g € G and if u, is a corresponding (positive) principal eigenfunction, we

have
Jo(uy)?da
9= fQ guzdx '
Since ug > 0 we have (u})? = (u2)*, and by (3.1) we find

/gug dz < / g (u;)2dac. (3.4)
Q Q

Note that u; (L) = 0. Using (3.1)), (3.2), and recalling the variational characteriza-
tion of Ag- we find

(3.3)

A\ _ Joluy)?da fQ )')*dx fQ ug-)*dr —
7, gugdx ng u* de I u2 dx g
The proof is complete. (I

Example 3.3. Let us apply the result of Theorem to the following example.
For 0 < a < 3 < L, let g(t) = 1 on a subset E with measure «, g(t) = —1 on a
subset F' with measure L — 3, and g(t) = 0 on (0, L) \ (EUF). By Theorem [3.2] a
minimizer is the function
1, 0<t<a,
g"=40, a<t<p,
-1, B<t<L.
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If A > 0 is the corresponding principal eigenvalue and u is a corresponding eigen-
function, we have

Au, 0<t<a,
—u" =40, a<t<p,
—Au, O<t<lL,

with 4/ (0) = u(L) = 0. This boundary value problem can be solved easily. We find

cos(VA 1), 0<t<a,
u=<{ At+ B a<t<pg,
Ksinh(VA(L —t)), B<t<L.

Since the function v must be continuous and differentiable for ¢ = « and for ¢ = 3,
the constants A, A, B and K must satisfy the conditions

cos(VAa) = Aa+ B
—VAsin(VAa) = A,
and
K sinh(VA(L — B)) = AB+ B
—KVAcosh(VA(L — 3)) = A.
Therefore, A and K must satisfy
sin(vVA o) = K cosh(VA(L — 3))
and
cos(VAa) + avVAsin(vVAa) = K sinh(VA(L — ) + KBVA cosh(VA(L — f3)).
It follows that
cot(VA a) = tanh(VA(L — B)) + VA(B — ). (3.5)

The function y(t) = cot(ta), for 0 < t < 7/(2a), satisfies

y(0) = +o0, (1) <0, y(5-) =0

Moreover, the function z(t) = tanh(¢(L — 3)) + (8 — ), for 0 < t, satisfies
2(0)=0, 2Z'(t)>0, z(t)<1l+tB-—a).
It follows that equation (3.5 has a unique solution A = A(«) such that
1 1 m
~arctan ——————— < VA < —.
a 1+ VA(B - ) 20

It is clear that A — oo as o — 0.

Theorem 3.4. Let G be a class of rearrangements generated by a function gy defined
in (0, L) such that fOL go(x)dz > 0. If g € G, let p such that [ g.(x)dz = 0. Define
g=0for0O<z<p, and g = g« for p <z < L. If Ay is defined as in with
Q= (0,L) and u(L) = 0, we have Ay < Aj.
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Proof. Let ug be a principal eigenfunction corresponding to g € G, and let ug be a
principal eigenfunction corresponding to g. We have

2
o _ ()
I Jqguide [ guide
On the other hand, the function u; solves the problem
—ug = Aggug, u'(0) = u(L) = 0.

Since uy = 0 on (0, p) (recall that g = 0 there) and u'(0) = 0, the function u; is a
positive constant on (0, p). Furthermore, since

—ug(r) = )\g/o gugdt > 0,

the function wy is decreasing on (0, L). (Recall that we write decreasing instead of
non-increasing). It follows that

A (3.6)

o= )

Hence, since g, is increasing, by (3.1)) we find
L L
/ gugdac > / g*ugda:. (3.7
0 0

Furthermore, since ug is a constant on (0, p) and since fop gxdx = 0, we have

L p L L
/ g*ugd:ﬁ = 02/ g«dx + / g*ugdx = / gugdx.
0 0 p 0

Therefore, by (3.7) we find
L L
/ gugdx > / gugdx.
0 0

The latter inequality and (3.6]) yield
A < Jo(ug)®da
I [ guida
The proof is complete. O

Ug = U

Example 3.5. Let us apply the result of Theorem to the following example.
For 0 < a < L, let g(t) = 1 on a subset F with measure L — «, and ¢(¢) = 0 on
(0,L) \ E. By Theorem the maximizer is the function

)0, 0<t<aq,
9 1, a<t<L.

