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ALMOST PERIODIC SOLUTIONS OF ANISOTROPIC
ELLIPTIC-PARABOLIC EQUATIONS WITH VARIABLE
EXPONENTS OF NONLINEARITY

MYKOLA BOKALO

ABSTRACT. We prove the well-posedness of Fourier problems for anisotropic
elliptic-parabolic equations with variable exponents of nonlinearity without
any restrictions at infinity. We obtain estimates of the weak solutions and con-
ditions for the existence of periodic and almost periodic solutions. In addition,
some properties of the weak solutions of the Fourier problem are considered.

1. INTRODUCTION

We examine the question of well-posedness of the Fourier problem (the problem
without initial conditions) for anisotropic second order elliptic-parabolic equations
with variable exponents of nonlinearity. These equations are defined on unbounded
cylindrical domains which are the Cartesian products of bounded space domains
and the whole time axis. Also the existence conditions of periodic and almost
periodic solutions are investigated. Moreover, we examine the conditions on input
data that guarantee the specific behavior of the solutions at infinity.

The Fourier problem for evolution equations are examined in many papers; see,
e.g., [21 B @, Bl 6l 13 17, 18, 20, 21, 24]. A fairly good survey of results concerning
these problems can be found in [2]. It is worth to mention that Fourier problem for
linear and a plenty of nonlinear evolution equations are correct only under some
restrictions on the growth of solutions and input data as the time variable converges
to —oo, in addition to boundary conditions [2} 13} 17, I8, 20l 2T, 24]. However, there
are the nonlinear parabolic equations for which the Fourier problem are uniquely
solvable with no conditions at infinity [3] — [6]. This case for anisotropic elliptic-
parabolic equations with variable exponents of nonlinearity is considered here.

It is known that the problem to find time periodic and almost periodic solutions
of evolution equations is close to Fourier problem for this equations [5l [8, [0 12
141 18] 25]. Note that the degenerated parabolic equations, in particular, including
elliptic-parabolic are examined in [5} [6] 21], 22} 23] and other. Differential equations
with variable exponents of nonlinearity are considered in many papers. Solutions
of this equations belong to the generalized Lebesgue and Sobolev spaces. More
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information on these spaces and its applications can be received from [II, [4, 9] [IT],
15, (16}, [19).

This article can be viewed as a natural continuation of the paper [5] for the case
of equations with variable exponents of nonlinearity. It consists of three parts: in
the first part the formulation of problem and main results are presented, the second
part encloses the auxiliary statements while the proofs of main results are in the
third part.

2. SETTING OF THE PROBLEM AND MAIN RESULTS

Let ©Q be a bounded domain in R™ with the piecewise smooth boundary 0.
Suppose that 02 is divided into two subsets I'g and I'y, where T'g is closed. The
cases I'g = () and 'y = 0N are also possible. We denote by v = (v1,...,v,) the unit
outward pointing normal vector on 9f2. Set @ := Q xR, ¥y : =Ty xR, X7 :=T1 xR,
and Q¢ ¢, = 0 X (t1,t2) for arbitrary real ¢; and to. Here and subsequently, we
assume that t; < to.

Consider the problem of finding a function u : Q — R satisfying (in some sense)
the equation

n
(b(x)u)s = Y (ai(x, t)]ue,

i=1

P20, ) g, P = fet), (21)

for (z,t) € @, and the boundary conditions

ou
ulg, =0, 5;5}21:: )

where Ou(z,t)/0v, == Y1, a;(x,t)|ug, [P @~ 2u,, v;(z) is the “conormal” deriva-
tive on X1, and the functions b : Q — [0,+00), p; : @ — (1,00), a; : Q@ — (0,00)
(j=0,...,n), f: Q — R are given.

Next we are going to define a weak solution of the problem 7 and
formulate the main result of our paper. For this, we need some functional spaces
and classes of input data of the given problem.

