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EXISTENCE AND NONEXISTENCE OF SOLUTIONS TO
NONLINEAR GRADIENT ELLIPTIC SYSTEMS INVOLVING
(p(x),q(z))-LAPLACIAN OPERATORS

OUARDA SAIFIA, JEAN VELIN

ABSTRACT. In this article, we establish the existence of nontrivial solutions by
employing the fibering method introduced by Pohozaev. We also generalize the
well-known Pohozaev and Pucci-Serrin identities to a (p(z), g(x))-Laplacian
system. A nonexistence result for a such system is then proved.

1. INTRODUCTION

After the pioneer work by Kovacik and Rokosnik [31] concerning the LP(®)(Q)
and WLP(I)(Q) spaces, many researches have studied the variable exponent spaces.
We refer to [17] for the properties of such spaces and [8] 22] for the applications of
variable exponent on partial differential equations. In the recent years, problems
with p(z)-Laplacian have been applied to a large number of application in nonlinear
electrorheological fluids, elastic mechanics, image processing, and flow in porous
media (see for instance [II, 5], @] 10} 23] 32} [39] 48]).

In this article, we study the existence and non-existence of the weak solutions
for the following (p(x), ¢(x))-gradient elliptic system:

—Apyu = c(@)ulul*" ol Fin Q
—ADy(yv = c(@)vfo/"Hul*T in Q (1.1)

u=v=0 on§.

Here Q designates a bounded and open set in R, with a smooth boundary 99.
p,q : 2 — R are two measurable functions from  to [1,4+00), and ¢ is a function
with changing sign. Concerning the existence and nonexistence results for such
systems, we cite the work [6]. There the authors use the fibering method introduced
by Pohozeav. They obtained the existence of multiple solutions for a Dirichlet
problem associated with a quasilinear system involving a pair of (p, ¢)-Laplacian
operators. Recently, Velin [44] [45], employing the fibering method, proved the
existence of multiple positive solutions for a class of (p, ¢)-gradient elliptic systems

including systems like ([1.1)).
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Systems structured as (1.1]) have been investigated for instance in [43]. There
the authors presented some results dealing with existence and nonexistence of a
non-trivial solution (u,v) € W3 ?(Q) x Wy '%(2) of the system

—Apu = ulu|* [P in Q
—Agv =P u*Tt in Q (1.2)
u=v=0 onQ.

The authors have proved nonexistence results when 2 is a strictly starshaped open
domain in RY and

N-—p N—q
1)—— 1 >1. 1.3
(et D= =+ B+ )5 =2 (1.3)
On the other hand, under the assumptions
N — N — +1 1
@+ —L+(B+1) qu<1, O‘Tﬂgi;m (1.4)

some existence results have been obtained. In [I3], the authors deal with nonexis-
tence for an elliptic Dirichlet equation governed by the p(z)-Laplacian operator.

The article has the following structure. Section 2 is devoted to introduce some
notation and preliminaries needed for the framework of the paper. We also recall
some tools defined by the theory of variable exponents Lebesgue and Sobolev spaces.
Section 3 states the main results. In Section 4, following the ideas explained in [13],
we establish a Pohozaev-type identity for the system . By using this identity,
we deal with the non-existence results of non trivial solutions. In section 5, after
recalling the spirit of the fibering method, we show that admits at least one
weak non-trivial solution.

2. PRELIMINARIES

Let P(Q) denote the set {p;p : @ — [1,+00) is measurable }. © C R" is an
open set. Lp(””)(Q) designates the generalized Lebesgue space. Lp(””)(Q) consists of
all measurable functions u defined on  for which the p(x)-modular

,Op() /\u |p(””)dx

is finite. The Luxemberg norm on this space is defined as

llull, = inf{\ > 0; pp(, / | = ‘p @) e < 13,

Equipped with this norm, Lp(z)(Q) is a Banach space. Some basic results on the
generalized Lebesgue spaces can be find in [12] 19, 2T], 22| 26, 27, BT, B32] [33]. If
p(z) is constant, LP(*)(Q) is reduced to the standard Lebesgue space.

For any p € P(Q2) and m € N*, the generalized Sobolev space WP (Q) is
defined by

WmP(Q) = {u e LPO(Q) : D e LPY(Q) for all |a| < m},

[l p) = Z [D%ull oo () -

la|<m
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The pair (W20 (Q), ||- l|m.,p(.)) s a separable Banach space (reflexive if p~ > 1).
Wol’p(‘)(Q) denotes the closure of C§°(Q) in WP()(Q). On the generalized Sobolev
space, we refer to the works due to [16}, [I'7, (19} 20} 24}, 25] [31].

We define: p,q: Q — [1,+00) as two measurable functions.

For a given measurable function p :  — [1,+00), the conjugate function desig-
nated by

/ p(z)
p(z) = ——"—.
(@) p(z) -1

A function p : © — R is In-Holder continuous on Q (See [19]), provided that

there exists a constant L > 0 such that

Ip(z) - p(y)] < — =

1
——F——, forall Q |lz—y| <= 2.1
_ln‘x_y|7 or a x’ye ’|x y|72 ( )

p~ =minp(z), ¢ =ming(z),
zeQ e

pT =maxp(z), ¢"=maxq(r).
€N zeN

Forec:Q—1 cy(x) #0, c_(z) #0.

3. MAIN RESULTS

Let us now state the main results of this paper:

A non-existence result for the (p(z), ¢(z))-Laplacian system (1.1).

Theorem 3.1. Let Q be a bounded open set of RY , with boundary 0K of class C'.
Let p,q : Q — 1 functions of class Cx(Q)N C(Q), p~,q~ > 1, and ¢(.) € Cx(Q\C),
with meas(C) = 0. Assume that Q be a bounded domain of class C', starshaped
with respect to the origin; (p,q) € CE(Q)NC(Q); p~,q¢~ > 1; and (x - Vp) > 0,

(z,Ve(x)) <0 for any x in , (3.1)
N —p*t N —q*
(a+1) pr +(B+1) qu > 1. (3.2)

Then has not a nontrivial classical solution (u,v) € (C?(2) N C*(Q))? which
satisfies:
|Vu(z)| > P |Vo(z)| > /1™ gexeQ, (3.3)
and
/ o(@)[ul* o] dz > 0.
Q

An existence result for the (p(z), ¢(z))-Laplacian system (1.1)).