If A > 0 is the corresponding principal eigenvalue and wu is a corresponding eigen-
function, we have

W 0, 0<t<a,
Au, a<t<L,

with «/(0) = w(L) = 0. This boundary value problem can be solved easily. We find

1, 0<t<a,

v {sm(\ﬂ(L 1), a<t<lL
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Since the function v must be continuous and differentiable for ¢ = o, A > 0 must
satisfy the condition
VA= T

2(L—a)’
Remark 3.6. The conclusions of Theorems and [3.4] continue to hold in the
following case. Let Q = (0, L) x (0,¢), and let

u=0 on {z; =L},

%:0 on {z; =0} U{zy =0} U{ze = {}.
Suppose the function gy depends on x; only, and the class G is the (restricted)
family of all rearrangements of gy in €2 depending on x; only. In this situation,

the principal eigenfunctions depend on x; only, and the optimization of the corre-

sponding principal eigenvalue is essentially a one-dimensional problem discussed in
Theorems [3.2] and 3.4

3.2. a-sector. For 0 < a < m, consider the domain (in polar coordinates (r, 6))
D={(r0): 0<r<R, 0<6<a}. (3.8)

For a function f € L?(D), we consider the radial decreasing rearrangement f* and
the radial increasing rearrangement f.. We refer to [I] (page 73) for a discussion
on this kind of rearrangements. Recall that f* depends on r only and it is non
increasing, f. depends on r only and it is non decreasing. We have

Lemma 3.7. If f,g € L?*(D) we have

/Df*g*de/ng de/Df*g*dx. (3.9)

Ifue HY (D), u >0 and u = 0 on r = R, then, uv* € H' (D), u* > 0 and u* = 0
on r = R. Furthermore,

/|Vu|2dx2/ |Vu* |2 d. (3.10)
D D

For a proof of the above lemma, we refer the reader to [I, pages 73-75],

Theorem 3.8. Let G be the class of rearrangements generated by a bounded func-
tion go defined in the c-sector D introduced in (3.8)). For g € G, let Ay be defined
as in (2.2) where Q =D and T is the portion of 0D with r = R. Then Ay > Ag-.

Proof. If A4 is the corresponding principal eigenvalue, using inequalities (3.9) and
(3.10) we find
\ - Ip [VugPda N [p VUi |*de - [p [Vug-|?da o

g Ipguide  — [ g*(up)?de = [, g*ul.dx g
Note that, since u, > 0 in D and it vanishes on I', also u; > 0 in D and vanishes
on I'. The theorem is proved. (]

In case the class G is generated by g9 = xg — xr, where E and F' are disjoint
subsets of D, we have g* = x; — Xz, where

E:{(T,Q)ED:TQSM}

FZ{(T,9)6D1T2ZR2—M}.
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Theorem 3.9. Let D be the a-sector defined in (3.8). Let G be the class of rear-
rangements generated by a function gy defined in D such that fD go(z)dz > 0. If
g €G, let D, C D be the a-sector such that po g«(x)dz = 0. Define g = 0 for

x € D,, and § = g« for D\ D,. Let A\, be defined as in (2.2) where Q = D and T’
is the portion of 0D with r = R. Then Ay < Aj.

Proof. Let ugy be a principal eigenfunction corresponding to g € G, and let ug be a
principal eigenfunction corresponding to g. We have

Ip VuglPdz [, |Vug|*da
)\g - 2d S gd .
Jp gugdz ngug z

On the other hand, the function ug satisfies the problem

(3.11)

—AUg = )\gg’u,g in D,

with v = 0 on I' and ug = 0 on the segments § = 0 and 0 = a. The solution uy is
radial and (since § = 0 for € D,) its derivative (with respect to r) is a constant in
(0, p). Since u’(0) = 0, this constant must be zero, and the function w; is a positive
constant in D,. Furthermore, since

—rug(r) = )\g/o tgugdt > 0,

ug(r) is decreasing on (0, R). It follows that

Ug = u;;, ug = (u?)*
Hence, since g.(r) is increasing, by the left hand side of (3.9)) we find
/ gugdm > / g*ugdx. (3.12)
D D

Furthermore, since ug is a constant in D, and since f p g«dxr =0, we have
P

/g*uédx:CZ/ g*dx—k/ g*ugdx:/ guzdx,
D D D\D, D

Therefore, by (3.12]) we find

/gu?,dmZ/ gugdx.
D D

The latter inequality and (3.11)) yield

Vug|?d
A < Ao Vsl ugl dr_
Ip guidz
The theorem is proved. O

In case the class G is generated by go = xg — xF with ENF = {, |E| > |F|, the
maximum of A4 is attained for § = xg, where G is the set

G:{(T,Q)ED:TZZRQ—M}.

«

If |E| < |F|, we have sup Ay = +o0.
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4. SYMMETRY BREAKING

Concerning the minimum, the symmetry of the data may not be inherited by
the solution.

