Electronic Journal of Differential Equations, Vol. 2014 (2014), No. 167, pp. 1-26.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

LIPSCHITZ STABILITY FOR LINEAR PARABOLIC SYSTEMS
WITH INTERIOR DEGENERACY

IDRISS BOUTAAYAMOU, GENNI FRAGNELLI, LAHCEN MANIAR

ABSTRACT. In this article, we study an inverse problem for linear degenerate
parabolic systems with one force. We establish Lipschitz stability for the source
term from measurements of one component of the solution at a positive time
and on a subset of the space domain, which contains degeneracy points. The
key ingredient is the derivation of a Carleman-type estimate.

1. INTRODUCTION

The null controllability and inverse problems of parabolic equations and par-
abolic coupled systems have attracted much interest in these last years, see [3]
4, 5, 6 8, 15, 16l 17, 18, 23, 24] 25, 28, 29, B0]. The main result in these pa-
pers is the development of suitable Carleman estimates, which are crucial tools
to obtain observability inequalities and Lipschitz stability for term sources, initial
data, potentials and diffusion coefficients. The above systems are considered to
be non degenerate. In other words, the diffusion coefficients are uniformly coer-
cive. On the contrary, the case of degenerate coefficients at the boundary is also
considered in several papers by developing adequate Carleman estimates. The null
controllability and inverse problems of degenerate parabolic equations are studied
in [10) 12, 13} 14l 27, 32], and for the coupled degenerate parabolic systems in
[T, 2 [7, 1T, 26]. In these papers, the degeneracy considered is at the boundary of
the spatial domain.

After the pioneering works [19] 20], there has been substantial progress in un-
derstanding the null controllability of parabolic equations with interior degeneracy
(see, e.g., [21]). In this scope, the goal of this paper is to study an inverse source
problem of a 2 x 2 parabolic systems with interior degeneracy and different diffusion
coefficients

up — (a1Ug ), +briu+bi2v = f, (t,2) €Q,
vy — (agvy), +boov =10, (t,2) € Q,
u(t,0) =u(t,1) =v(t,0) =v(t,1) =0, ¢t€(0,T),
u(0,2) =wup(x), v(0,2) =vo(z), z€(0,1),

(1.1)
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where ug, v € L?(0,1), T > 0 fixed, Q := (0,T) x (0,1), b;; € L*(0,1), 7,5 = 1,2,
and every a;, i = 1,2, degenerates at an interior point x; of the spatial domain
(0,1) (for the precise assumptions we refer to Section 2). For ¢y € (0,7") given, let
QL = (to,T) x (0,1) and T" := Ldto | For a given Cp > 0, we denote by S(Cp) the
space

S(Co) :={f € H*(0,T;L*(0,1)) : | fi(t,2)| < Col f(T',z)|, ae. (t,z) € Q}.

More precisely, we want to establish Lipschitz stability for the source term f
from measurements of the component v at time 7" and on a subset w C (0,1),
which contains the degeneracy points.

The main ingredient to obtain Lipschitz stability is Carleman estimates for de-
generate equations. For null controllability of a parabolic equation with interior
degeneracy, Carleman estimates were obtained in [2I] and in [20]. For inverse
problems, these estimates are not sufficient, and one needs also some additional
estimates on the term u with a special weight and the derivative term u;. We prove
first these for parabolic equations with interior degeneracy similar to the ones ob-
tained in [10, B2] in the case of a boundary degeneracy. This will lead to obtain
our Carleman estimates for system . At the end having these Carleman esti-
mates in hand, we follow the method developed in [5] [8, [24] to obtain the Lipschitz
stability for the source term f. The main task here is to estimate the source f by
the measurements, on the domain w, of the first component u of the solutions of
system .

To prove our Carleman estimates, we use the following Hardy-Poincaré inequality
proved in [20, Proposition 2.1]

bop) 2 ! 2
/0 (7210 (:r)dngHp/O p(z)|wy (z)| do (1.2)

T — Tg)

for all functions w such that
1
w(0) =w(l)=0 and / p(z)|wy(2)|? do < oo.
0

Here p is any continuous function in [0, 1], with p > 0 on [0,1] \ {zo}, p(zo) = 0,
for some xg in (0,1), and such that there exists ¥ € (1,2) so that the function
x +— p(x)/|z — x20|” is non-increasing on the left of xy and nondecreasing on the
right of xzg.

This article is organized as follows: in Section 2, we discuss the well-posedness
of the system . Then, in Section 3, we establish different Carleman estimates
for parabolic equations and parabolic systems (1.1)). Finally, in Section 4, we apply
the Carleman estimates to prove the Lipschitz stability result.

2. ASSUMPTIONS AND WELL-POSEDNESS

To study the well-posedness of system (L.1]), we consider two situations, namely
the weakly degenerate (WD) and the strongly degenerate (SD) cases. The associ-
ated weighted spaces and assumptions on diffusion coefficients are the following:
Case (WD): for i = 1,2, let

H; (0,1) := {u abs. cont. in [0,1], \/azu, € L*(0,1), u(0) = u(1) = 0}7
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where the functions a; satisfy
there exists z; € (0,1), ¢ = 1,2 such that a;(x;) = 0, a; > 0 in

0.1\ {z:), a; € CH[0,1)\ fa,}); o
and there exists K; € (0,1) such that (z — x;)a} < Kja,, a.e. in ’
[0,1].

Case (SD): for i = 1,2, let
H, (0,1):= {u € L?(0,1) : u is locally abs. cont. in [0,1] \ {z;},

Vaiug € L2(0,1), u(0) = u(1) = o},
where the functions a; satisfy
there exists x; € (0,1), ¢ = 1,2 such that a;(z;) = 0, a; > 0
n [0,1]\ {z:}, a; € C1([0,1] \ {x;}) N W1°(0,1); there exists
K; € [1,2) such that (z — z;)a; < Kja; ae. in [0,1], and if (2.2)
K; > 4/3, there exists v € (0, K;] such that a;/|z — x;|7 is non-
increasing on the left of x; and nondecreasing on the right of z;.

In both cases, for ¢ = 1,2, we consider the space
HZ (0,1):={u€ H, (0,1) : au, € H'(0,1)}
with the norms
llly = lul3ao + IWartalBoay,  lullde = luldy + Nase)el 3,

We recall from [21] that, for ¢ = 1,2, the operator (A4;, D(A;)) defined by A;u :=
(aitq)e, u € D(A;) = HZ (0,1) is closed negative self-adjoint with dense domain
in L2(0,1). In the Hilbert space H := L?(0,1) x L?(0,1), the system can be
transformed into the Cauchy problem

X'(t) = AX(t) — BX(t) + F(t), te(0,T),

0= ()
where X (t) = (%;) A= <%1 £2>, D(A) = D(Ay) x D(As), F(t) = (f(()t))

_ (bir b2
and B = ( 0 b22).
Since the operator A is diagonal and B is a bounded perturbation, the following
well-posedness and regularity results hold.