Theorem 3.2. Let Q be a bounded open set of RV, with boundary 0Q of class ct.
Let p,q: Q — % two functions of class Cx(2) N C(Q); p—,q— > 1. Assume that:

N — N —
(o + )= =+ (B4 )

L _a+l  [B+1
T T

<1, (3.4)

—1>0. (3.5)
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Then system (1.1) admits at least one nontrivial solution (u*,v*) € Wol’p(x)(Q) X
Wol’q(x)(Q). Moreover, one have
+
2" = 107

/ c(x)[ur|* T |PHde > 0.
)

"
,q(z)?

Remark 3.3. Let us remark that conditions and seem to generalize to
(p(z), q(z))— gradient elliptic systems conditions and well known when
(p,q)— gradient elliptic systems are considered. Obviously, conditions and
imply respectively

N-—p N —q
1< 1 1)————
<(a+1) Np- +(B+1) Ng—
N—p+ N—q+
1 1 1.
(a+1) Nyt +(B+1) N <

4. A POHOZAEV-TYPE IDENTITY FOR (p(z),q(z))-LAPLACIAN AND A
NONEXISTENCE RESULT

Consider the elliptic system with Dirichlet boundary condition:
—Apzyu = c(x)ulu/* " Ho|P* inQ
—Dy@)v = c(x)|ul* ot in Q
u=v=0 on )

where Q C IV is a bounded open set with a regular boundary 9%; p, ¢, ¢ are defined
as in the previous section.

0 ou
- 2 p(z)—2 7%
Ap(w)u 61‘1 (|VU| (9371)

Proposition 4.1. Let Q be a bounded open set of RN, with boundary 0Q of class
C*t. Assume that p,q : Q — I are two functions of class C5(Q)N C(Q); p~,q~ > 1;
c(.) € C5(Q\ C), with meas(C) =0 and

(x,Ve(x)) <0 for any x in Q.

For every classical solution (u,v) € C*(Q) N CY(Q) of (1.1, the following identity
holds:

04]‘\*; 1 : ;(i(x) |VulP@®) (z, v)do + ﬁ]—\Ff : 1 ;(Z()x) V0| ") (2, v)do
50 o0
a+1 [ ,N—p) B+1 [ N —qz)
= —ay)|Vu[P®dz + — a) V0|1 dz
N o ( p(x) 1)| | N ( q(x) 2>| |

1
+ | | =z Vp)(In |[Vu[P@®) —1)|VulP®
/Q[pQ(x)< p)(In [Vl )IVul

(z, V) (In | V|1 — 1)|w|q<w>}dx

J
- / (z, Ve |u|* TP da.
Q
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for all ay and ay € RY.

Before proving the proposition we present the following result generalizing
the variational identity of Pucci-Serrin [3§].

Proposition 4.2. Let ) be a bounded open set of RN with boundary 0K of class
Ct. Assume that p,q: Q — 1 are tow functions of class C5(Q)NC(Q); p~,q~ > 1;
c(-) € CH(Q\C), C C Q with meas(C) = 0. For every classical solution (u,v) €

(C’2(Q) N C’l(ﬁ))2 of problem (1.1] , the following equality holds

8[ (a(—k)1| @ 4 ﬂ(—i—)l

(a+1) ( + alu)|Vu|p(‘r
=(a+1)

[Vo[) — o) ul o]+

Qau

ov _o Ov
(ﬂ+1)( 5 +a20>|vv|q(x) 287
J

p(z N - q(sc) q(z

—a1]|vu| )+ (B + 1)[W — | [Vl
o (V)> O I [Fof?) = 1)l
+{(a+1)ar + (B+1)az — N}c(m)|u|“+1\v|ﬁ+1 — (2, V) ul*T oA

+ (In|Vu"® —1)|Vu[P) +

for all ay and as in R.
The proof of Proposition [£.2] can be established by a simple computation.
Proof of Proposition[{.1 In this proof, for any vectors in V2= (z)i= 1.,

y = (¥i)i=1,....N, the classical inner product zy is denoted z;y; and the notation

Zi]il is omitted. Let (u,v) € (C% N Cl(Q))2 be a classical solution of the problem
(1.1). According to the Proposition [4.2] (u,v) satisfies the identity (4.1)). Integrat-
ing by part over €2, we get

/8Q [(0;)(‘*‘)1|v ulP®) 4 ﬁ(—i_)l V|9 (x)‘“|a+1|v|ﬂ+l)

+ ayu)|Vul? (@)-

2 Ou

—(a—i—l)( oz,

ou
xja

v
_ a(z)—2
(B+ 1)(95Ja + azv) |Vl 8xl]udo

— (a+1)/9 (LM —a1)|Vu|p(””)dx

B p(z)

IRV N Cui CORRTTATENN (42)
Q q(z)

1
+ | | == (z - Vp)(In [VuP@® —1)|VulP®
/Q[pz(x)< ) (In [V )IVul

+ (z, V) (In | Vo|?@ — 1)|W|q<w>]dx

1
q? ()
n /Q {(a +1ay + (B + Das — N}c(x)|u\a+1|v|ﬁ+1dx

— / (z,Vc) |u|°‘"r1 |v|5+1dx,
Q
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where v is the unit outer normal to the boundary 02 Since u = 0 on 912, clearly it
follows that % = (Vuw)y; fori =1,...,N. Then, for x on 91, we can write

g Qv O
Jal‘j Bxi

\Vu|P(z)—2yi = xj[(Vu.u)z/j]gl‘Vu|p(z)—zyi
€T

ou Ju

85172 (3';1:Z

= |Vu|p(”” (x.v) on 9N

Using the relation (4.2) and the fact that u|sgg = 0 in the left hand side of this
relation, the statement of the Proposition 1] occurs. O

VP (2.