First we introduce some functional spaces. Suppose that either G = Q or G :=
Ox S, where S is an interval in R. Consider a function r € L (€2) such that r(z) > 1
for almost each = € Q. Denote by L,.(.)(G) the generalized Lebesgue space consisting
of the functions v € Ly (G) such that p¢ ,(v) < oo, where pg,,.(v) == [, |v(z)|"®) dz
for G = Q, pgr(v) == [, |v(z,t)|"®) dx dt for G = Q x S. The space is equipped
with the norm

(2.2)

[ollz, )@ =mi{A>0:pa,(v/A) <1}
[T, p. 599]. If essinf,eqr(x) > 1, then the dual space [L,.)(G)]" can be identified
with L,..)(G), where ' is the function defined by the equality ﬁ + ﬁ =1 for
almost each x € Q.
Let G = x S, where S is an unbounded interval in R or S = R. We denote by
L.()10c(G) the space of measurable functions g : G — R such that the restriction of
g on Q4 1, belongs to L,()(Qy, +,) for each t1,t5 € S. This space is complete locally

convex with respect to the family of seminorms {||-[|L, ,(q.,..,) | 1,2 € S}. A se-

quence {gn, } is said to be convergent strongly (resp., weakly) in L,(.) 1o(G) provided
the sequences of restrictions {gm|Qt1,t2} are convergent strongly (resp., weakly) in

Ly(y(Qt,,1,) for all t1,to € S. Similarly we can define the space Lo 10c(G)-
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Let B be a linear space with a norm or a seminorm || - ||g. Let us denote
by C(S;B) the space of functions v : S — B such that the restriction of v on
any interval [t1,t2] C S belongs to C([t1,t2]; B). The space C(S;B) is com-
plete locally convex with respect to the family of seminorms {||v|lc(i, ). =
maxset, 1) [v(t)|| 5| t1,t2 € S}. Therefore a sequence {g,,} converges in C(S; B)
provided the sequences of restrictions {gm|j¢, 1,]} converge in C([t1,t2]; B) for each
t1,t2 € S.

Let p = (po,.--,pn) : @ — R¥™ be a vector-function satisfying the following
condition:

(P) the function p; :  — R are measurable for all j =0,1,...,n,
po =essinfieqpo(z) > 2, p; :=essinfyeqpi(z) >2 fori=1,...,n,
pj = esSSUP,ecq P;(x) < +oo for j=0,1,...,n
We also denote by p’ := (po/,...,pn’) the vector-function whose components are
given by the equalities 1/p;(z) + 1/p;’(z) = 1 for almost each = € Q.
Let Wpl(')(Q) be the generalized Sobolev space consisting of the functions v €

Ly (82) such that vy, € Ly, () for all i =1,...,n. The space is equipped with
the norm

n
HUHWZ}(_)(Q) = ||U||Lp0(.)(9) + Z ”Uaci”Lpi(_)(Q)

i=1
We denote by W frd )(Q) the closure of the set {v € C*(Q) | v|r, = 0} in the space
Wy (-

Next, for arbitrary ¢1,t2 € R, we denote by W, (Q,g1 +,) the set of functions

w € Ly, (Qt,t,) such that wy, € Ly, (y(Q¢, 1,) for all i =1,...,n. We define the
norm

n
[0l @iy = 1000 @0 ) + D10l @0 )
=1

We denote by W (Qt1 +,) the subspace of W (Qt1 +,) consisting of functions v
such that v(-,t) € Wpl(i)(Q) fora. e. t € [t1,t2].

Let G = Q x S where S is either an unbounded R interval or the R axis. Let
us denote by W fr ) 1oc(G) the linear space of measurable functions such that their

restrictions on @, +, belong to wh (- )(Qt1 t,) for all ¢1,t5 € S. This space is complete

locally convex with respect to the family of seminorms {||- ||Wp(,_)(Qt11t2) |t1,t2 € R}.
The following assumption on the function b will be needed throughout the paper.
(B) b:Q — R is measurable and bounded, b(xz) > 0 for a.e. x € Q.

For cach z € Q we define b(z) = b(z) if b(x) > 0, and b(z) = 1 if b(z) = 0.

1/2y. where

We denote by H b(Q) the linear space of functions of the form w = b
v € Ly(€). We introduce a seminorm on H(Q) by [w]| := [6Y2w| 1, (q)- It is easy
to check that H?(Q) is the completion of Wpl(J(Q) with respect to the seminorm
I -l (see 211, IIL.6, p. 141])).

Set

Vp = Wpl()(Q)7 Ub

p,loc

=W 10.(Q) N C(R; HY ().
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The space U;;’IOC is a complete linear local convex space with respect to the family

of seminorms

{”wHW;(’,{;(Qtl,tz) + tell[%??tig] ”w("t)HLz(Q) |t17t2 € R}'

For an interval I we consider the space C¢ (I) of C*(I)-functions of compact support.
Let us denote by A the set of ordered arrays of functions (ag, a1, . . . , a,) satisfying
the condition

(A) for each j € {0,1,...,n} the function a; belongs to the space Log joc(Q)
and the following holds

a;(xz,t) > K; for almost each (z,t) € Q (2.3)
with some constant K7 > 0 being dependent on (ag, ay,...,an).