Proposition 2.1. (i) The operator A generates a contraction strongly continuous
semigroup.

(ii) For all (ug,vo) € D(A) and f € HY(0,T;L?(0,1)), the problem has a
unique solution (u,v) € C([0,T], D(A)) N C*(0,T;H).

(iii) For all f € L*(Q), uo,vo € L%(0,1), and ¢ € (0,T), there exists a unique
mild solution (u,v) € Xp := H'([e,T],H) N L?(e,T; D(A)) of (L.1) satisfying

I, 0) s < Cr (110, v0)IIE + I(F, Q)1 )

Moreover, for f € HY0,T;L*(0,1)) and ¢ € (0,T), we have (u,v) € Yy =
C([e, T), D(A)) N C(e, T; H).
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3. CARLEMAN ESTIMATE

The main topic of this section is to establish a Carleman estimate for a degenerate
parabolic single equation with a boundary observation on the right hand side. Then,
we will deduce the one for the degenerate system with distributed observation
of u on the subdomain w.

Part of these estimates were obtained in |20} 2I] under two different assumptions
on the degenerate diffusion coefficient for a null controllability purpose. In the
forthcoming theorems we will prove additional estimates on u and wu;, that are
crucial to prove Lipschitz stability results.

Throughout this section, we set w = (A, ) and assume, without loss of generality,
Ty < 29. Set also W' =D UT := (A, 1) U (A, B) and w” := 0 UG := (), ’\“LTM) u
(%,ﬂ), where \; and (;, for i = 1,2, satisfy 0 < A < A\ < 1 < 21 < 292 <
A < B < <1,

3.1. Carleman estimate for an equation. In this subsection we shall derive the
Carleman estimate for the solution of the problem

up — (a(X)ug)e +cu=h, (t,z)€ Q,
u(t,0) =wu(t,1) =0, te(0,7), (3.1)
u(0,z) = up(x), z€(0,1),
where the diffusion coefficient a satisfies (2.1) or (2.2)) in zp € (0, 1) with K in
place of K;, i = 1,2, h € L*(Q) and ¢ € L>=(Q). As usual this aim relies on the

introduction of some suitable weight functions. Towards this end, as in [20, 21], we
define the following time and space weight functions

1
[(t = to)(T = )]*’

v =a( [ LSy -a). el = o)

2
where to € (0,7) is given, ¢; > 0 and ¢y > max{ag)_(;f);), a(o)'é‘LK)}. For this
choice it is easy to prove that —cjca < ¥(x) < 0 for every x € [0, 1], and that n is
positive if 0 < t < % and negative if % <t<T.

Now we are ready to state the Carleman estimate related to (3.1]).

o(t) :=

n(t) =T +to — 2t,

Theorem 3.1. Assume (2.1)) or (2.2) and let T > 0. Then there exist two posi-
tive constants C' and sg such that the solution u of (3.1)) in H?! ([E7T]7L2(07 1)) N
L? (5, T; H2(0, 1)) satisfies, for all s > sq,

2
— 1
/ (s@a(m)ui + SBQSMUQ + 56372 |np|u? + —uf)eQW dx dt
T a(x) s

T r=1
h2€28¢ dx dt + scy / [Qa(m - .ﬁo)uieQS‘P} dt) .
to

to

gC(/Q

Proof. Let u be the solution of (3.1). For s > 0, the function w = e*?u satisfies

(3.2)

T z=0
to

—(awy)y — spsw — s2ap2w +wy + 25a0,w, + s(ap,),w = he'? — cw .

Ltw LTw hs



EJDE-2014/167 LIPSCHITZ STABILITY FOR LINEAR PARABOLIC SYSTEMS 5

Moreover, w(tg,x) = w(T,x) = 0. This property allows us to apply the Carleman
estimates established in [21] to w with QF, in place of (0,T) x (0,1)

_ 2
zzul? + el + [ (20 R sgateyu) o
Qr a(x)

< C(/T h2e25% da dt + scy /T [Qa(x — xo)wg} I:(l)dt).

=
to to

(3.3)

The operators LT and L are not exactly the ones of |20, 21]. However, one can
prove that the Carleman estimates do not change. Using the previous estimate we
will bound the integral sz;) (Lu? + s0%/2|np|u?) e da dt. In fact, we have

/ $0%/2 |y w? de dt
@
SC’/ s6%/2w? dz dt

T

to

al/3 3/4 |z — 202 1/4

el [ (oY (0 )
el e O 20l 2) "

3 1/3 1 e
SsCf/ eainddesi"cf/ g2 =2l 2 g ar,
2 Jor | — xo ‘2/3 2 Jor a
to to
since |n| < T 4ty and || < crea. Now, if K < 4/3, we consider the function
p(z) = |z — 20/*/3. Obviously, there exists ¢ € (1,4/3) such that the function
‘;i(j())‘q is non-increasing on the left of zg and nondecreasing on the right of z.

Then, we can apply the Hardy-Poincaré inequality (1.2]), obtaining

! all? ! 1
/ ———w?dr < max al/g(x)/ ———w?dx
o |T—mx]2/3 ©€[0,1] o

1
= max al/g(z)C'Hpcl/ awfcdz,
0

where

334/3 — 2a)4/3
Cr = max ((1((30)7 d a(lo)) )

In the previous inequality, we have used the property that the map =z +— |z —
xo|”/a(x) is non-increasing on the left of zyp and nondecreasing on the right of xg
for all v > K, see [20, Lemma 2.1]. If K > 4/3, we can consider the function
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ple) = (ae) z = wo|")!/. Then p(z) = a(x) (“82) " < Cra(a), where

22 N\ 2 —x0)%\2 a'/? m
= maX{(WS)) /37 ((1a(1)0)> /3}’ |z — x0[2/3 N (mp_( 36)0)2'

Moreover, using hypothesis (2.2), one has that the function zp @) _ with q:= ity

‘ 7I0|q7 3
in (1,2), is non-increasing on the left of xy and nondecreasing on the right of .
The Hardy-Poincaré inequality implies

1 al/3 ) 1 D ) 1 )
———w dx = ——wdz < C z)-d
/0 \x—xo|2/3w x /0 (x*$0)2w xr < HP/O p(w ) T

1
SCHPC1/ a(wy)?dz.
0

Thus, in every case,

1/3
/ 9%11}2 dedt <C Qaw? da dt (3.4)
QT |z — o QE
for a positive constant C'. Then, for s large enough, we have
2
/T $032 |mp|lw? dx dt < C ; (s0aw? + 5393@102) dzx dt, (3.5)
Qi to

=0

h2e*? dx dt + sc, /T [Ha(x - 330)1112} zﬂdt).

