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NONLINEAR ELLIPTIC PROBLEM OF 2-¢-LAPLACIAN TYPE
WITH ASYMMETRIC NONLINEARITIES

DANDAN YANG, CHUANZHI BAI

ABSTRACT. In this article, we study the nonlinear elliptic problem of 2-g-
Laplacian type
—Au — pAgu = A" 2u+ au+but)?! in Q,
u=0 on 909,

where Q C RY is a bounded domain. For a is between two eigenvalues, we
show the existence of three nontrivial solutions.

1. INTRODUCTION

In this article, we are interested in finding the multiple nontrivial weak solutions
to the nonlinear elliptic problem of 2-g-Laplacian type,

—Au — pAgu = —Nu|"?u+au+bu™)?"! i Q,

1.1
u=0 on 09, (1.1)

where 2 C RY is a bounded domain with samooth boundary 9%, A,z > 0 are two
parameters, N > 2, 1 < min{q,r} < max{q,r} <2< 0 <2* = ﬁﬁg, a€R,b>0,
and v = max{u,0}. Ayu = div(|Vu|?"?Vu) is the ¢g-Laplacian of u.

Paiva and Presoto [12] studied the semilinear elliptic problem with asymmetric
nonlinearities,

—Au = —)\|u|q72u + au + b(qu)p*l in Q,

1.2
u=0 on 0f. (1.2)

Where N >3,1<¢<2<p<2" acR, b>0and ) is a positive parameter.
Problem (1.2)) is also closely related to the class of superlinear Ambrosetti-Prodi
problems [6],

—Au=au+ (u")? + f(z) in Q. (1.3)

Further results for problem (1.3)) can be found in [4, Bl [T}, 14] and references cited
therein.
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Marano and Papageorgiou [10] obtained the existence of three solutions of the
(p, q)-Laplacian problem

—Apu — pAgu = f(z,u) in Q,

u=0 on 09, (14)

by using variational methods and truncation arguments. Nonlinear elliptic problems
involving the p-g-Laplacian operator is an active are of research; see [8, [0] 13} [15]
17, (18] and the references therein.

Motivated by the above works, we shall extend the results of problem (|1.2) to
problem . By using variational methods, we obtain three solutions t.
We say that g is asymmetric when g satisfies the Ambrosetti-Prodi type condition

g(t)

g— = lim == <), <g4 =

t——oo {

t
lim —g( ) .
t—+oo

Since problem (1.1 involves —A and —A,, the arguments will be more compli-
cated, and more analysis and estimates are needed.
The eigenvalue problem of the Laplacian, in Q ¢ RY, has the form

—Au=Mu in H(Q). (1.5)

By the Ljusternik-Schnirelman principle it is well known that there exists a non-
decreasing sequence of nonnegative eigenvalues 0 < Ay < Ap <--- < A; < ... and
a correspondent eigenfunctions ;. Also, the first eigenvalue Ay is simple and the
eigenfunctions associated with A\; do not change sign.

Now we are ready to state our main results.

Theorem 1.1. Let N > 3, 1 < min{q,r} < max{q,r} <2 <0 <2* and \p, < a <
Agr1. Then, for X > 0 and p > 0 small enough, problem (1.1)) has at least three
nontrivial solutions.

Theorem 1.2. Let N >4, 1 < min{q,r} < max{qg,r} <2<0=2* and \py < a <
Ai+1- Then, for A > 0 and p > 0 small enough, problem (1.1)) has at least three
nontrivial solutions.

This article is organized as follows. In Section 2, we show some geometric con-
ditions to establish the Mountain-Pass levels and give a technical lemma which is
crucial in the proof of our main results. In Section 3, we establish the existence of
three nontrivial solutions for the nonlinear elliptic problem .

2. PRELIMINARIES

In this article, ||-||, and |-|, denote the norms on W, (Q) and LP(2), respectively;

fully = ([ 1vupan) s tuly = ( [ fulraz) ™.