Definition 2.1. Suppose that b, p satisfy conditions (B), (P), respectively, (ag, a1,
coyan) €A and f € L) 1oc (Q). A function u is called a weak solution of (2.1]),
([2.2) provided u € U?,_. and the following integral identity holds

//Q{é (ailug,

for all Y € V,,, p € C§(R).

Pt ol )iy e = [ popdaa
(2.4)

We say that the weak solution of (2.1), (2.2) continuously depends on input

data, if for each sequence {fr}72; C Lp,()10c(Q) such that fr, — f as k — oo in
Lpox(_),loc(@) we have uy — u as k — oo in Ug,loc- Here u; and u are weak solutions

of (2.1)), (2.2) with the right-hand sides fx and f, respectively.

Theorem 2.2. Suppose that b and p satisfy conditions (B) and (P), respectively,

(ao,ai1,...,an) € A, and f € Ly 1()10c(Q). Then there exists a unique weak solu-
tion of (2.1)), , and it continuously depends on the input data. In addition, the
estimate

to n
max b(x)|u(z,t 2d:r+/ /[ Uy, (2,1
o opas [7 >l 0.1

t() ,
gcl{R-2/<P3-2>+/ /\f(:c,t)|p° @ d:cdt}
to—R Q

Pi@) 4z, 1) [P | da dt

(2.5)
holds for each R, Ry such that R > 1, 0 < Ry < R/2, and to € R. Here C; is a
positive constant which depends on Ky and p}t (j=0,...,n) only.

Remark 2.3. Note that Theorem has no conditions imposed on the behaviour
of the solution and the growth of the functions a; (j =0,...,n) as well as on the
behaviour of f as t — —oco. However, the theorem is not true for the case when
po(x) = p1(x) = -+ = pp(x) = 2 for almost each = € Q (see, for example, [2]).
Therefore the condition (P) is essential.

A solution u of (2.1)), ([2.2) is called bounded, if sup,cg [, b(x)u(z,t)|* dz < .
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Corollary 2.4. Under the assumptions of Theorem 2.2, if f € Ly (Q) then the
weak solution of (2.1)), (2.2)) is bounded; it belongs to W;(’g (Q) and the estimate

sup/ﬂb(:r)u(m,t)|2dﬂc+//cg[§:1|umi(x,t)

teR

=G // [, ) do dt
Q
holds.

P (e, )] dadt
(2.6)

Corollary 2.5. Under the assumptions of Theorem[2.3, if

S“p/ /|f(x,t)l”°'<f)dzdt§02
T—1J9

TER

for some positive constant Ca, then the weak solution u of (2.1), (2.2) is bounded.
In addition,

T€R

sup/ / [Z g, ()P (™) + ‘u(aﬁ,t”?o(m)} dedt < Cs
T—1JQ", 4

with some positive constant C3 being dependent on Kl,pji (j =0,...,n) and Cy
only.

Corollary 2.6. Under the assumptions of Theorem[2.3, if moreover

Jim / / | F (2, )P @ da dt = 0,
T—+00 7—1JQ
then for the weak solution u of problem (2.1), (2.2) the following relations hold:

i 16C)uC Dl =0,

T n
lim / / { Ug, (2,1
T—+o0 —1JQ ; ‘ ( )

Theorem 2.7. Under the assumptions of Theorem[2-3, if f, ao,. .. ,a, are periodic
in time with period o > 0, then the weak solution of (2.1), (2.2) is also o-periodic
i time.

pil®) 4 |u(x,t)\p°(z)} da dt = 0.

A set X C R is called relatively dense, if there exists a positive [ such that the
interval [a,a + I] contains at least one element of the set X for any a € R, i.e.
X Nla,a+1] # 0.