T x
to to

/ 032 | w? d dt < c(/
Qt Q

to

(3.6)
On the other hand, we have
1

1
ﬁL;w = ﬁwt + 201@(x — xo)wy + 1V s0w.

Therefore,
1 _ 2
/ —w?drdt < C(||Ls_w||2+/ sﬁwawg dacdt—i—/ sOw? dxdt)
or st Qr a Q%
0 0 0

§C<||Ls_w||2—|—/ sGawidmdt—&—/ s@w%lxdt),
Q% Q%

(3.7)
since 1/v/0 is bounded and
|z — 202 23 (1 —z0)?
= 20~ [l U S VA
alz) = max{a(oy a(1) }

(see [20, Lemma 2.1]). Proceeding as in the proof of (3.4), we can estimate
/. or sOw? dx dt thanks to the Hardy-Poincaré inequality (1.2,
to

3/4 — 2 1/4
/ sOw?dzdt = s / w2) <9Mw2) dx dt’
Q Q%

” a
to
1/3 2
< sé/ Qaiwz dx dt + %/ GMMQ dzx dt
Q

2 Jar, |z — xo]?/3 r a

(0 al/3
|z — 20|2/3
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2
r — X
<C (sGawg + 8393uw2)dx dt.
a

T
to

Hence, taking s large enough, one has

/ L2 dwar < c(/ 1dt) (3.8)
Q’tl" 59 t - Q’tT 0 ' '
0] 0

Now from (3.6]) and (3.8]) we can get the estimate of u; as follows: from the definition
of w, we have w; = ue®? + sp;w. Hence

=

T
h2e2%? dx dt + scy / [Ga(fc - xo)wi}
to

Loy 250 L 9 3290:% 2
—uePdrdt < 2( —w; dx dt + —w dxdt).

T 56 or s or st

to to to

The second term in the above right-hand side is estimated as follows:
522
/ T2l w? de dt = 16 / 503202 %w? dx di
Q 0 T

T S
to to

< 16(T+t0)01c2/ 5032y |w? dz dt.
T
to

Hence using (3.6) and (3.8) we conclude that

L 9 o260 2 250 T 2]%=t
“glte dx dt < C( h*e”*? dx dt+sc; [Qa(x—xo)wx] dt). (3.9)
Qf 8 Qf 0

to T=

Thus (3.2) follows by (3.3)), (3.4) and (3.9). O

3.2. Carleman estimate for systems. By the above Carleman estimate ({3.2)),
we are able to show the main result of this section, which is the w-Carleman estimate
for the system (1.1)). For z € [0,1], let us define
(t2) = 00 a). 000 1 wie) = el [y
Yill,T) = i\ ), = ) i\r) = C; Yy — a;f,
[(t —to)(T —t)]* v @i(Y)

i

and, for x € [—1,1],
Oi(t,x) = 0()Ti(x), Uy(x) = e — niCi(@)
where
o Voay N _ oy Jai(x),  =zel0,1],
Gi(z) _/x @y) pi=riG(=1),  ai(z) = {ai(l’)a xz e [-1,0].

Here the functions a;, i = 1,2, satisfy hypothesis (2.1) or (2.2) and the positive
constants ¢;, d;, and r; are chosen such that

16A 22 (1— x2)2 5
d 2 o 15, |
27 64— 15 max{(z— K2)as(0) (2 — Ka)az(1)’ 3f <A<l (310)
x? (1—21)?
dy > max 1 7 ’
1 {(Q—Kl)al(()) (2—K1)a1(1)} (3.11)
p2 > 21n(2), 2P _ or16i(0) > 22
¢ —1  (2-Kaar(1)(€* —1) (2 Kr)az(0)(e*> — 1)
maX{ 5 27 2 }
dy —d5 " (2= Ks)ag(1)dy — (1 = 22)?" (2 — K2)as(0)dy — 23 (3.12)

4A
<y < %(6%2 _ erzﬁz(o))
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et —1  (2— Kyp)ag(1)(e*r —1)
di —dy’ (2—Ky)ar(1)dy — (1 —x1)?’

K0 D) s y
(2—K1)a1(0)dy — 23 " dy —di )’

c| > max{
(3.13)

where

min Uy (—2x) /ly—wi /Oy—wz‘
A=TRTRTT) e max Y=gy [ Y22 gyt
max WUy () { o @iy) Y 2 0i(Yy) y}

i

Remark 3.2. The interval
e —1  (2— Ka)az(1)(e?2 —1) (2 — Ka)az(0)(e?2 — 1)
[max{d—d*’z—l( Dds — (1 —22)2 (2— K. d—Q}’
2 —dz ( 2)az(1)dy — (1 —x2)*" ( 2)az(0)ds — 3
4A(e2P> — er2¢(0)
)

is not empty. In fact, from py > 2In2, A > 15/16 and dy > 16Ad5/(16A — 15), we
have

Slte < %(1—%)
Similarly for
2 2
dz > 1611161—415 e { 2— Ij;)az(o)’ (2 (—1 sz)zl(l)}

one has

maX{ (2 — Kz)az(1)(e*" — 1) (2 — K3)az(0)(e?r — 1) }
(2 = Kz)ag(1)dy — (1 —22)?" (2 — K2)az(0)dy — 3

< ﬂ(e%)z _ 67‘2C2(0))_

3ds

From (3.10)-(3.13), we have the following results.
Lemma 3.3. (i) For (¢t,z) € [0,T] x [0, 1],

p1 <2, =P < =Py, @ < -9, (3.14)
(i) For (t,x) € [0,T] x [0, 1],
— Dyt z) < —Do(t, —x), 4Pao(t, —x) + 3pa2(t,x) > 0. (3.15)

Proof. (i)
(1) o1 < g : since @ > 0 it is sufficient to prove ¥ < ). By the choice
of ¢1, we have ¢; > d?’_d;{. Then max{¢1(0),91(1)} < —cady. Hence,
Y1(x) < Pa(z).
(2) —(I)l S —@2 :
since ¥, is increasing, it is sufficient to prove that min ¥q(z) > max ¥o(z).
Indeed Wy (0) = €2/t — e"16(0) > 202 — 1 = Wy(1).
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(3) ;i < —®; : since ¢; > %, then max{;(0),¢;(1)} < —¥,;(1) and the
thesis follows immediately. '

(i)

(1) The first inequality follows from —¥s(z) < —Ws(—2z) for all z € [0,1].