Remark 4.3. Before proving Proposition we note that the set of functions
¢ satisfying to hypothesis (3.1), is non-empty. Indeed, let z¢ be in 9Q such that
dist(0,0Q) = dist(0,zg). We set Ry = dist(0,012). Obviously, we remark that the
ball B(0, Ry) is contained in Q. We define the set 3 by Q1 = {z € ;0 < |Jz| <
Ry/2}. For instance, we define the function

@) —ell=l® if z € Oy
C\T) = 2
eIl if 2 € Q\ Q.

This function changes sign in 2 and we also have for any = € Q, (x, Ve(x)) < 0.
Moreover, ¢ € L> ().

Proof of Theorem[3.1 Suppose that there exists a nontrivial classical solution (u, v)
in C2(Q) N C*(Q) of the problem (L.I). So that, (u,v) satisfies the statement of
Proposition Since  C RY is strictly starshaped with respect to the origin, we
have z-v > 0 on 8(2 thus

1 1
ot IVulP® (2, v)do — ﬂi/ | VeI o <0,
N o0 p( ) )e) q
1 _p=-1 1 _ g@)-1
where 5y = S@ 0 W@ = @)

On other hand, choosing a; € I and as € I such that

(a-l—l) (ﬁ+1)N 1

and using the relations (3.2)), (3.3] 7 we obtain
a+1 1—p(x) B+1 1—g(z)

\VulP@ (2, v)do + |Vo|1®) (z, v)do

N oo P(T) N oo q(x)
_ a+1 N —p(l’) p(x) ﬂ +1 N — q(x) q(z)
N g ( p(z) a1>|Vu| et N Ja ( q(x) a2) Vel dz

+ /Q {(a + Day + (B8+ 1)as — N}c(x)\u|a+l|v|ﬁ+1dx

—/<m,vc>|u|a+1\u\ﬁ+1dx
Q

N —pt N-—gt
> (a+1) Nf /Q|Vu|p(g”)dx+(ﬁ+l) qu /Q\vmq@dx

_ a1 (%) 3 _ %/ a(x)
(a+1)N/Q|vu| do= 3+ )% [ [volas
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+/ [(a+ Day + (6 + Daz — Ne(@)[u] o]+ da
Q

— / (x, Vc>|u|0‘+1 \v\ﬁ+1dx
Q

+ ay

—(a+1)—=

> (o ) (g “

Np + Nq +
~ B+ / \u|a+1|v|ﬂ+1dx

1 / (@)l o] da

{(a+1)N

o IR

— / (2, Ve ul|* TP d.
Q

Now we remark that any solution (u,v) of (|L.1)) satisfies

/C(w)IUIa“IvIB*ldx:/ |Vu\p(””)dx:/ Vo] 7®) dz
Q Q Q

So from the hypothesis (3.1)), the right-hand side is positive. A contradiction occurs,
then the proof is complete. [l

5. EXISTENCE RESULTS VIA THE FIBERING METHOD

Throughout this section, € denotes a bounded open set in RY. The general-
ized Sobolev spaces Wol’p(z)(Q) and Wol’q(w)(Q) are equipped with the Luxembourg
norm Hu||W1,p<z)(Q) and Hu||W1,q<m)(Q) respectively. For a best reading, we denote

0

as ||uHW = [Jul|l1,p(z) and ||uHW01,q(m>(Q) = |Jull1,q(z)- Before starting this

1,p(z)
(@)
section, we need to make some crucial remarks for the understanding of this article.

Remark 5.1. Assuming that

N —p~ N —q~
1 1 <1
(+)N7+(ﬂ+)N__
We can establish that the term [, c(x)]z|*™!|w|?*1dx is well defined. Indeed, since

the functional ¢ is bounded in €, it suffices to verify that |z|**!|w|?*! belongs in
L'(©Q). This fact derives to the condition 0%1 + % > 1 and so ";}—tl + % > 1.
So, there exists a pair (p, §) such that (1)

Np
- 1
S A (5.1)
Ngq
- <g 2
i<y - (5.2)

@ 4=

Remark 5.2. Since J\J,Vpi < I\],sz()z) and Nf;, < I\][Vqéz;)), the assumption (o +

1) ]\]fv;p__ +(B+1)F N q < 1 implies that for any # € €, inequalities (5.1)) and (5.2)
become

p-<p<
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. Ngq(x)
g— < § < ————.
N —q(x)

In particular, the imbeddings Wy ?™ (Q) — LP(Q) and W™ (Q) — Li(Q) are
continuous. Consequently, employing the Holder inequality, the above estimate is
fulfilled:

[e% [e% 1 o +1
| / D)ol d| < llell ey 0l iy 10128ty < Cstllull e, IwITh)-
Remark 5.3. (1) Under assumption (3.5)), we have
1 1
ot éi——1>0 (5.3)
p q-

(2) When ¢(z) and p(z) are constant, (3.5) and (5.3)) are reduced to the well-

known condition

a+1 +1
hy
p q

1<

5.1. Notation and hypotheses.

Notation. Xo(x) denotes VVO1 p(x)(ﬂ) X Wol’q(x)(Q).
For any (z,w) € Xo(x), we set

‘/|VzP@ zxw):1/|wa@hm

C(z,w):/c(m)|z\a+1|w|5+1dx.
Q

s_otl B4l adl B4l

- — 7 ==
p q p q
J designates the functional from Xy(z) to R and defined by

u,v) = (« L ulP®) dg L 0|4 dy — C(u, v)dz
J(u,v) = ( Jrl)/gp(ﬂc)v [Pt d +(ﬂ+1)/ﬂq(x)|v |7 dx — C(u,v)dz. (5.5)

Following remarks [5.11{5.2] the functional J is well defined from X (z) to L.

Hypotheses.
1<at, (5.6)
(p,q) € (P(Q)U C(ﬁ))2 satisfies (2-1)). (5.7)
Moreover, assume that
1<p <pT <400, 1<q <qF < 4oo. (5.8)

Definition of a weak solution for (I.1)).