For convenience, we substitute || - || for || - |2. The best Sobolev constant S of the
embedding HJ(Q) < L?"(Q) is denoted by

[[ul®

we HE()\{0} |u

5 -
2%



EJDE-2014/170 NONLINEAR ELLIPTIC PROBLEM OF 2-¢-LAPLACIAN TYPE 3

It is known that S is independent of {2 and is never achieved except when Q =RV
(see [16]). Consider the energy functional I ,, defined on H}(2) given by

r a
Do) = gl + S+ 2 [ furde =8 [ s =5 [ @ae (2

It is easy to know that I, ,, is of class C? and there exists a one to one correspon-
dence between the weak solutions of (L.1)) and the critical points of I, on Hg ().
By a weak solution of (1.1)) we mean that u € HJ(Q2) satisfying

(B 0.0) = [ [VuTo+ plFul2uToldo+ 2 [ Jufuvds
Q

Q
- a/ uvdx — b/ (wh)lude =0
Q Q
for all v € H} ().

Denote by ; a normalized eigenvector relative to eigenvalue \; of . Let
Vi = {¢1,..., k) and Wi = V;-. Without loss of generality, we suppose 0 € €,
and m € N large enough so that By, C (), where By, denotes the ball of radius
2/m with center in 0. Consider the functions introduced in [7],

0 ifxe Bl/m7
Cn(x) = mlz| -1 if x € Ay = Baym \ Bijm,

Set ¢i" = Cmpi,

Vit = (1" 05 k)
and W;m = (Vy™)1. For each m € N, define a positive cut-off function n €
CX(Bijm) such that n = 1 in By, n < 1in By, and [Vl < 4m; take
o1 = NPr+1. Then

suppu Nsupp @iy, =0 (2.2)
whenever u € V;™. By [1], it is easy to check the following Lemma.

Lemma 2.1. As m — oo we have

O — @ in Hy(Q) and max ul|* < A\ + cem? N,
ueVym™: [o |u|?=1
Corollary 2.2. For m large enough
Vit e Wy, = Hg. (2.3)

As an easy consequence of Lemma 2.1 we have the following decomposition of
H}.

Lemma 2.3. Assume A\; < a, 1 < min{g,r} < max{q,r} < 2 < 6 < 2* and
A, > 0. Then every (PS) sequence of I, is bounded.

Proof. Suppose {u,} C H3(Q) is a (PS) sequence of I ,; i.e., it satisfies

1
bl + St + 2 [ fualde =5 [ aPta = [ @ibae] <0 )

‘/[Vuan + p|Vu, |72V, Voldz + )\/ |t |" 2 upvd
Q Q
(2.5)
- a/ Upvdx — b/(u:)eflvdz‘ < ellvll, Vv e HH(RQ),
Q Q
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where ¢, — 0 as n — oo. By (2.4)) and (2.5)), we obtain
C + enllunl

2 |I>\(un) - <If\(un),un>|

1 B é,é/ - é,é/ Y
7‘((1 Dlnlly + (C=3) | Jualde+ (5= ) Q(u")dx’

> (5 5) [ s

Thus, we have

DN | =

/(u:)edx < CH+ epllunl-
Q

Moreover, by Holder inequality, we have

? 7 ut ) dx 2/9.
/Qm) dz < |9 (/Q< £)0dr)

On the other hand, by (2.5) we have
(13 (un), )| = [l 17 4 pelluz 1 + Mg 7 = alug 3] < enlluz 1,

with v~ = max{—wu,0}. It follows from (2.4), (2.7)), (2.8) and (2.9) that
1 0o N, A /
Myt < (2 B2 q Z2_Z r
sl < (5 =Dty + (G- 2) [ e
a 2 b o 1, _
2 Jg 0 Jo 9 VA

< g/(qu)Qal:EJré/(uj)edzc+en||u;||JrC
2 Jo 0 Jo

< enllunl + enfluy || + C.