(2) 4Po(—2)+3tha(x) > 0 : by definition of A, we have AUy(x) < ¥o(—2) and,
obviously, 4Ws(—2) + 31)a(x) > 4AV5(xz) + 3tp2(x). Thus, to obtain the
thesis, it is sufficient to prove that 4 AUy (z)+3t2(x) > 0. This follows easily
observing that, by the assumption 3cads < 4AU5(0), =3t (zo) < 4AT5(0).
Hence —32(x) < —3tha(x0) < 4AV5(0) < 4A¥,(z) for all x € [0, 1].

[

We show first an intermediate Carleman estimate with distributed observation
of u and v.

Theorem 3.4. Let T > 0. There exist two positive constants C' and sg such that,
for every (ug,vo) € H and all s > sg, the solution of (1.1) satisfies

J

_ 2 1
+ / (sﬂagvi + SBQBMU2 + 393/2|m/)2\v2 + —vtz)e?“”“"2 dz dt
T as s6

2
1

3937(1: 1) u? + 0%/ 2|y [u? + —
aq s

<50a1 ui + s 7

uf) e*P1 dx dt

T
to

to

sc(/Q

For the proof we shall use the following classical Carleman estimate (see [20]).

T
f26—25<1>2(t,—m)dxdt+/ / 3292(u2_~_1)2)e_25¢2(t’_x)d$dt>-
to w’

T
to

Proposition 3.5. Let z be the solution of
zt — (azg)e = h, z€(A,B), te(0,T),
z(t,A) =z, B)=0, te(0,7),

where a € CY([A, B)) is a strictly positive function. Then there exist two positive
constants r and sg such that for any s > s,

T B T B
/ / s0e" 2272 dy dt + / / §303e37C 2272y dt (3.16)
to JA to JA
T B T _
< c(/ / h2e=25® dzx dt — c/ [o(t,)22(t, e 2D "7 dt) (3.17)
to A to
for some positive constant c. Here the functions ®, o and ¢ are defined, forr,s >0
and (t,x) € [0,T] x [A, B], by
ot x) == 0(t)U(x), U(x):= e — ¢ 5 0
B
¢(x) == / ——dy, o(t,x):= rs@(t)erqm).
» Vay)
Proof of Theorem[3]]. Consider a cut-off function ¢ : [0,1] — R such that
0<&(x) <1, forallzel0,1],
E(I) = 13 T e P‘laﬂQ]a
&(z)=0, 2€[0,1]\w.
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Define w := u and z := £v, where (u,v) is the solution of (|1.1)). Hence, w and z
satisfy the system
wy — (alwz)z + bllw = gf - b122 - (algﬂcu)z - gzaluz =.9, (t,.’E) € Q7
2t — (a2ZZ)LE + b22Z = _(a2§wv)w - €wa2va:7 (t,l‘) S Qa
w(t,0) = w(t,1) = 2(¢,0) = 2(¢,1) =0, t€(0,T).

Applying the estimate (3.2) and using w = w, = 0 in a neighborhood of x = 0 and
x = 1, from the definition of £, we have

2 a3 —21)® 3/2 2, L 9\ a5
) (sf)alwm+s 0 Tw + 80°7 4 |Jw +£wt)e dx dt
to
<C g2 dy dt
T
to

for all s > sg. Then using the fact that £, and &, are supported in w”, we can
write

g° < C(EF7 + 102 + (0 + uZ)xwr).-
Hence, applying Cacciopoli inequality (5.1) and the previous estimates, we obtain

— 2 1

/ (s@alwi + 3393Mw2 + 56%/ 2y [w? + —w?)e%“‘”l dx dt
T ay s6

to

<c( [ e dudt+ / bloz"e %! du dt (3.18)
T A

to to

+/T//((1+3202)u2+f2)625“"1 dvdt).

to w

Arguing as before and applying the estimate (3.2)) to the second component z of
the system, we obtain

.
to
T
< C/ / (v? + v2)e?¥°2 dz dt.
to w!

Hence, Cacciopoli inequality (5.1]) yields

/Q T

<C / (1 + s%0%)v*e?*%2 dx dt.
w/

to

— 2 1
(sﬂagzg + 5303%22 + 5032 |mpa |2 + @'2752)625% dx dt
2

_ 2 1
(s@agzi + 5393M712 + 5632 || 2% + @z,?)ezwz dx dt

a
z:] 2

(3.19)

On the other hand, using the Poincaré inequality and the fact that ¢ < @2, we
have

1 1
/ b%222625‘pldx < Hb12||2c/ (zes“"z)de
0 0

! — 9|2 1/4 1/3 3/4
— Ilbia2 / (W(ﬁvilzzegm) (|G2(TQ)/322625¢2> o
0 az\T T — To
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2 1 2
< Hb12||oo/ |z — 2o 2202592 4y
0

- 4 as(x
1/3
L 3l / (@) 5 2ugn
4 |z — xo]2/3 '

Applying the Hardy-Poincaré inequality to w(t,z) := e*?(t:®)2(¢, z) and proceeding
as in the proof of (3.4)), one has

1 1/3 1 1/3 1
/ (]’27(‘%‘)Z2€23<P2dm — / %7(1:)’(1}2d$ S C/ (L(’u}z)Qd.’L‘

|z — xq]2/3 |z — xq]2/3
o2
< C’/ 292‘3j 25‘/’dx—|—C/ a2 2e2502
a2 .73

since ¥2 () = co z;&% Hence, for a universal positive constant C| it results

2
T —x
/ b3y 22 e i dr dt < C’/ (agz? + 5202Q22)623¢2d‘r dt.
T T az
to to

Taking s such that C' < %, we have

1 o (x — 9)?
/ b2, 22?5 de dt < — / (s@aQZi + 5393MZ2)62WQ dzdt.  (3.20)
T 2 T a9
to t

Combining (3.18)), (3.19) and (3.20) we obtain for s large enough

) €251 dy dt

2
- 1
/ (staru? 4+ 5767 02 g2 4 L2
Qf a1 s6

— 2 1
+ / <39a223 + 3303M22 + 50%/2| s | 2% + —ezf)e%“’z dx dt
QT S

ag

T

gc( €2 262591 dp dt + / / $20202e25%2 g dit
QtTo to

T
+/ / (s20%u? + f2)e®?t da dt).
to w’