Definition 5.4. A pair (u,v) € Xo(x) is a weak solution of (1.1]) if for any (¢,v) €
XO (CB)

/|Vu|p("”)*2VuV¢dx:/c(x)u|u|a*1|v|ﬁ+1u¢dx,
Q Q

/|Vv|q<w)*2VvV1bdm:/c(m)\u|a+1v|v|ﬁ*1m/1dx.
Q Q
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Fibering Method for quasilinear systems. Pohozaev introduced the fibering
method in [34] (see also [36] [37]). For more details about various applications, we
refer the reader to |2, 3] 4, 6] [7 [14], 28] 291 40, [41} 46], 47]). The fibering method
applied to this problem consists in seeking the the pair (u,v) € X in the form

u=rz, vV=pw (5.9)
where the functions z and w belong to W™ (Q)\ {0} and W, (Q) \ {0} re-

spectively, where r and p are real numbers. Moreover, since we look for nontrivial
solutions (i.e: u # 0, v # 0), we must assume that r # 0 and p # 0. The fibering
method ensures the existence. However, compared to other well known methods,

we obtain the specific form (5.9)).

Remark 5.5. In [6], the authors applied the fibering method to obtain the existence
of multiple solutions for a problem like when the exponents p(z) and ¢(z) are
constant. In their studies, we note that the fibering parameters r and p depending
on z and w verify r? = p? for (z,w) such that A(z) =1 and B(z) =1 for instance.
Inspired by this point of view, here we propose to seek a couple (u,v) = (rz, pw),
with 7 = t1/?" and p = /7" for t > 0.

Existence of a fibering parameter t(z, w) Exibtence and properties: Since
g‘i (u,v) and a‘] *(u,v) exist, a weak solution of (L.1] corresponds to a critical point
of the energy functlonal J associated to the system . Hence, assuming that
(u,v) € Xo(z) is a critical point of J, (u,v) satisfies (J(u v), gg (u,v)) = (0,0).
So according to remark [5.5 a fibering parameter ¢(z,w) associated to (z,w) is

characterized as

ZJ (£/7" 2, /9 w) = 0. (5.10)

More precisely, t(z,w) is defined by the following Proposition.

Proposition 5.6. Let (z,w) be fizred in Xo(x) such that C(z,w) > 0.

(1) Assuming @, there is t(z,w) € RY depending on (z,w) such that
a+1 5 +1
Pt

a(x) +
/t(z w) G |V2|P(®) dz: —l— /t(z,w) T V2|1 dz = t(z,w)" C(z,w).
Q Q

(5.11)
(2) Location of t(z,w): for t(z,w) > 1 (respectively, t(z,w) < 1) if Q(z,w) > 1
(respectively Q(z,w) < 1), for any (z,w) such that C(z,w) > 0, we have

ptf;{r o V2 [P@) dg + qffj;i o |Vz|9(®) dg

Qzw) = C(z,w)
Moreover, the following two estimates hold: (a) If 0 < t(z,w) < 1, then
Q(z,w)1/7+_1 <t(z,w) < Q(z,w)”'ﬁ (5.12)
(b) If 1 > t(z,w), then
Q(z,w)l/'fr <t(z,w) < Q(z,w)l/'ﬁ*l. (5.13)

Proof. We divide the proof in three steps
Step 1: Existence of ¢(z,w). Using the definition of J (see (5.5)), solving ([5.10)
is equivalent to solving the equation

1 1
a+—|—+/ |Vz|p($)d + b+ /t o |V2|1®) dy =" C(z,w).
pTy tyt
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To do this, consider a function f defined on [0, +o0| by

- a+1 p(x) B+1 a(z) +
ft) = /tp+ Vz[P@ da + /tq+ V2| "D dg — 7 C(z,w).
()= [ 579 e RO (2,0)
Choosing 0 < t < 1, it follows that
1Q(zw) =7 70z, w) < f(1). (5.14)
Now, for 1 < t, we obtain
Ft) <Q(z,w) — 7 1C(z,w). (5.15)
Consequerltly, on one side we have lim;_,g f (t) > 0, and on the other side we have
lim;, o0 f(t) = —00. So, using the Mean Value ~Theorem, we deduce that there
exists t(z,w) € R% depending on z, w such that f(¢(z,w)) = 0. Moreover, t(z,w)
obeys to (b.11)).

Step 2: Location of ¢(z, w). We distinguish the cases Q(z,w) < 1 and Q(z,w) >
1.

(a) Assume that Q(z,w) < 1, it follows that 0 < ¢(z,w) < 1. Arguing by
opposite, if the assert 1 < #(z,w) holds, then from (5.15)), we obtain t(z,w) <
Q(z,w). So, Q(z,w) is greater than 1. This is contradicts the hypothesis Q(z, w) <
1.

(b) Conversely, assuming Q(z,w) > 1, from (5.14]), we get ¢(z,w) > 1.

From (5.11]) and the hypothesis (5.6)), it is easy to deduce that for any (z, w) fixed
in Xo(x) such that C(z,w) > 0, the location of the fibering parameter ¢t(z,w). O

Lemma 5.7. Assume (5.6)). Let (z,w) in Xo(z) \ {(0,0)} and t(z,w) defined as
in (5.11). The function (z,w) — t(z,w) is C* on Xo(z) \ {(0,0)}.

Proof. From (5.11)), we consider on the open set Xo(x) \ {(0,0)} x (]0, 1[U]1, 4+00])
of Xo(x) x I, the functional n defined as follows:

a+1 p@) -+ 6+1 al@) _+ (x)
n(z,w,t) = /thr VP dz + /tq+ Vuw|"dx — C(z,w).
( ) el V2| o [V (2, w)
Obviously, we note that n(z, w, t(z,w)) = 0 and %(z,w,t(z,w)) < 0. We used the
implicit function theorem for the function . Then (z,w) — t(z,w) is C! function
on Xo(z) \ {(0,0)}. 0

A new definition for the enegy functional J derived from Proposition [5.6
and Lemma On Xo(z) \ {(0,0)}, we define the function

a+1 (=) 6+1 a(@)
J(z,w) :/ ——t(z,w) »T |Vz\p(z)dx+/ otz w) oF |Vw|!® de
o p(z) o (@)

—t(z, w)7+C(z, w).