(2.6)

(2.10)

Firstly, we show that (u;) is bounded in Hg(£2). Suppose by contradiction that
lut]| — oo, by (2.10), we know that (u,,) is also unbounded. Let w,, = uy, /| uy||.

Since {w,} is bounded in Hg (), there exists w € H{(£2) such that
w, —w in H(Q),
w, —w in L% V1 <s<2%
w, — w a.e. in .
From (2.10)), there exists o > 0 satisfying
lun || = ot |
whenever n is large. Notice that

Uny Uy Uy

= <
lunll (|12 + fJun )12 7 (Jun |2 4+ o2 [uz [[4)1/2

which implies that w < 0. Furthermore, by

+
n

w,

Up, Uy,

w _ ez

w, = = .
TNl Nt a2 fun ]l 12+l [2)272

(2.11)
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and (2.11)), we obtain |Jw,, || — 1. Hence, by (2.9),

e 7 I [
nro4 +a—2 2.12
TSR TR E (212)

Recalling that ¢,r < 2, we obtain
lluy, 14 2-q, _

T iug <197 u 2972 —0, (2.13)

Uy |7 _
< Q8B |jus || F 2 - 0. (2.14)

[lun (2~
Moreover, by (2.11) and ||w; || — 1, we have
Uy,

lun | lunll lunll*flu |

Thus we may exchange ||u,, || for ||u,| in (2.12), and substituting (2.13) and (2.14)
2.5

Uy Uy ]

—1) =0 in H)(Q).

into it, we obtain |w;, | — 1/4/a, then w # 0. Taking v = ¢; in (2.5)), one has

[P

u
/ [Vw,Vorde + p—————
0 [[n |

A b
+ / \un\rdungpldax - a/ Wpprdr — (u:{)ofltpldx — 0;
unll Jo Q lunll Jo

that is,

/ |Vw, T2 Vw, Verde
Q

[ P

[[n|

|u [ / |un " Un‘ﬂldfﬂ |u / 0 1@1daj~>0.
n n

Since the second, the third and the fourth term above approach zero, it follows that

(M — a)/ werde =0,
Q

which is a contradiction, as w < 0, w # 0 and \; < a, so that (u,) is bounded.
Finally, assume that |lu,| — oo and |lu;} || < C for all n € N. Taking v = w,, in

(2.3), by (2.13) and
1
o 54 =0

for § < 2*, we obtain alw,|3 — 1, so that w,, — w in L*(Q) with w # 0. Then by

(2.5) we obtain
/ VwVovds — a/ wudr =0 for all v € HL (),
Q Q

(Al—a)/wncpld;v+u /|V |12 Vw, Vo de

(2.15)

with w # 0 and w < 0, which is a contradiction, as a is not the first eigenvalue.
Hence, we conclude that {u,} must be bounded in H} (). O

In the subcritical case, 1 < 6 < 2*, we can easily know according to the lemma
above, I , satisfies the (PS) condition at every level.

Lemma 2.4. Let \; < a and 6 = 2*. For each A\, > 0, I, satisfies the (PS)
condition at level ¢ with ¢ < ~ 2
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Proof. Let {u,} C H} () be a sequence satisfying
I\, (up) — ¢ and |<I§\,N(un),v>\ <enlvll,, Vo€ HI(Q), (2.16)

with €, — 0 as n — oo. By Lemma 2.3 we obtain that {u,} is bounded. Thus, by
passing to a subsequence, we have

u, —u in H}(Q),
up, —u in L%, V1 <5< 2%, (2.17)

U, — u a.e. in Q.