By the previous inequality, the definition of w and z, it follows that

T B1 _ 2 1
/ / (s@alui + 5363 (2 —21) u? + 593/2|n¢1|u2 + @uf)e%w dx dt
A1

ai

T B1 _ 2 1
+ / / s@agvi + 363 (@ — 22) v2 4+ 593/2|n¢2|112 + Evf)e%“”" dx dt
o

az

:Bl 1
/ / s@alw —|—5393( xl) w +593/2|77w1\w +—9w) 2501 g dt
A1

2,52) e*5%2 dx dt
(3.21)

as s

— 1
+ / / s@agzi + 5363 (x 332) 22+ 593/2|m/)2|22 + =
t A1

2 a3 (@ —21) 3/2 2, L 9\ asp
< sbajwy + 8°0° ————w* + 07 % |np1 |w” + —wy e dx dt
T al s6
to
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—|—/ (sﬂagzi—ksg@ng + 50%/ 2o |22 + = 0 ) 2502 e dt
T

to

ag
gc( €2 f2e 25“’1d:cdt+// $20202e25%2 g dit

QT

T
+ / / (s20%u? + f2)es dxdt). (3.22)
to w’

Now define U = xu and V = xv, where (u,v) is the solution of (1.1) and x :
[0,1] — R is a cut-off function defined as

0<x(z)<1, z€l0,1],

X(x) = 17 T e [ﬁQa 1]a
A2 + 2032

X(l') =0, z¢€ [07 3

]
Then U and V satisfy
Up = (a1Uyz)z + 011U = Xf = b12V — (a1xa)z — Xa@Uz, (,7) € Q
Vi = (a2Vy)s + b22V = —(a2XaV)s — X2020z, (,7) € Q
Ut,0)=U(1)=V(0) =V(t,1)=0, te(0,T).
Using and a technique similar to the one used in —, one has

1
/ (806”41 Ua? + s393e’may? 4+ —eUf)e—M’1 dx dt
T S

to

<C 2f2e % dg dt + C V2e 2%y dt
QL Qr

T
+ C’/ /(u2 + u2)e™ 2% dx dt.
to w
Analogously, one can prove that V satisfies

/ (s0e"2V} + 5°0%e* 22 V2 4 evz) e %2 da dt

<C’/ /U +v e~ 25%2 dy dt.

Thus combining the last two inequalities,

/ (507161 U2 4 30363160 U2 4 (72)e =251 gy
T S

to

0
1

+ / (s0em22 V2 4 s303e3r22 V2 —V2)em 2% gy gt
Q% s6

<C Y2 fle 2 %de dt + C VZ2e25®1dg dt
T QT
to to

Q
T T
+ C/ /7(u2 +u2)e 2P dy dt + C’/ /7(1)2 +v2)e 252z dt.
to w to w
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Taking s such that C' < 1530%e372¢2 | using —®1 < —P, and Cacciopoli inequality

(5.1), we obtain

1
/ (s0e™ 1 U2 + 303311 U? + —GUE)ffzS(I)1 dx dt
T S

to

1 1
+ / (s0em2%2 V2 + 553936%421/2 + —ovf)e—%% da dt
T S

to

<C X2 fre 2Py dt+C’/ /(s2a2u2+f)e*28¢ldx dt

JrC’/ / $20%02e 2502z dt.

Then, by Lemma [333] one can prove that there exists a positive constant C' such
that for every (t,z) € [0,T] x supp(x),

2
ai(x)e%%‘(tvx) < CeTiCie—QS‘I’i’ (m_(x;)625%(t733) < %e?’riCie—QS‘i’i_ (323)
a; (T

Consequently,

2
— 1

/ (s@alUg + 8393MU2 + 5632 |y |U? + —Uf)ezs“’l dz dt
QT a1 s

to

— 2 1
+ / (sé’angQ + 5303MV2 + 50%/ 2|, V2 + —0‘/;2)628“’2 dx dt
T S
to

a

T
< C(/T Y2 f2e 25y dt+/ /(3292u2 + fle 2 dy dt
QtO

to w

T
+/ /szﬂzvzefzs%dxdt)
to w

By the definitions of U and V', we obtain

/ / s¢9a u? +s393( x) u? 4 6%/ 2y [u? + = ) Zse1 dg dt
to 2

9

/ / sagv? —|—5393( m) 02 + 5032 |mpy|v? + — ) 252 d dt
to 2

0

/ / 59a1U2+8303( ) U? + 503/ 2|y |U? + 9U2> e2*e1 dy dt
to 2
/ / 59a2v2+3393( z)° V2 4 503/ s |V + 9Vf) %52 dy dt
2

- 1
< / (sealUg + 5303QU2 + 5632 [U? + —eUf)eQS“”l d dt
T S

to al

2
— 1

+ / (39112‘/962 + 3303MV2 + 5632 |mpe| V2 + —9142)623“02 dx dt
T S

to a2

T
< C(/ X2f26’25¢1d1’dt+/ /(5202u2+f)e’25¢1dxdt
T to Jw
0
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T
—|—/ / s20%v%e= 252y dt). (3.24)

to w
To complete the proof it is sufficient to prove a similar inequality on the interval
[0, \1]. To this aim define the functions

ot x), x € 1[0,1], ot ), x € 10,1],
Wit @)= {—u(t, o), wel-tq, ZHO= {—v(t, —1), zel-1,0]
where (u, v) solves (L.1]), and
- . f(t,x), T € [O, 1], . 2) = bij(l‘), T € [0, 1],
ft,2) = {f(t, “a), welno, = {bij( ), w€[-1,0]

Therefore, (W, Z) solves
Wy — (@ W)z +buuW = f —byoZ, € (=1,1), t € (0,T),
Zy —(@97)s + b2 Z =0, x € (-1,1), t € (0,T), (3.25)
W(t,—1) = W(t,1) = Z(t,—1) = Z(t,1) =0, t€ (0,T).

Consider a cut-off function p : [-1,1] — R such that
0<p(x) <1, =zel[-1,1],
plx) =1, x€[-A1,\],

At 251] [)\1 + 261

3 3
The functions p = pW and q = pZ, where (W, Z) is the solution of (3.25)), satisfy

p(x) =0, z€[-1, 1.

Pt — (@1pe)e +b1ip = pf — biag — (@1paW)y — poai We, x € (—=1,1), t € (0,7),
@ — (@2q3)s + b22q = —(a2psZ) s — praaZy, x € (=1,1), t € (0,T),
p(t,—1) =p(t, 1) =q(t,—-1) =q(t,1) =0, te(0,7).

Applying (3.16) for the first component p with A = —f;, B = (1 and proceeding

as in (3.7)-(3.8]), we obtain

T rp 1
/ / (s@e“<1pi + $203e3mGip? 4 *P?)e_l@l dx dt
to J—F1 s

T b N T B
< C’/ / pifre 2% dg dt + C/ / e 2 %dg dt
to /-5 to J—P
T

Al-g’ml
+C (W2 + W2e 21 dg dt
to A1
T =X\
+ C/ / (W2 + W2e 2% dy dt.
tO 7)\122[51
Using the definition of W, —®; < —®, and e 25®2(t2) < =25%2(t=2) z0 g €
[0, 1], it follows that

T b 1
/ / (s0em1p? + 3033 p? - —phYem 2% gy dt
to /=51 s0
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T bk T B
< C/ / p2f26725¢2(t’7“")d1: dtJrC/ /ﬁ e B0y dt
to J—01

A1+281 +2,81

+ C’/ / (u? + u2)e” 201 =D gy dt.