(5.16)

5.2. A conditional critical point of J. We start by giving some lemmas.

Lemma 5.8. Let (20, wg) € Xo(x) \ {(0,0)} such that C(zp,wo) # 0. Then, there
exists Zy € Wol’p(z)(Q) \ {0} satisfying C(Zy, wo) > 0.
Proof. We fix (29, wp) € Xo(z)\ {(0,0)} for which C(zg,wp) # 0. Then distinguish

two cases: (1) C(zp,wp) > 0. Then, the assertion of Lemma holds by taking
ZO = Z0-
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(2) If C(z0,wp) < 0. In this context, we note that

/ ey ()| 20| Hwo [P da < / c— ()| 20| Hwo| P+ da.
Q Q
Assuming that ¢4 () > 0 and c¢_(z) > 0, we put

Zoy = zo Xins0y = €20 Xin<oy

and

0<é< [ f{c>0} hey ()] 20| wo |7 da }1/0¢+1
5
Jre<oy = (@)|20]*F w1 [P dz + 1

From easy calculations, it follows that [, c(x)|Zo|*"!wo|?**dx > 0. The proof is
complete. O

Consequently, we define the set
E={(zw)€ X;/ |Vz|P@de =1, / |Vw|1®dz = 1}. (5.17)
Q Q

It is obvious that F is a nonempty set (see [19, BI]). We then have the next lemma.
Lemma 5.9. The set {(z,w) € E;C(z,w) > 0} is nonempty.

Proof. Let (zg,wp) be in Xo(z) \ {(0,0)} such that C(z,wp) # 0. According to
the lemma [5.8] there is (Z,wq) € Xo(x) \ {(0,0)} such that C(Z,wp) > 0. The
assert of the lemma is holds if for instance (Z,wg) € E. Now, assume that (Z, wp)
is not in E. Assume that for instance [, [VZ[P@dz > 1 and [, [Vwo|?®dz < 1.
Applying the mean value theorem to the functions t — 1 — [, [VtZ |P(*)dg: and
s = [o|Vswo|?"®dz — 1, we get a pair (t,,s,) €]0,1[x]1, 400 such that

/ |Vt,Z[P@dy =1 :/ |V s4w0| 7 d.
Q Q

Moreover, since C(Z,wp) > 0, we also have C(t,Z, sqwo) > 0. The proof is com-
plete. O

Proposition 5.10. Let the functional J be defined by (5.16), and let (z,w) be in
E. Under hypothesis (5.6)—(5.8), the following estimates hold:

v~ —1
min(%,%)’
C(z,w)  rF’a
+ 1 -
T < J(nw) <
C(z, w)™" 7 0F)

Proof. Estimates (5.12)) and (5.13)) imply the following lower and upper bounds for
the functional J(z,w). Indeed: (1) Consider t(z,w) > 1: after combining (5.16)
and (5.11]), it follows that

J(z,w)

1 1 p(z)
= a+1/ —_— = t(z,w) »T |V2|P@dz
( ) Q(p(af) p+7+)( )7 VA

T+ 1)/9 (q(z) qgtyt

—-1<J(z,w) < if e(z,w) > 1,

C(z,w)t/r" -1

-1, dfe(z,w) <1
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+
-1 (2)
> p
> [(a+1) == /Q|v2| da
—I—(ﬁ—i—l)’ﬁ -1 / |Vw|q(1)dx}t(z w)min(%’%)
et Jo ’

a+1 6"‘ min(2, %)
> p(z) q(z) pT T/,
> (55 [ 1o+ 22 [ (vl @] 67 - QG w)

The functional J(z,w) is bounded as follows:

J(z,w) St(z,w)[a—tl / |Vz|p(r)dm+%/ \Vw\q(z)dx} —t(z,w)WC’(z,w)
Q Q

<[5 [ 19a@de 4 21 [ vuiiae] Qe w)
a +1 - ﬂ +1 .
_ p+fy+ / IVz |p( / |Vw |q( )da:]
(2) Now, consider t(z,w) < 1:
J(z,w)

Zt(%w)[ap—i_l/ V2P dae +ﬁ+ /|V |Q(x)dm} —t(z,w)” C(z,w)

> [at1/|Vz|p($)dm+ﬂi/ |Vaw|?(® dac}Q(z,w)l/V -1
b

a+1
_ p(x)
p+7+/\V| dx

Also we have
F(ew) = (a+1) | |
++) 0 (Q(x) Syt
< [(a+1)(p —p+17+)/Q|Vz|p(””)dx

(I)dx} t(z, w)mi“(%’fﬁ)

1 T
< [(a+ (=~ p+7+)/ﬂ|vz|1’< )dz

) [ 190tz e,y .
Q

|q(af dx

a(@)
Jt(z,w) o |Vw|?®) da:

¢ gtyt
We choose (z,w) € E, then Q(z,w) is reduced to become Q(z,w) = C(Z 7y~ Thus,
the assert of the Proposition follows. ([l

Consider the optimal problem
inf 1
in .
{(z,w)EE; c(z,w)>0} C(Z, w)

(5.18)

We claim that the infimum value is attained in E. To assert this claim, we need
the following lemma.
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Lemma 5.11. Under assumption (5.7), the optimal problem (5.18]) possesses at
least one solution.

Proof. Solving (5.18) is equivalent to solving the maximizing problem:
sup{/ c(x)|z|*THw|P T dz; (2,w) € E, C(z,w) > 0} =M. (5.19)
Q

Firstly, from Remarks[5.1]and [5.2] we observe that M is finite. Indeed, from the end
of Remark [5.2and the use of [19] or [31], for any (z,w) € E, 0 < C(z,w) < |c[s K,
(the constants ||c|| and K are not depending on (z,w)). We follow the ideas of
[6] and we show that there exists (zpr,wps) € E such that C(z,w) < C(znm, war)
for any (z,w) € E.