Let B be a linear space with a norm or a seminorm ||-|| 5. A function v € C(R; B)
is Borh almost periodic , if for each € > 0 the set {o | sup,cp [|[v(t+0) —v(t)||B < €}

is relatively dense. A function f € L, () 10c(Q) is Stepanov almost periodic provided
the set {0 | sup,ep [, [ |f(z.t +0) = f(z,t)[P°@ dxdt < €} is relatively dense
for each positive e. We say that w € W;(’%JOC(@) is Stepanov almost periodic, if
for each € > 0 the set {o : sup,cp [} | [o[ i lwa, (2,t + 0) — wy, (2,t)[P1 (@
+Hw(x, t+ o) — w(a:,t)|p0(“)] dx dt < €} is relatively dense. We refer to [8, 12, I§]
for the detailed information on the theory of almost periodic functions.
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Theorem 2.8. Let the hypotheses of Theorem[2.9 hold. In addition, suppose that
o, - - -, ay are Borh almost periodic functions in C(R; Loo(S2)). Assume also that f
is Stepanov almost periodic in Ly (. 10c(Q). Moreover, the set

F. := {a:sup/ |f(z,t+0)— flz, )P drdt < e,
TeERJ7r—-1JQ

max suplla;(-,t+ o) —a;(-,t §5}
7€{0,....n} teﬁ la; ) = a; (5 D)@

is relatively dense for each € > 0. Then the (unique) weak solution of !7 . is

Borh, almost periodic in C(R; H*(Q)) and Stepanov almost periodic in Wp(’ 3, 10e(@)-

3. AUXILIARY STATEMENTS
We start with some auxiliary results, which will be used below.

Lemma 3.1. Suppose that b, p satisfy condztzons (B), (P), respectively. Given
t1,to € R, we assume that a function w € W (Q,g1 t,) satisfies the equality

/ L{(Zgﬂ/’m +go¢>¢ - bwwga'} drdt =0, €V, peCi(t,ta), (3.1)
b i=1

Jor some functions g; € Ly, 1y(Qt,t,) (j =0,...,n). Then w € C([t1, t2]; HY(Q))
and the equality

9(15)/Q b(z)|w(z,t |2dﬂc - / /b|w\ 0’ dx dt

T2 n
+2/ /(Zgiwzi—l—gow)dedt:O
(EREA )

holds for all 71,79 € [t1,t2] (11 < T2), 0 € C*([t1,t2]).

This statement can be proved similarly to [4, Lemma 1].

(3.2)

Lemma 3.2. Suppose that b and p satisfy conditions (B) and (P), respectively.
Given tl,tg 6 R such that to —t1 > 1 and a € A, we suppose that functions uy and
ug from W (Qlﬁ1 ) NC([t1, t2]; HY(Q)) satisfy the equality

/. /{(Zi

to n
= / / (Z fi,lwmi + fo,l¢)@d$ dta w S Vpa pe Col(th t2)
t Q2o

P02y b, + ao|Ul|p°(m)72uz¢)¢ - buﬂ/ﬂﬁl} dx dt
(3.3)

with the functions fj1 € Ly ()(Qt,.t,) (5 = 0,...,n;1 = 1,2), respectively. Then
the inequality

max / b(x)|ui(z,t) — us(z,t)|? do

te[to—Ro,to] J

to n
+/ / ( § |u1790i — U2z,
to—Ro JQ i=1

to n ,
§C4{R—2/<P3—2>+ / / > 1fiala,t) = frala, )P @ d:cdt}
to—RJQ 5,

P fuy = ) dadt (3.4)
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holds for each R, Ry and to such that R > 1, 0 < Ry < R/2, andt; <tg— R <
to < to. Here Cy is a positive constant which depends on K1 and pj[ (j=0,...,n)
only.

Proof. Let R, Rg,to be such as in the formulation of the lemma, and n(t) :=t —
to+ R, t € R (see [7]). For given v € V,,, ¢ € C}(t1,t2) we subtract equality (3.3
when [ = 1, and the same equality when [ = 2. Then, putting

uiz(z,t) == ui(z,t) —ua(z,t), fii2(x,t) = fi1(z,t) — fi2(x,t),
ap2(z, t) == ao(x,t)(|u1(a:,t)\p°(x)_2u1 (x,t) — |u2(m,t)|p°(z)_2u2(m,t)),
ain2(w,t) = a;(2, ) (Jur e, (2, 8) [P 720y 4, (2,8) — Jug g, (2, 8)|P 20y 4, (2, 1))
(i=1,...,n;7=0,...,n; (z,t) € Q),
we have an equality. From this equality using Lemma with w = w2, g; =

aji2—fi12 (j=0,....n), 0 =n°, s :=py /(py —2), 71 = to—R, 72 = 7 € (to—R, 1o},
we obtain the equality