Similarly, for the second component ¢, we obtain

Bl 1
/ / (s0em%2q% + $303e32%2 2 + —¢)e 252 dx dt
to s6
>\1+251

< C’/ / v? 4 v2)e 2P0 gy gt

Thus it follows from the last two inequalities that
T rp1 1
/ / (SQerlclpi + 53033 G p? 4 —epf)e*%q’1 dx dt
to J— s

T b 1
_|_/ / (SeeT‘QCQ 2 +S393 37’2{2 2_|_ ) —29@2 dl‘dt
—B1

561t
T rp1 N B1
< C’/ / p2f2e*25¢2(t’*"’”)dx dt + C/ / e By dt

to to 7ﬁ1

/\1+2/31
+C (v 4 v2)e™25P2(E=) gy gt
to A1

/\1+2[51

+ C’/ / (u? + u2)e 201D gy gt
to A1

15

Taking s such that C' < %539363”52, using —®; < —P5 and Cacciopoli inequality

(5.1), we obtain

/ / sHe”Clp + $203e3mGip? 4 — 0 ) =251 o dt
—B1

T
+/ / 86‘672C2q —|— 36‘3 draGeg? 4 0 ) ~25%2 qo dt
to J—51

T rbp
S O/ / p2f2672s<1>2(t,71)d1, dt + C/ /(820211,2 + f)€72sq)l(t’7m)dl‘ dt
to 0

to @
T
+C / s20%02e=25%2(t=2) g0 gt

to

(3.26)

Clearly, one can obtain the same estimates (3.23) in [0,7] x [0, 31]. Hence, by
(3.14)), (3.26]), by the definitions of W, Z, p and ¢, and proceeding as in (3.5)), we

obtain

. (r —m )
/ / s@alu + 520 u? + 5032 ey |u® + — 0 ) Zse1 dg dt
to

M ( —x )
/ / s@agv + $30° 2 0% 503 2 a0 + — ) 252 dy dt
to

0



16 I. BOUTAAYAMOU, G. FRAGNELLI, L. MANIAR EJDE-2014/167
/ /Al sfa, W2 +5593( ) W2 4 s6%/2|mapy [W?2 + 9Wt) %501 dy dt
/ /Al sfay 7% + 5393( 7’ Z% + 6%/ 2mpy| 2% + 1922) 2502 dg dt
/ /)\1 59a1p + 5393( —n ) p? + 59‘3/2|m/11 Ip? + 19 ) 2501 dge dt
/ /)\1 s@agqx + 5393( —r ) 24 503/2|m/) l® + %q ) 2se2 dg: dt
to
e 2P dg dt

" 1
< C/ / (s@e“Clpi + s203e3mtip? 4 —ep
— B S

T rb
+C/ / 8967"2(2(1 + s303¢ 3T2<2q + oq ) —25%2 qo dt
to

T rp1
S C/ / p2f2672s¢2(t,7:1:)dm dt + C/ /(5202’&2 + f)€72s'i>1(t,7m)dx dt
to 0 to @

T
+C / 520202~ 2% (=) gy gt (3.27)

to @
Finally adding up (3.22)), (3.24) and (3.27)), the proof is complete. |

To estimate the term source with only the first component of solutions of (|1.1)),
we need to show a Carleman estimate with one force.

Theorem 3.6. Let T > 0. Moreover, assume that
bio=zp>0 onw'.

There exist two positive constants C' and sg such that, for every (ug,vo) € H and
for all s > sg, the solution (u,v) of (L.1)) satisfies

I(u,v) = a2 + 5267 T g 4 L2Vt doan
)= s+ s o u® + s6°7 <1 |u 9t )¢ x

to

_ 2 1

+ / (sﬁagvz + 5393(377962)@2 + 56%/2|mpa|v? + —1}?)625“’2 dx dt
T as s6
to

T
<C fem2s®2(tma) gy dt+C/ / wdx dt == I1(f,u).
Qz to w

(3.28)
The above theorem is a consequence of Theorem [3.4] and of the following lemma.

Lemma 3.7. Let wo @ wy such that x1, xo ¢ w1. Moreover, assume that

bio =2 pu>0 onw.
There exists C' > 0 such that

T T
/ / s20%0%e 22 (=) gy dt < e J(v) + C / f2e®¢2 dr dt + C / / u? da dt,
to wa T to w

to
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where € > 0 is small enough, s is large enough and

J(U):/Q

Proof. The choice of the weight functions given in Lemma[3.3| will play a crucial role.
We will adapt the technique used in [2]. Let x € C°°(0,1), such that supp(x) C w1
and xy = 1 on we. Multiplying the first equation of by §26%ye250(1)¥2(=x)y,
and integrating over Qg;, we obtain

/ 5292b12X67256(t)\I/2(71)U2 dx dt
Qo

:/ 5202xe*250(t)‘1'2(*‘”)fvdxdt—/ $20%ye= 202 (=2) 0 da dt
Qr Qr

RY:
(s&azvfc + SSGBMU2> €25%2 dx dt.
o @2

to

(3.29)
+/ 8292)(6_259(”%(_1) (ar1ug) v dedt
Q%
7/ 5292b11><e*250(t)‘1’2(*:”)uv dx dt.
T
to
Integrating by parts and using the second equation in (|1.1]), we obtain
/ $202 e 20OV (=2) 0, da di
Qo
_ Szgzazxefzse(t)\vz(*z)urvx dx dt + / 5202a2(Xe*259(t)‘1’2(*$))zuvz dzx dt
& Qf
+ / (520%b9y + 2530200, (—z) — 25200) e 250 Y2(=)yy die it
T

to

(3.30)
and
/ §202 e 202 (=2) (g ) 0 dae di
@l
_ _/ 8292a1Xe—259(t)\112(—x)vxum dox dt
T
o (3.31)
—|—/ $20%a1 (xe 250WY2(=2) 4w da dt
Ql

+ / 520%(ay (xe 20WY2(=2)) ) v dx dt.
o,

Combining (3.29)-(3.31)), we obtain
/ $20%b1oxe 20OV (202 g dt = [V + I + I + I,
Q