Let (2, wy) be a maximizing sequence of (i.e (2, wy,) is such that A(z,) =
1, B(wp)=1and C(z,,w,) — M > 0). It is easy to see that (z,,w,) is bounded
in Xo(x). It follows that z, — Z weakly in Wol'p(x)(Q) and z, — Z strongly in
LP(2). Similarly, w, — W weakly in Wol'q(m)(ﬂ) and z, — Z strongly in Li(Q).
Consequently

C(zn, wy) — C(z, ).

Moreover, since z — [, |V2[P(®)dz is a semimodular in the sense of [12, Definition
2.1.1], applying [12, Theorem 2.2.8]), we obtain that p(x)- and g(x)-modular func-
tions p,(-) and p,(-) are weakly lower semicontinuous. So, since z, — Z weakly in

Wy (Q), we deduce that
/ (Vz|P®) da < liminf/ V2, [P@ de =1
Q nJa

and
/ Vw7 dz < liminf/ Vi, |7®) da = 1.
Q nJo
Now assume by contradiction that [, [Vz[P®) dz < 1 and [, [V@[P(*) dz < 1. Then
we have || 2|1 ) < 1 and |0y p) < 1. We set
a=|Zll1p@ = IVZllLre, b= [0]1g@) = VOl

Using again the properties of the functions p, and pg, it follows that

1 1
po(19G2)) = [ VG2 de =1
a Q a
and
1 1 q(z)
pa(VG)) = [ V(@) de = 1.
Q
Obviously, we see that %2, 1D) € E. On the other hand,

1
b
1 %wn) — C(éi, %u’)) as n — +oo.

However, we remark that
1_1_ Liat1, 1ig+1 ., 1ia+1,1\p+1
C(=z50) = ()" (3)7 ClEo) = (-)" ()7 M.

Since a < 1 and b < 1, we obtain C(%Z, %w) > M. A contradiction occurs. O
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Consequently, combining Proposition [5.10] and Lemma we deduce that
J(z,w)

inf
{(z,w)€E; C(2,w)>0}

exists. In the next section, we will show that the infimum of the functional 7 (z, w)
is attained on E.

Existence result for the optimal problem ([5.18]). We are looking for (z,w) € E
satisfying

inf 7 (z,w) : A(z) =1, B(w) = 1. (5.20)
To investigate (5.20]), we give some lemmas and remarks.
Lemma 5.12. Let E be the set defined as in (5.17)). Assume that the functions p
and q satisfy hypothesis (5.7). Then, for any (z,w) € Xo(z), there exit 6(z) > 0

and O(w) > 0 such that
1 1

(mz, mw) SO

Proof. For any fixed z in Wol’p(x)(ﬂ) \ {0}, we define a function f on ]0, +o0[ by

1
£8) = [ GPOIvada 1.
Q
For any 6 > 1, we have

1 1. -
(f)“/ |Vz[P@de — 1 < f(2,6) < (Z)P / V2|P@dz — 1.
0" Ja 6" Jo

Now, taking § < 1, we obtain

Loy 1
(5)" /\Vzl”<”>dw—1§f(z,5)g(f)f/ V2P dz — 1.
g Q ) Q

It follows from the above inequality that
e for § large enough, f(z,0) — —1 as § — +o0,
e for ¢ small enough, f(z,§) — +o0 as § — 0.

By applying the Mean Value Theorem, we conclude that there exists 0, €]0,4o00[
such that

1
/ 5P@) |Vz|p(“’)dm =1
Q 0z

Similarly, we can prove that, there exists 6,, > 0 such that:

/ eqt;) |Vw|q(m)dx =1
Q

w

The proof is complete. O

Lemma 5.13. Let (z,w) € Xo(x) be fixzed. The functions z +— 06(z) defined in
Lemmapossess C*-regularity respectively from U, s. to 1 and V,, 9, to 1. Here,

U, s, is a neighborhood of (z,0,) lying on the open setU = Wol’p(I)(Q)\{O}X]O7 +oo|
and Vy 0, is a neighborhood of (w,0,) lying on the open set V = Wol’q(r)(Q) \
{0}x]0, +o00[.
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Proof. After making a simple computation, it is easily to see that
af 1 1 ()
%(2»5) 7 /Qp(m)mwzl dx.
Replacing é by §,, we have
of P
%(2,6z)| > 5 > 0.

Hence, the implicit function theorem implies that there exist a neighborhood of
(2,65), Uy 5. CU and a function of class C! : 2 — §(2) from U, 5, to L. Particularly,

for all z in Wol’Q(‘r) (Q), we have

0(2) = —D 2 (5.21)

Since we have
1
65(95)

0
a—ﬁ(z,az)-gb: /Q p(@) == V2|2V - Vida,

the definition ((5.21)) then becomes
p(x) = |V2|P*) =2V 2 . Vda
Q 51’( )

§(2) ¢ = iy pr(x)gﬁsz)dx (5.22)
In the same way, we have
0 (w) - — Jo @) G Vul" Ve - Vyde 523
%w Jo q(m)%ﬁ|Vw|‘I(x)dx.
d

Remark 5.14. We introduce the functional J defined on Wol’p(x) X Wol’q(z) x I by
J(z,w,t) = TP 2 417 ), (5.24)

Thus, for any (z,w) € Xo(x) \ {(0,0)} and ¢(z,w) given by (5.11f), this definition
implies that
J(z,w,t(z,w)) = T(z,w) (5.25)
where the functional J is given by (5.16).
Lemma 5.15. Let (z,,w,) € E be a minimizing sequence of (5.20)), the sequence
(Un, vp) with
Up = t(Zn, wn)l/p+ Zn, Un = t(Zn, wn)l/q+wn
is then a Palais-Smale sequence for the functional J. i.e.,
J(tn,vn) <m, (5.26)
J' (U, vn) — 0, in the meaning of the norm || - || xy (a)- (5.27)
Proof. We follow the ideas of [3]. For a best understanding, some of the notation

used here remain unchanged. Generalizing [3], we define  : WO1 P (m)(ﬂ) \ {0} =1
by

7(2) = (m(2), ma(2)) = (3(2), %)
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and 7 : Wol’q(x)(Q) \ {0} — T by
() = (n(w), nw) = (0w), 5os).
Before continuing, let us designate by T(; ,,)F the tangent space to E. Denote
By ={z € Wy""(Q); A(z) = 1)

(respectively, B, = {w € Wol’qm(Q);B(z) = 1}), hence, it is clear that T, ,)E =
T.E, x T,,E,. Moreover, for any (z,w) € Xo(x), for any (®, V) € T(; ., FE, we have
J (z,w)(®, V) = %(z,w,t(z,w))(@) + S—g}(z,w,t(z,w))(\lf).