775(7)/ b(x)uiz(x, 7)| dx+2/ / Zal 12(u12)z; + ag 12u12}77 dx dt

= S/ / b|U12|2 i 1d$dt+2/ / Zfiylg(ulg)mi +f0712U12)T]S dIL’dt
to— - =1

(3.5)
We make the corresponding estimates of the integrals of equality (3.5). First we
note if r € Lo () and essinfyeq r(x) > 2, then on the basis of [3, Lemma 1.2] we
have the inequality

(Js1]"@72s) — |so]"@7255) (57 — 59) > 2277 |81 — 5o|"@

for each s1,s2 € R and for almost each z € Q (here r* := esssup,c, 7(x)). Using
this inequality we obtain

r n
/ / { Z a;12(w12)g; + @012 U12}775d$ dt
to—R JQ i

/to / (us2).

where C5 > 0 is a constant dependlng only on K7 and p;r (j=0,...,n).
Further we need the inequality

ac<celalf+ e @D |9 aceR, ¢g>1,1/qg+1/¢d =1,e>0, (3.7

p'i(””) + |u12|p°(””))ns dz dt,

which is a corollary from standard Young’s inequality: ac < |a|?/q + |¢|? /¢ .
Putting (for almost each z € Q) ¢ = po(x)/2, ¢ = po(x)/(po(z) — 2), a =
lura|?n%/9, ¢ = by*/7 =1, ¢ = £, > 0, under (3.7) we obtain

/ / blugs|?n®tdx dt

to—R Q

S €1 / / |U12|p0(z)778 dx dt + 6;2/(170_72) (38)
to—R JQ

" (esssupzeﬂ\b(x)|p°(x)/(p°(x)_2)) / / o =P0(@)/ (0o(@)=2) gy gt

to—R JQ
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where 1 € (0,1) is an arbitrary number.
Again using inequality (3.7]), we obtain

/t:R/Q (;fi,lQ(um)m +fo,12u12)nsdxdt
T n
= /toR /sz <Z |(w12)a,

i=1

T | /
+/ / (Z% [ )|fj,12|pj (x))nsdl“dt,
to—R JQ =0

pil@) 4 |u12|p°(x)>77s du dt (3.9)

where 9 € (0,1) is an arbitrary number.

From (3.5)) using (3.6)), (3.8), (3.9), if €1 and €2 are sufficiently small, we obtain

w0 [ vl ot [ {3 O el dods
to—R JQ i=1

Qr
< 0 [/ / o= r0(@)/(0()=2) gy gy +/ / (Z |fj,12|pj’<z))ns dz dt},
to—R JQ to—RJQ N0
(3.10)
where Cg is a positive constant depending only on K; and p]i (j=0,...,n).

Note that 0 < n(t) < R, if t € [to — R, o], and n(t) > R — Ry, if t € [ty — Ro, tol,
where Ry € (0, R) is an arbitrary number. Using this and that R > max{1;2Ry}
(then, in particular, we have R/(R — Ro) = 1+ Ro/(R — Ry) < 2), from we
obtain the required statement. O

4. PROOF OF THE MAIN RESULTS

Proof of Theorem[2.3. First we prove that there exists at most one weak solution of
problem (2.1)), (2.2). Assume the contrary. Let u1, us be (distinct) weak solutions
of this problem. Using Lemma [3.2] we obtain

to
/ / |U1 - u2|p0(m) dx dt S C4R72/(p§72), (41)
to—Ro JQ

where R, Ry, to are arbitrary numbers such that R > 1, 0 < Ry < R/2, tg € R.

We fix arbitrary numbers Ry > 0, tg € R, and take the limit when R — +00 in
([@3). As a result we receive that u; = us almost everywhere on Q,—p,.t,. Since
Ry and t( are arbitrary numbers, we obtain u; = us almost everywhere on (). The
obtained contradiction proves our statement.