T
to
where
I :/ $20%ye 2502 (=2)y, £ dy dt,
T

to

I = */ s20%(ay + az)xe 0Ty, da dt,
T

to
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I3 = / $20% (a1 — ag)(xe 20WY2(=2)) p, da dt
T

to

- /Q (520 + 26%0%Ws. o (—)) (a1 —

T
to

ag)e_Qse(t)%(_z)uvz dx dt,

I, = / (25299 — 520%(by1 + bag) — 253029\112(—x))xe_%‘g(t)%(_f”)uv dx dt
Q

T
to

+ / 520%(ay (xe 250OY2(=2)) ) o dx dt.
QT

For € > 0, we have

1] —/ (feo#2)(s%6%xe sR0DT2m)T2)0) dg dt
QT

T
<L peegeayco / / s01em 2OV (0)T02)02 4oy i,

2 Qg;) to w1

|12 :/ (\/sﬁages‘”vw)((s@)g/z(ag)_%(a1 +ag)Xe_s(zg(t)%(_”)“’?)uw) dx dt
QT

to

< E/ sOaqe?s#? vi dx dt
N
2 2
+ 1 / 5303 (af + a2)X26725(29(t)\112(71)+ap2)ui da df .
g % a9

L

The integral L should be estimated by an integral in u?. For this, we multiply the
2 2
first equation in (1.1)) by 3393%X%_zs(%(t)%(_”‘wz)u and we integrate by
parts, obtaining
L=Ly+Ls+ L3+ L4+ Ls,

where

2 2
L — / 365 (af + a2)X2672s(29(t)\112(7z)+ap2)uf dz dt,
;[0 a1a9

(2 2
Ly = 1/ s%(30% — 2s60° (2W5(—2) + wz))GMx2
2 Jo aiaz

~ 6725(20(t)‘112(7x)+<p2)u2 dx dt,

T
to

1 2 2
L= 5/ 5393(a1((a1 + a2>X26—23(20(t)\112(—w)+<,02))I)IUQ dz dt,
QZO ai1a9
2 2
L, = _/ 393 (af + a’2)X2b116—28(29(t)\112(—x)+<p2)u2 da dt,
sz) aias

2 2
Ls— _/ JEPE (af + a2)X2b12€—2s(29(t)\112(—3:)+g02)uv du dt.
T aias

to
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Since 0] < CH? and supp(x) C w1, we obtain

T
|Li| < 1/ ez do dt + C/ / §090e2s(40()V2(=2)+302) 2 G- gt
2 (OF w1
T
|La| < C’/ / §19Pe =250V (=2)+02) 2 qo
to wi
T
|Ls| < C/ / §°0Pe 2502 (=) F92)0,2 g gt
to w1

T
|L4| < C/ / 53036725(29(t)\112(7z)+tp2)u2 dx dt,
w1

2
/ 5393M6284’2v2 dx dt
i %2

T
+ Q / $393e25(40()V2(—2)+302) 2 1o dt .
€ to wi

Hence,

T
Ll <C | f2e®%2dzdt + C. / / 00372540 V2 (—2)+302) 2 gy it
Q7 w1

)2
+ 5/ 8303M625“’21}2 dz dt.
Q, a2

Furthermore,

T

Ll <C / f2e?%%2 da dt + C. / 5090250 V2(=2)4302),2 Gy Gt 4 £ (v).
Q% w1

to

Using the fact that x’ and x are supported in w’ and x5 & W', proceeding as before,
one has

|I3] < C’/ 203 (X' + x)e 20OV =) da dt
Qi

=C (V/sa2e*?2v,)((56)%/%(az) 2 (x + x)e SCOWY2(=0)te2)y) 4y gt
Qly
< e/ 36a2v2629‘” drdt + — / / 595 —25(20() V2 (=) +p2)y2 4o dt,
QtO w1
and
n,<cC SO+ X+ x)e 022 dy dt

T
to

~cC (t«s?'/293/27”c\;i”emv)((se)”2 VI (3 +X)

Qr as T — X9

% 6—5(29(75)‘1’2(—96)+<P2)u) dx dt

2
rT—z
< 5/ SBHSQU%QSW dx dt
T a

to 2
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T
+ g/ / (85056—28(29(t)\1/2(—I)+(p2)u2 dr dt,
€ to wi

So, thanks to Lemma [3.3] we have

6—25(20(t)\112(—a:)+g92) < e—25(49(t)\1/2(—:c)+3g02)7

sup s"O"(t)e 2HIOV2A=2)H302) o p e R,
(t,z)eQ

Then, for ¢ small enough and s large enough, we have

| 8292b12xe—259(t)\112(—1)v2 dr dt|
Qf;

T
<C fRe2sez dxdt+C’/ /uzdfcdt+sJ(v).
Qz:) to w

Finally, the definition of y, (2.1)) and the previous inequality give

T
'u/ / 829267289@)\1/2(71)1}2 dx dit
to wo
T

< | / 8292b126—259(t)\112(—$),02 dr dt|
t() w2

< / ‘8292b12X6—239(t)\P2(—:p)U2| dr dit
Q

T
to
T
§C’/ fre?ee dxdt+C’/ /quxdt+sJ(v).
? to w
0
This completes the proof. [l

4. THE LIPSCHITZ STABILITY RESULT

The object of this section is to recover a source term f from the knowledge of
(a1ug)-(T",-) and some additional observations of the component u. The main
result of this paper reads as follows.

Theorem 4.1. Let Cy > 0. Then, there exists C = C(T\,tg,z1,22,Co) > 0 such
that, for all f € S(Co) and ug € L?(0,1),

2 2 2 2
”fHL?(QZ;) < C(HUHL?(“}%) + ||Ut||L2(w3;) + [lu(T", ')||L2(0,1)

(4.1)
(o (T, ) B 0,)):

where wi, = (to, T) X w.
Proof. The functions y = u; and z = v, where (u,v) is the solution of (1.1f), are
solutions of the system
Yr — (@1Yz)z + 011y + b2z = fi,  (t,2) € Q,
2t — (agzz)s + b2z =0, (t,7) € Q,
y(t,0) =y(t, 1) = 2(t,0) = 2(¢,1) =0, te€(0,T).
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When we apply Carleman estimate (3.28) to (y, z), we obtain

2
— 1
I(y,z) = / (s&alyi + 3393My2 + 5632 |y [y + —Gy,?)ezs"”l dz dt
QT ay S

to

2
— 1
+ / (s@agzi + 8393M22 + 0%/ 2|y |2% + =
T

2\ 2sp2
zi e dx dt
an s0 ¢ )

to

T
S C ftZefQS‘PZ(t;*(E)dl' dt + C/ / u?dl’ dt
Q) fo

= I(fta y)
(4.2)
The terms appearing in are well defined, indeed, by Proposition we have
Y€ L? (th T7 D(Al)) n H' (th T; L2(07 1))
As in [8], we divide the proof into three steps.