Now, we consider a minimizing sequence (z,,w,) € E. For any (¢,¢) € Xo(x), it

is obvious that (75 (zn) - @, To(wn) - ¥) € T2 w) E.
From the above, setting B, = (zp, Wn, t(zn, wy)) and following the spirit of the
proof of the [3| Lemma 3.1], we have:

o3 oJ ,
s t0)(6) = G Bw0) )
0J 03 )
g (ms 0)(6) = G (Bu)rhan) -0,
T e ) (s (2n) - 6, 7)) = O (Ba)(wh(zn) - 6) + o (B (7h(wn) - ).

Then, since
, o 01
J (Un; vn)(¢, ¢) ~ ou (una vn)(QS) + o ('U,n, 'Un)('ll))
for any (¢, 1) € Xo(z), it follows that
I (n,vn)(8,9) = T (20, wn ) (3(20) - &, 75 (wn) - ).
However, applying the Ekeland variational principle, we have
1
[T (20, wn) (ma(z0) - & Ta(wa) - )| < —l(my(20) - 6 Ta(wn) - )l xo ),
for all (¢,¢) € Xo(z). Therefore,

3 Ctns 0) - (&, 8)] < (o) - 6,7 (wn) ) o, (6,) € Xofe).

The space Xo(2) is equipped with the cartesian norm ||| x, (@) = II*[l1,p) + I 1 1,q(2)-
Then the following estimate holds

13/ 0n) - 3,9)] < (b zn) - Bl gy + 7 0n) - D)lagie)- (5:28)

To simplify notation, we set 8, = & (zn). So, from the definition of 72, we check
that

1 (z)—2 .
Zn P\T) = Vizp|P Vzn, V(j)dx
Wé(zn)'ﬁb:i— fﬂl( )5n<>| 1| -
On 5n pr(x)W‘vzn‘p dx
Thus,
201 p()| Jo P(2) 5527 |V 20 [P =2V 2, - Vgda|
||71-é(zn) . ¢||1,p(x) < ||¢||~1,p(x) n p(z)l JO 57

5 L Jorl@) 2 Ve @ ds
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oot Moo gho 1957925, Vo
=75 Jo 2@ VP d

Particularly, applying successively the Holder inequality for p(x)-Lebesgue space
[30, 311, 9], we find

p(w)—2
Va2 95 Vo,

|V 2, [P(@) 1 91l1,p(2)

[ o) k <pi VBT
p(z)—2 p(x)—1 ey
Q Zn On n oP LP@-1(Q) Oy (5.29)
_ it 1ellpe)
on
D) o IV aal @ 2 97 [ 5 V2P 2 (5.30)
o @ gp@lnT =V o @ = ~
The above remarks allow us to obtain the new estimate:
P+ 191 p(a
o) Ol ey < (14 25) 11202,

From the properties on the spaces LP(*)(Q) and W'P(*)(Q) spaces (see for instance
19]), and because |Vza |7 dr =1 and Vz, [P®dx = 1, we have ||z |1 p(z) =
Q Q p(z)

gz(r)
5, = 1. Therefore

+
p
75 (2n) - Bll1,pa) < (14 F)H(z)“l,p(ﬂc)‘

Similarly,

+
q
175 (wn) - ¥ll1g@) < (1+ qi)||¢||1,q(x)~
Taking into account the estimate ([5.28]), we conclude that
. 12 _
(3, 00) x5 o) = 0.
This completes the proof. ([l

Lemma 5.16. Assume that (5.6 holds. Let (zp,wy) be a minimizing sequence of
J on the manifold E. The sequence (t,,v,) = (t(zn,wn)l/’ﬁzn,t(zn,wn)l/q+wn)
is bounded in Xo(x).

Proof. Since u,, = t(zn,wn)l/ﬁzn, Up = t(zn, wn)l/‘ﬁwn7 by the characterization

(5.11]), it follows that
/ \vun|p<f>dx+/ |vun|q<f>dx—2/ (@) |un [ on [Pz = 0. (5.31)
Q Q Q

On the other hand, because (2, w,) is a minimizing sequence for inf (. ,,)cg J (2, w),
we have

mS(a—l—l)/ﬂL

p(z) L
) |V, [P dx+ (8+ 1)/Q

1
) [V, |9® da — C(uy, vp) < m+ e
(5.32)

p(z q(z

Combining (|5.31]) and ([5.32]), one concludes that

a+1 . B+1 1
m §/ —1)|Vu, p(”“)dx—i—/ D) Vu,|"®de + C(up, vy) < m~+ —.
o oty DIV | Gy ~ IV (nson) <0t
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Recall that

/\vum(@dm:/ |wn|q<f>dx=/c(x)|un\a+1|vn|ﬁ+1dx,
Q Q Q

hence
1 1 1
mg/ ot \Vun|p("”)d:v+/ (&71)|V1}n|qw)dx<m+f.
o p(x) o a(z) n
After making some easy calculations, we obtain

1
/|Vun|p(z)dx< Wi—i_ .
Q -1

Arguing similarly, we find that

1
a(@) g m+
[ vl < B

We have proved that the sequence is bounded in Xy (z). |

Lemma 5.17. Under hypothesis (5.7), problem (5.20)) possesses at least one solu-
tion.

Proof. We divide the proof in three steps.

Step 1: Weak convergence of w, and v,. Let (z,,w,) € E be a minimiz-
ing sequence. From Lemma it is known that lim, 4. J(up,v,) = m and
limy,— 400 |7 (tn, vn) || x5 (2) = 0 and that (un,vy)is bounded in Xo(z). Extracting
if necessary to a subsequence, there exists a pair (u*,v*) in Xo(z) such that

Up, = u* in Wg'p(w)((l),
v, = v* in I/Vol'q(x)(Q).