Since {u;"} is bounded in H{ (), from the Gagliardo-Nirenberg inequality it follows
that {u;}} is also bounded in L?>". By passing to a subsequence again, we have
u — ut in L?". Hence, we obtain by [I1, Lemma 2.3] that

—Au— pAgu = —Au""2u+ au+ b 7L in Q

(2.18)
u=0 on 0f,

Thus, by (2.18) we have
B R A A . b_ b +y2°
Set w, = u, — u. It is easy to check that
uf = u] < f(un —w) T[S =[5, 1<s<2% (2:20)
By ([2.16]) and the Brezis-Lieb Lemma, we have
[wnl® + pllwnl|E + Alwn[; — alwn[3 = blu — w3
= Jlunll® = lull® + p(llunlld = llalld) + Alunly = fuly)
— aflunl3 — [uf3) = b(jut 15 — [u[5-) + on(1)
= (I3 ;. (un), un) — (I (), u) + o(1),

which implies that

dim [Jlwn|® + pllwn |+ Mwal; = alwal3 — bluf —ut[3] = 0. (2.21)

Moreover, by (2.17) we have w,, — 0 in L™ and L?. Thus, we have from (2.20) and
[Z21) that

1wl + pllwnl|? = blut — w32 + o(1) < blw;! 3 + o(1). (2.22)
Without loss of generality, we assume that
[wal> = d+o(1), [lwallg = h+o(1). (2.23)
By (2.22)), (2.23]) and Sobolev inequality, we obtain
d + phN\2/2" . .
d> s(%) > §h2/2" 217 (2.24)

If d = 0, then we complete the proof. Otherwise, (|2.24]) implies that

2

d> SN2 (2.25)
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Then by (2.16]), (2.19) and the Brezis-Lieb Lemma, we conclude
¢z c—Ixu(u) = Inu(un) = Inu(u) +o(1)

1 %
=3 (lunl® = [lul?) + ¢ (lunlld = )
A . . a b . . (2.26)
+;(WMr—hmJ—§(WM§—hﬁ)—Q;Wﬁiw—w+§)+d0
1

2 +o(1).

Let n — oo in (2.26)), we obtain by (2.22)), (2.23), (2.25) and w,, — 0 in L" and L?
that

I A a b
= 5 llwall® + 5HwnHZ + ~lwnly = Shonls — 5oy —

. g uh B d+ ph

-2 q 2%

— (1 _ i) (B _ ﬁ)h
2 2+ q 2*
1 1

> (= ——)\)d

(-0
]. 2—N

> —§N/2p
N

which is a contradiction. O

3. MAIN RESULT

Firstly, we consider the existence of the nonnegative solution of (1.1) . Define
the functional Iy , : Hj(Q) — R as follows

1 I A , a b
) = gl + 2l + 2 [ @hyrae— 4 [ @hae- g [ @t @

It follows that I;_,u € C' and the critical points u, of I:\"’M satisfy uy > 0 and
so are critical points of I, as well, actually, (I;M)/(U+)[(U+)7} = —||(uyp)7|? —
pll(ug)[I5 = 0.

Similar to the proofs of Lemma and Lemma we can show that I; u
satisfies the (PS) condition.

Lemma 3.1. Let 2 < 0 <2*. If \, u >0, then I;:M satisfies the (PS) condition at
level ¢ with ¢ < %SN/QbiN.

Lemma 3.2. The trivial solution u = 0 s a local minimizer for I/—\Fu’ for all
A, > 0.

Proof. Tt suffices to show that 0 is a local minimizer of Ij\“) ., 1 the topology (see
[3]). For u € C}(£2), we have

1 I A - a b

0
> [wryae- [ wnpas— g [ @y

A a 2—r b 0—r +\r
> (Z = _
> (2 - Zul% eww)Am)mzo

Y
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whenever

A
*l |00 + 5 |U| TS*

O

Lemma 3.3. There exists tqg > 0 such that I)tﬂ (tow1) <0, for all A\, p in a bounded
set.