Step 1. We show first that there exists a constant C' > 0 such that
I(f,u) + I(fe,y)

2 o~ 2502(T" ,—u 2 2
<o / P T+l + ol )

where, we recall, T" = (T + t()/2. To obtain (4.3)), it remains to prove that

(4.3)

1
/ (f2 _|_ft2)e—25<1>2(t,—m) da dt < Q/ f2(T/,$)e_25q>2(Tl’_$)d$.
or 5 Jo

to
Since ®1,(T") = 0 and ®q 44(t) > po > 0, then Taylor’s formula provides
—Dy(t, —1) < —Do(T', —2) — ’“;0( — T2,
and then

T
/ e—2s¢>2(t,—x)dt < 1 6—23<I>2(T’,—x)/ dl < —23<1>2(T’,—x)_
to Hos s

So,

fQ(T/ $)€_23¢)2(t’_x)dl‘ dt < —23(1)2(T —x)dm

<
Q7 7 ~ Vs o
For f € S(Cy), one has

Sl < 5T+ [ s wlds < Ul (4.4
Thus

1
/ (f2+ 2 (t,x)e 2222 dp dt < 55/ f2(T’,x)e*23q>2(T/7*‘”)dx.
or 0

The purpose of the first step is acomplished.
Step 2. Now, let us show that there exists a constant C' > 0 such that

/0 (Y(T', ) + biov(T", )29 T2 dg < C(I(y, 2) + I(u,v)). (4.5)
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Since, for a.e. = € (0,1),

lim (y(t, ) 4 biov(t, x))2e2571(h7) = 0

t—to

Hence

1
/ (y(T', ) + brov(T', ))2e2#1 ("0 g
0
1 T’ o
:/ / g7 (v bizv)?e? ) dt da (4.6)
0 to

! 1
= / / (2(y + brav) (ys + br2z) + 2501 +(y + brav)?)e?*¥1 B2 dg dt.
to 0

Using Young inequality, for s large enough, we obtain

T 1
| / 2(y + b12v) (ye + br22)e** P dx dt|

(4.7)
1
<C (50y2 + 5022 + sOv® + —y?)e%“"ldx dt
and, by the Hardy inequality,
/ sOy2e?5P 1 da dt
Qo
1/3 3/4 — ]2 1/4
ol [ (o ) (0 R )
Qr \ |z —m / a
3 1/3 2
<s— Haligfe%“’1 dx dt + s Gwyzezs“"1 dx dt.
2 T |.’L‘ — T |2/3 T al
Qto to
Moreover, by the Hardy-Poincaré inequality applied to ye®#!, one has
2
/ s0y2e**P1dx dt < C’/ (50&1[% + 2501 2y)* + 5393My2 ) e*Prdy dt
& & a“
2
<C / (saalyg n s?’OSMyQ)eled:c dt.
T ay
to
Similarly, by @1 < @2, we have
/ 50(2% 4+ v?)e** P d dt
T
0 ) (4.8)
<C 2 2 33 (@ —22)° 2 2502
< sOag (25 +vy) + 50 T(z +v%) )e**P2dx dt.
T 2
to
On the other hand, since |¢; | < C|ntp1]6%/2, we have
"ol
/ / sp1¢(y + biov) ¥
fo 0 (4.9)

< C/ 50372 |y |y 22501 + 50372 |mpy|v?e®* P2 du dt.
Q

Thus, (4.6))-(4.9) yield the estimate (4.5).
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Step 3. Combining (3.28), (4.2), (4.3) and (4.5)), we deduce

/ (y(T7 )+ blgv( 733))2625901 (T’ z)d
0

Lo (4.10)
L 2t —25®, (T ,—) 2 2
Oz | POt g+l
Since y + biov satisfies
y(T',z) + biov(T', z) = (a1uy) (T, ) — byyu(T', x) + f(T', x),
it follows that
1
[ @ e o < of [[am) b,
0 (4.11)
+l(a1ue)o(T) 122 0,1y + HU(T/)”2L2(O,1)>'
Hence, by (4.10| m ) and (4.11)) we obtain, for s large enough,
/ P ade < O (Ilar ) + lalZar, + 1T o
+ (@t )o () 3201 )
which, together with (4.4)), give the thesis. O

5. APPENDIX

In this section, we show a Cacciopoli’s inequality for inhomogenous degenerate
parabolic equations. This inequality is different from the one shown in [20] for
homogenous case.

Proposition 5.1. Let w” C w’ € w C (0,1) and 79 ¢ w'. Let s > so > 0, then
there exists a positive constant C' = C(so, T, infyn a(x), ||c| = (q)) such that every

solution u of (3.1) satisfies

T T
/ / u2e**? dxdt < C / (520%u? + h?)e?*¢ dx dt. (5.1)
tO " w/

to

Proof. Define a smooth cut-off function £ € C°°([0,1]) such that £ = 1 in w” and
supp(§) C w'. Since u solves (3.1)), we have

T d 1 5 o ) T p1 ) , , )y
= @ S") = 2 sy | 062259
0 /to dt(/o Feru da:) dt /to /0 ( s&%pre”®fu” + 2% uut) dx dt

T 1
= / / (25620 e2Pu? 4 26%e*Pu((auy )y + h — cu)| dx dt
to 0

T
/ / [26% (sp; — €)e*Pu? 4 262> Puh — 2(£2e%%%) pauu, — 26%e*Yau?] dx dt
to 0

T
-2 / 2 qu? dx dt
to w’

T
+ 2/ / [€2(s0y — c)e®*Pu? + £2e2Puh — (£2°%) yauu,] dx dt.
to w’
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Then, integrating by parts and using the Young inequality, we obtain

T
2/ / 2% qu? da dt
to w’

T
= 2/ / [52(584% _ C)e2swu2 +§2€23¢uh_ (EQeQS“’)wauuﬂ dx dt
to w’

< /T // [(262(8% —c)e?Y 4 2 4 (ﬁ@>2>u2 t 52625¢h2} da dt

: v

-|-/t0T /w/ (\/Efew)QUi dx dt.

Hence, for s large enough,

T
/ / £2e**qu? dx dt
to Jw!

< /T/ [(252(5% )¢ 4 €225 4 (\/6(

6282390

(o )z)Q)uz n gzezsgohﬂ do dt

T
< C'/ / (s20%u* + h?)e**? dx dt.
to w’

3 Y
Since zg ¢ W',

T T
inf a(x) / / e*Pu2 dx dt < / / £2e**qu? da dt
w’! tO w’’ tO w’

T
< C/ / (s20%u? + h?)e?*¥ dx dt,
to w’
and the proof is complete. 0
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