Now we are turn to the proof of the existence of a weak solution of problem
, (2.2). For each m € N we consider an initial-boundary value problem for
equati in the domain @,, = 2 x (—=m, +o00) with a homogeneous initial
condition and boundary conditions , namely: we are searching a function

Up € W;(’,O),loc(Qim) N C([—m, +o0); H?(Q2)) which satisfies the initial condition:
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b2t 4= —m = 0 and the integral equality

// {(gadum,xi

m

= //Q fmpdzrdt
" (4.2)

for each ¢ € V,, ¢ € C{(—m,+oc), where fo,(z,t) := f(x,t) if (z,t) € Qm, and
fm(z,t) ;== 01if (z,t) € Q \ Qu,. The existence and uniqueness of the function u,,
follows from a well-known fact (see, for example, [9]).

We extend u,, on @ by zero and this extension is denoted by u,, again. Further
we prove that the sequence {u,,} converges in Uz’loc to a weak solution of problem
, . Indeed, note that for each m € N the fuction u,, is a weak solution
of the problem which differs from problem , in f,, instead of f. Using

Lemma [3.2] for each natural numbers m and k we have

b m(z,t) — 1)|%d
[ el ) (o)

to n
+/ / [ |u7n,7"7 — Uk, x;
to—Rg JQ ;
to
<Ca{r 2w [ [ g, - e det),
to—R JQ

where R, Ry, to are arbitrary numbers such that o € R, R > 1, 0 < Ry < R/2.
We show that for fixed ty and Ry the left side of inequality converges to

zero when m, k — +o0o. Actually, let € > 0 be an arbitrary small number. We

choose R > max{1,2Ry} to be big enough such that the following inequality holds

P2t 0 W, + ot PO Pt p — b | ddt

CCRTMEACLE PR

CyR™2/P3-2) < ¢, (4.4)

This is possible as pa' — 2 > 0. Under for arbitrary m,k € N such that
max{—m, —k} < to — R (then f,, = fr almost everywhere on  x (tg — R,%0))
the right side of inequality is less than €. From this it follows that the re-
striction of the terms of the sequence {u,,} on Qiy—r,.t, is a Cauchy sequence in
Wpl(’.o)(Qto_Rmto) NC([to — Ro, to]; HY(2)). Therefore, since ty and Ry are arbitrary,
it follows that there exists a function u € [Ug)loc such that u,, — v in UZ’IOC. As-
suming that in the integration on @Q,, can be replaced by integration on @, we
take the limit of this equality for m — oco. As a result we obtain forally € V,
and ¢ € C3(R). It means that the function u is a weak solution of problem ,
(2.2). Estimate directly follows from Lemma putting w1 = u, us = 0,
foi=f, fir=00G=1,...,n), f;2=0(=0,...,n). Continuous dependence of
a weak solution of problem 7 on input data is easily proved using Lemma
With ur and f;, instead of u; and fy 1 respectively, and also u and f instead of
ug and fo o respectively, putting fi1 = fi2o =03 =1,...,n). O

The Proofs of Corollaries follow from estimate (2.5)).

Proof of Theorem[2.7. Let u denote a weak solution of problem (2.1), (2.2). Put
) (a,6) = ula, t+ ), fO)(@,0) = fla,t4p), af (@,0) = a; (@, t+p), (0,1) € Q,
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where pu € R. Replace variable t by t + p (1 € R is arbitrary at present) in (2.4]).
As a result we obtain an identity which we will write in the form

= L0,
S A e

- bu<#>w¢’} dz dt

n
— [ (X - ae
Q =1 '

+(ag°)—agﬂ))|u(ﬂ>|P0($>—2u(“>¢)<pdmdt+//Q FO o das dt

Pi@) =290y 4 al® |u() [P0 (@) =24, (1) b

(4.5)
pi(x) —ngl:) ¢M

for all ¢ € V,,, ¢ € C}(R). From this, putting u = o and using periodicity of the
functions a; (j = 0,...,n) and f, we obtain that the function u(?) is a weak solution
of problem 7 . Taking this into consideration and the fact of uniqueness of
a weak solution of the problem , , we get u(® = u(?) almost everywhere
on (). Therefore the statement of Theorem is proved. O

Proof of Theorem[2.8, Similarly as in the proof of Theorem [2.7] we arrive to equality
(4.5). Let d, := min{1; K1/2} and o € Fjs,, where F_ is defined in the formulation
of given theorem. We consider the identity (4.5)) at first for 4 = 0 and afterwards for

i = o. Then using Lemma with u; = u(®, uy = ul?), a; = aéo) (j=0,...,n),

for = fO, foo = (aéo) - aéa))|u(a)|p°(z)72u(g) + f fi1 =0, fio = (az(p) -
a§“>)|ui‘j)\m<x>—2u§;j), (i=1,...,n),to=7T€R, Rp=1, R=1€N (Il > 2), we
obtain

max /b(x)|u(‘7)(x,t) —uO (1) 2da
Q

te[r—1,7]