Proof. Let @1 be the positive eigenfunction associated to A1, for ¢ > 0, we have

t2 i D) t2a t%
duwn=4m%+—mm%~—/%m—7/¢mw~—/ﬁm

t2

2(/\1—a)/ da:+—H<p ||"+*/<pdx— 7 /w

Since A1 < a and ¢, < 2 < 6, there exists a choice of ty > 0 such that Ii#(togol) <
0 for A\, 1 in a bounded set. O
Define
+ +
cy = inf sup [ t)),
A T YETT te[0,1) ’”( ®)
where

={y € C([0,1],7(0) = 0,7(1) = tor}-
On the other hand, by the proof of Lemma we obtain

i t"A )
I3, (t1) < —lnlld + 7/ prda.
q T Ja

Then, if A and p are small enough, cj\“’ u < %SN/ 2b¥, consequently, by means
of the Mountain Pass Theorem, cj\" uisa critical value of I;t - Thus, we have the
following result.

Lemma 3.4. Let N > 2, 1 < min{q,r} < max{q,r} <2< 0 <2* and \; < a. If
A, p are small enough, then (L.1)) has at least a nontrivial positive solution.

To obtain the negative solution, consider the functional I 't H}(Q) — R given
by

_ 1 I A r a _
Iy, (u) = —Hu||2 + *||u||g + - /Q(u )'dx — 3 /Q(u )2d. (3.2)

Again, I, , € C! and the critical points u_ of I)\H satisfy u_ < 0 and so are
critical pomts of I, as well. We will apply once again the mountain pass theorem
to obtain a critical point of I, e

Lemma 3.5. The trivial solution v = 0 is a local minimizer for Iy, for all
A, > 0.

Proof. It suffices to show that 0 is a local minimizer of I  in the topology. For
u € C}(Q), we have

_ 1 I A r a _
1) = gl + 2+ 2 [ @oyae =5 [ e

%/Q(u_)Tdac—g/Q(u_fdx

Y
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A a —r —\7
> (== < ul% )/(u )'de >0
T 2 Q
whenever %|u|é‘0’" < AJr. O

Lemma 3.6. There exists tg > 0 such that I;h“‘(—t()@l) < 0, for all \,p in a
bounded set.

Proof. For t > 0, we have

12 t9p D) t2a
I7 (=to1) = =l )2 + S |lea]|2 + == | @lde — — | ©3d
au(—ten) = Sl + . llpallg + = /Qsol T == /Qsol z
t? tip "\ .
S0 -a) [ e+ g+ [ o
2 Q q r Ja

Since A1 < a and r,q < 2, there exists a choice of tg > 0 which proves the lemma.
O

As in the nonnegative solution case, we obtain a critical value

cy = inf sup I, t)),
Ao YEL™ tefo,1] /\’H(’Y( )

where
™ ={yeC([0,1] : 7(0) = 0,7(1) = —tor}.
Similar to the proof of Lemma 3.5, we obtain the estimate

< 1 ( 1 4 ) < tg || ||q t6>\/ 1
C max S ("2 =+ 2] dx
A — s€[0,1] W) 0¥1) = q 1lg r 1 ’

which implies that if A, 4 are small enough, then we obtain the estimate Cp <

%SN / 2b¥7 consequently, by the Mountain Pass Theorem, ¢\ uisa critical value
of I, u Hence, we obtain another important result.

Lemma 3.7. Let N > 2, 1 < min{q,r} < max{q, 7} <2 <60 <2* and \; < a. If
A, 1 small enough, then (L.1) has at least a nontrivial negative solution.

For W, and V;* are as in Section 2, we now consider the existence of the third
solution.

Lemma 3.8. There exist a >0 and p > 0 such that
I u(u) >«
whenever u € Wy, and |lu]| = p.

Proof. If uw € Wy, then

1 I A - a b
Do) = glhal? + Bl + 2 [ o= § [ jupde = [ @)aa

1 a b
S g2 = & 2, b 16
> gl = § [ ke =5 [ s

1 a s b g
S (22 _Z

> fJul® (A = Blu|®?),
with A, B > 0. Then it suffices to take p < (A/B)ﬁ. O
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Lemma 3.9. Given A\g > 0 and po > 0, there exist mg € N and R > p such that