Theorem 4.1. Let N =2 and Q = B, 412, the annulus of radii a, a + 2. Suppose
go = XE, where E is a measurable set contained in Q and such that |E| = 7p?,
0 < p< 1. Let G be the family of rearrangements of go. Consider the eigenvalue
problem (2.1) in Q with T' being the circle with radius a + 2. If a is large enough
then a minimizer of Ag in G cannot be radially symmetric with respect to the center
of Ba,at2-

Proof. Recall that

) Jo |Vw|?dx
Ag = inf {72,
fQ gw?dx
Let E = B, be a disc with radius p and such that its center z( lies on |z| = a + 1.
If g = xB,, the function z = (p® — | — x0|?)* vanishes on T', hence, if |z — | =7,
2
)\ < pr |Vz|*dx B f0p4r3dr _ 6
9= an 2de [Pr(p2—r2)2dr  p?
Note that this upper bound is independent of a.

Now suppose g = xg, with E radially symmetric with respect to the center of
By,at+2- With r = |z|, put g(z) = h(r) = xg,, E1 being the intersections of E
with a ray of B,ys. The corresponding eigenfunction is radially symmetric (by
uniqueness), and the inferior in (4.2)) can be taken over all v € H! . (the class of

rad

radially symmetric functions in H'(2)) with v(a + 2) = 0. We have
f;”z r(v")2dr
f;ﬁ rhv?dr

cH'(Q): w=0 on T, /ngzdx>0}. (4.1)

(4.2)

)\g:inf{ , vGHﬁad:v(a—i—Q):O}.

We find

f:+2r(v’)2dr> f:+2a(v’)2dr a faa+2(v’)2dr

[ 2 rh2dr ~ [ (a+ 2)ho2dr  a+2 [T pe2dr
The 1-measure of F; depends on the location of E, however we have

|E1] < Va2 +p?—a:=L

Note that ¢ — 0 as a — oo.
Using classical inequalities for decreasing rearrangements we find

Y i (o T Y U
f:+2hv2dr - f;+2 h* (v*)2dr f g* w2dt’
where w(t) = v*(r), t =r — (a+ 1), and

« _ JL Sl<t< -1+
7= 0, -1+/4<t<]l.
We have

a . f{f_ll(wl)gdt :

> in we HY(-1,1), w(l)=0{=——
a+2 filg*det }
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To find A = A4-, we look for a positive solution of the problem

o Az, —1<t<—-1+41¢,
S lo, —14e<t<,

with 2/(—=1) = z(1) = 0. We have

B cos(VA(t+1)), —1<t< -1+,
A —1) 1-l<t<],

where A, and A satisfy
cos(VAL) = A(2—1), VAsin(VAL) = A.
It follows that

VA tan(VAL) = %—6

Since £ — 0 as a — oo, the latter equation shows that we must have A — oo as
a — oo. Then, by 7 also A — oo as a — oo. The latter result together with
show that a minimizer § of g — A, cannot be symmetric for a large. The
proof is complete. ([

The situation is different for the maximizer. Indeed, since we have uniqueness
of the maximizer (for a class G generated by go = xg), we cannot have symmetry
breaking for any annulus.

As already remarked, the solution to the one—dimensional problem treated in
Subsection 3.1, also solves the bi-dimensional problem in the rectangle (0, L) x
(0,¢) with T being the portion of 9Q with 1 = L, and G being a class of rear-
rangements of functions g depending on x; only. Indeed, since the eigenfunctions
are independent of x5, the Neumann condition on 9 = 0 and on z9 = /¢ is trivially
satisfied. One may ask what happens if G is the entire family of rearrangements.
We prove that for large ¢ we have a sort of symmetry breaking.

Theorem 4.2. Let N =2 and Q = (0,L) x (0,¢), £ > L. Suppose go = X, where
E is a measurable set contained in 2 and such that |E| = mp?, 0 < p < L/2. Let G
be the family of rearrangements of go. Consider the eigenvalue problem (2.1) in 2
with T' being the portion of O with x1 = L. If £ is large enough then a minimizer
of Ag in G cannot be a set of the kind K x (0,¢).

Proof. In case of E = K x (0,¢), our problem is essentially one dimensional, which
we have treated in Subsection 3.1. The minimum of the eigenvalue (for this kind
of sets F) is attained when E = (0,7) x (0,¢), with 7 = ”7?2. By Example 1 (with
a=r71and B = L) it is clear that Ay — 0o as £ — co. On the other hand, if we take
E = B,, a ball with radius p, located in D far from 0D, the same computation
which leads to shows that Ap, is bounded independently of £. The statement
of the theorem follows. O
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