+/ / [ ul?) — ul®
7—1JQ ; o o
<Ca(t0 2y [ [ {159 = O] 4ol — of)fule) o)1)
T—1JQ
) (0
+ Z la;”" — a;
=1
From the inequality (a + ¢)? < 2971 (a? + c%), a > 0, ¢ > 0, ¢ > 1, we have
[ [ 05 = 10 el = a1 sy
T—1J)
< U5 —1) /T / () — fOP@ 4 6l _ qO @] po®)) g
T—1JQ
< 9l/g 1) /T / £ — O 0@ gy gy
=1 JQ

- ) [T
+ (Sup ||a(() )(',t) - aéo)(',t)HLoc(QO ’ / / |u(@)|Po(®) dg dt,
teR T—1JQ

Pi@) 4 @) _ u<o>|po<z>} d dt
(4.6)

pi’ (z) |u§cf{')

pi(e) } d dt) .

(4.7)
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T n
(@) _ 40

®H (7 2
(o) (0) ‘ / / (o) |pi(2)
< max sup |la;, "(,t) —a; ()L E Uy dx dt,
T ie{l,..n} (teﬂg la:C ) GOl (Q)) 1 Qi_n| Ol
(4.8)

Pi'@) . [,(0)

7)) da dt

where (pj')’ = pjr/(p;r -1 (j=0,...,n).

Since o € Fj, and f is Stepanov almost periodic, it follows that a(?) (x,t) > K /2
(j=0,...,n) for a. e. (2,t) € Q and sup,cp [, | Jo |f(z, )P0 dadt < Cg,
where Cg > 0 is a constant independent on o. From this under Corollary we

have
sup/ / {|u(‘7)\p°(x) + Z |u§0‘:)|p"(”)} dx dt < Cy, (4.9)
s€ER Js—1JQ i—1

where C7 > 0 is a constant independent of o. Thus, from (4.6) using (4.7) and
(4.8), we obtain

/ b(x)\u(a)(:zz,T) —u© (9:,7')|2dx
Q

+/ /[ [ul?) — ul®
T—1JQ ; ' ’

l T—k+1
< 08{172/(173*2) + Z/ / 1) — O P’ (@) qa g
k=1"7"F @

T—k+1

)
(o) (0) J E : (o) |po(x)
+ max (su a; (-t as’ (¢ ) / /[u
j€{0,...,n} pll I 1) / Gl “ 1/ Tk Q | |

teR
+ 3 )

i=1

Pi@) 4 (@) _ u<o>|po<m>} de dt

#)] dwdt

(4.10)
where Cg is a constant independent of 7,0 and .
Let € > 0 be an arbitrary small fixed number. We show that the set

U, == {0’ eER: sup/ b(z)|u(z,t + o) —u(z, t)[*dr < e,
ter Jo

sup/ / {Z |ty (2, t + 0) — Uy, (x,t)
T—1JQ -,

TER

pi(z)

+lu(z, t + o) — ulz, t)|po<f>|} d dt < e}

contains a set Fj for some ¢ € (0,0, implying the relative density of the set Uk.
Indeed, choose big enough [ € N (I > 2) satisfying the inequality

Csl™2/5=2) < /2, (4.11)

and fix this value . Then take § € (0, d.] such that the following inequality remains
true

Cs ((5—|— - max }6(”J'+)/C7)l <eg/2. (4.12)
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Therefore, if § € Fs, then the right side of the inequality (4.10]) is less than or equal

to €. This implies that Fs C U,, that is the fact we had to prove. ([
REFERENCES

[1] Y. Alkhutov, S. Antontsev, V. Zhikov; Parabolic equations with variable order of nonlinearity,
Collection of works of Institute of Mathematics NAS of Ukraine, 6 (2009), 3-50.

[2] Mykola Bokalo and Alfredo Lorenzi; Linear evolution first-order problems without initial
conditions, Milan Journal of Mathematics, Vol. 77 (2009), 437-494.

[3] N. M. Bokalo; Problem without initial conditions for classes of nonlinear parabolic equations,
J. Sov. Math., 51 (1990), No. 3, 2291-2322.