Step 2: Strong convergence of u, and v, in Wol’p(m) (Q) (resp. Wol"(I(z)(Q)). To
do this, we establish that w, and v, are two Cauchy sequences. Firstly, easy
calculations ensure that for any m € N and [ € N,

[J (s Vi) — I (wr, v) ] (t, — g, 0)

=(a+1) / (| Vi |P® 2V 0y, — [V |P® =2V 0) (Vi — w)da
Q

—(a+ 1)/ c(z) Uvm|(5+1|um\a_1um — |Ul\(ﬁ+1\ul\0‘_1ul] (U — uy)dz.
Q
Thus, after making a suitable rearrangement, we obtain

/(\Vum|p(‘r)72Vum - \Vul|p(x)72Vul)(Vum —w)dx
Q

1
= a+1 [J/(’U;m,’l}m) - J/(Ul,’l}l)] (um - U/l,o)dl'

b [ el e = o ] )
Q
We claim that

/ c(x) Uvm|(5+1\um|“_1um - |vl\(ﬁ+1\ul\a_1ul] (U —ug)dz — 0, (5.33)
Q
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as m,l — +o0o. Indeed in view of (5.33) and according to Remarks[5.1]and [5.2] (the
notation used remains the same), we observe that

|/ |U |B+1|U | “ly Um, — |Ul|ﬂ+1|ul|a_lul](um —ul)dx|
< [ el il + [ @l —
Q Q
(5.34)
1
< Nelloolom 1y It 155 gy s — w55y
B+1

+llelloollvillzaoy lwll s @) lum = wlls @)

< Cllum — wllLoo)

Before continuing, we recall a fundamental convergence property. It is well known
that the imbedding W1 p(z)(Q) — L3@)(Q) (resp W1 q($)(Q) — LY®@)(Q)) with

0(z) < J\J,V_pﬁi) (resp. y(x) < A][V_q;z)) is compact (see [19]).

Choose y(x) = p, it follows that u,, converges strongly to u* in LP(£2) and so on,
uy, is a Cauchy sequence in sense of the LP(€2) norm. Consequently, ([5.34]) occurs.
Furthermore, following [30], there exist constants C7, Ca, C3, Cy such that

Cr ||t — w3 p(z) if 1 <p(z) <2,

Ca ||t 2p“/p“, f1< <2,
(F(Vim) = F(Tu), g — ) 2 § A~ il AL <200 )

Csllum — wlly if 2 > p(x),

Coyl|tm — ul||11)71pr‘&z), if 2 > p(x),

where F(&) = |¢[P(®)=2¢ for all £ € TV; py ; = infzeq, p(z) and p1,; = sup,eq, p(2)
for j=1,2, % ={z el <px)<2};and Qo ={z€Q; 2>p)}.

Then, from (5.27), (5.33)) and (5.35), we conclude that u, converges strongly to

ux in WO1 P (x)(Q). Similar argues allow to prove that the sequence v, converges to
v* strongly in W) (Q).
Step 3: (u*,v*) is a solution of involving a fibering decomposition. We show
that u* = 7z and v* = pw involve a solution of via the fibering method. Let
us recall that Z and w are respectively the weak limit of z, and w,, is the weak limit
of wy,. The sequence t, = t(z,,w,) is defined as in . To simplify notation,
we set 1, = 711/ Pt and p, = t}/ a Moreover, using and , by extracting
subsequences, if necessary, we can assume that t,, converges in I. We designate as
t = lim, oo tn. So, it follows r, — /7" and Pn — #1/4" when n tends to +oo.
We set 7 = £1/?" and p = £1/7".

Because of the formulation

1 1, 1

Eun —cut = ﬁ[(f —rp)u* + 7 (up — u')],

and the convergence results announced above, it is clear that

|[— — —llip@ — 0, asn tends to + oco.
r 7

In other words, since ¥ = z,, we deduce that z, converges strongly to “7 in
WOLP(QC)(Q).
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Thus, since z, converges weakly to Z in VVO1 P (x)(Q), we deduce from above and
also from uniqueness z = %-. On the other hand

T

w1 pay < limninf tn |1, pezy < limsup |[un 1, p(e)-
n

So

12l p(z) T < hmninf nll1,pe) < limsup [[un 1 pe)
n

thus

||2||1’p($)7“ < lirr%infrnHan < lim sup Hun”l’p(x).
v n

Since HZnHl’p(aj) =1and ||un||1,p(:r) < Hun - U*Hl,p(a:) + ||U*||1,P(w)’
we obtain

Lp(x)"

thus after dividing by 7 > 0, it occurs [|Z][; p(z) = 1. In the same manner, we obtain
|01 qzy = 1. We can conclude that (Z,w) is solution of the conditional problem
(5.20). Furthermore, since ||Z||1 pz) = [|0]l1,4) = 1, using [19], we deduce the
second part of the Theorem [3:2] The proof is complete. ([

1Zll1p@)T <7 < |2

The material needed to prove Theorem is complete. Next, we establish that
the boundary value problem (|1.1)) admits at least one solution.

5.3. Proof of Theorem Existence of a critical point for J.

Proof. The previous lemmas imply that (Z, @) is a conditional critical point for J.
From the Euler-Lagrange characterization, we deduce that there is a pair (my, ms)
in 12 such that for any (h, k) € Xo(z),

VIzZ, ) (h,k) =m1VA(Z,©) - (h, k) + meVB(z,w) - (h, k). (5.36)
In (5.36)), we choose h = z, k = w, we obtain
J'(z,w)(z,w) = 0. (5.37)

Combining (|5.36)) and (5.37]), we obtain

Here, AM), B (resp. A®) and B®)) denote the first derivatives with respect to z
(resp. w). Note taht

AW (z,0) B (2, Cim

It follows that m; = mg = 0. Consequently, J'(z,@w) = 0, or again,
J (rz, pw) =0

Finally, we can conclude that (u*,v*) = (Tz, pw) is a critical point of J. ([l
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