[4] M. M. Bokalo, I. B. Pauchok; On the well-posedness of the Fourier problem for higher-order
nonlinear parabolic equations with variable exponents of nonlinearity, Mat. Stud., 26 (2006),
No. 1, 25-48.

[5] Mykola Bokalo, Yuriy Dmytryshyn; Problems without initial conditions for degenerate im-
plicit evolution equations, FElectronic Journal of Differential Equations, Vol. 2008 (2008),
No. 4, 1-16.

[6] Mykola Bokalo; Dynamical problems without initial conditions for elliptic-parabolic equa-
tions in spatial unbounded domains, Flectronic Journal of Differential Equations, Vol.
2010 (2010), No. 178, 1-24.

[7] F. Bernis; Elliptic and parabolic semilinear problems without conditions at infinity, Arnh.
Ration. Mech. and Anal., Vol.106 (1989), No. 3, 217-241.

[8] G. Borh; Almost periodic functions, M.: 1934.

[9] Y. Fu, N. Pan; Existence of solutions for nonlinear parabolic problem with p(z)-growth,
Journal of Mathematical Analysis and Applications, 362 (2010), 313-326.

[10] Z. Hu; Boundeness and Stepanov’s almost periodicity of solutions, Electronic Journal of
Differential Equations, Vol. 2005 (2005), No. 35, 1-7.

[11] O. Kov&gik, J. Rékosnic; On spaces LP(®) and Wk P(®)  Czechoslovak Mathematical Journal,
Vol. 41 (1991), No. 116, 592-618.

[12] B. M. Levitan , V. V. Zhikov; Almost periodic functions and differential equations, Cambrige
University Press, 1982.

[13] J. L. Lions; Quelques méthodes de résolution des problémes aux limites non linéaires, Paris,
Dunod, 1969.

[14] Md. Magbul; Almost periodic solutions of neutral functional differential equations with
Stepanov-almost periodic terms, Electronic Journal of Differential Equations, Vol. 2011
(2011), No. 72, 1-9.

[15] R. A. Mashiyev, O. M. Buhrii; Existence of solutions of the parabolic variational inequality
with variable exponent of nonlinearity, Journal of Mathematical Analysis and Applications,
377 (2011), 450-463.

[16] M. Mihailescu, V. Radulescu, S. Tersian; Homoclinic solutions of difference equations with
variable exponents, Topological Methods in Nonlinear Analysis, 38 (2011), 277-289.

[17] O. A. Oleinik, G. A. Iosifjan; Analog of Saint-Venant’s principle and uniqueness of solutions
of the boundary problems in unbounded domain for parabolic equations, Usp. Mat. Nauk.,
31 (1976), No. 6, 142-166.

(18] A. A. Pankov; Bounded and almost periodic solutions of nonlinear operator differential equa-
tions, Kluwer, Dordrecht, 1990.

[19] M. Ruzicka; Electrorheological fluids: modeling and mathematical theory, Lecture Notes in
Mathematics, 1748 (Springer-Verlag, Berlin, 2000).

[20] R. E. Showalter; Singular nonlinear evolution equations, Rocky Mountain J. Math., 10 (1980),
No. 3, 499-507.

[21] R. E. Showalter; Monotone operators in Banach space and nonlinear partial differential
equations, Amer. Math. Soc., Vol. 49, Providence, 1997.

[22] R. E. Showalter; Partial differential equations of Sobolev-Galpern type, Pacific J. Math.,
31 (1969), 787-793.

[23] R. E. Showalter; Hilbert space methods for partial differential equations, Monographs and
Studies in Mathematics, Vol. 1, Pitman, London, 1977.

[24] A. N. Tihonov; Uniqueness theorems for the heat equation, Matem. Sbornik, (1935), No. 2,

199-216.



EJDE-2014/169 ALMOST PERIODIC SOLUTIONS 13

[25] J. R. Ward, Jr.; Bounded and almost periodic solutions of semi-linear parabolic equations,
Rocky Mountain J. Math., 18 (1988).

MykoLA BOKALO
DEPARTMENT OF DIFFERENTIAL EQUATIONS, IVAN FRANKO NATIONAL UNIVERSITY OF Lviv, Lviv,
UKRAINE

E-mail address: mm.bokalo@gmail.com



	1. Introduction
	2. Setting of the problem and main results
	3. Auxiliary statements
	4. Proof of the main results
	References