D0 < Bl + 2 [ s
whenever u € 0Q.,, where Q, = (BR NV @ [0, Rpp, 1], m > mo, A < Ao and
< po. Henceforth O means the boundary relative to subspace V™.
Proof. Let m be large enough and a; < a such that
M + cem? N < ap < a. (3.3)
For w € V™, by Lemma and one can obtain

1 1 A a b
I _ = 2 L q n T _Z 2 _ 2 +\6
vl = gl + B+ 2 [ arde =5 [ e =5 [ @)'da

1 a 2 My g )\/ : b/ 10
. H 2 rdy — - d 4
< (=gl + Zpulg+ 2 [ urae— 5 [ ) (3.4
A
<Ehuly+ 2 [ pulraa,
q rJa
and
IA,/L(&D?-H)
Y
= Shetal? + ol + 2 [ ot
ag? m be’ . (3.5)
—f/mm%—7/wmm%

po&? Aog" r 50 m
el + 2 g+ 2 [ e - 5 [ (e

Since o7’ | — Yr41 in WO’ %(Q) as m — o0, @41 changes of sign, and 6 > 2,q,r,
there exist mg € N and R > 0 such that

I (Rep' ) <0 Vm > mg. (3.6)
Then combining (2.2)), (3.4) and (3.6) leads to
A
Do) < 2l + 2 [ julrde, (37)
q rJa
whenever u € V;™" U (V™ @ Rol', ;). By (3.5), there exists 3 > 0 satisfying
Du(€eity) < B, (3.8)
for all £ > 0 and m > my. Since a > A\, we may take R > 0 such that
1 A ,
Do) < (5 = g llal? + Ealg+ 3 [ furda
@ (3.9)

IN

A
—B+ —||u\|g + —/ lul"dz.
q rJa
Hence, by (2.2)), (3.8]) and (3.9) we obtain
m )\ T
T+ €00) = Do) + Do(€en) < Bl + 2 [ lrde 310

for all m > mg and v € (Bgr N'V;™). Thus, by (3.7) and (3.10), we complete the
proof. O
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Proof of Theorem[1.1] For the subcritical case, if < 2*, « is given by Lemma [3.8|
Take A and p small enough in order that

A
“aly+ 2 [ furds <a
q ™ Ja
for all u € 0Q,,,. Then by Lemma 3.9 we have
Iu(u) <a
whenever v € 0Q,, and m > mg. Applying the Linking Theorem, I , possesses a
critical point u at level cy ,, where

Cxp = Inf max Ty ,,(n u(n(u)),

I'={neCQnm, ngP(Q)); n=1Id ondQnm},

Finally, since ¢y, > o, Iy ,(u) > a > 0 and Ciu — 0as A\, u — 0. Hence, if A, y are
small enough cf p << e, and we know that u may be neither of the critical
points found above for I o and I_M that is, u is the third solution of - Thus,

combining Lemmas and [3.7] -, we conclude that (1.1)) has at least three nontrivial
solutions. O

Proof of Theorem[I.3. For the critical case, § = 2*. Consider the family of func-
tions taken from [I]:

CyeN=2)/2
(& + |22) 272’

Ue = €>0,

where
Cn = (N(N —2))N=2/4,

Let u* = nu,, where 1 is given as section 2, and Q%, = (Br NV;™) & [0, Rul"].
Replacing u{" by ¢}, ; in Lemma[3.7, we obtain

A
() < Pjlule + f/ " de,  Vu € 00F,
q rJo

whenever m is large. Hence, to conclude the proof of Theorem it remains to
show that

1 _
sup Iy, (u) < — SN2y (3.11)
ueQs, N

for all €, A and p small enough. Let
1 .
I = gl = § [ fuPda = 5 [ @) do.

A
Iu(u) = J(u) + = / jul"de + £ ulj2.
rJo q

It is sufficient to prove that there exist mg > 0 and ¢y > 0 such that

Then, we have

sup J(u) <
ueEQS,

for all m > mg and € < €p. It is not difficult to obtain the following expressions [2]:

/ |Vu™ 2dz = SN2 + O(eN72), (3.12)
)
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/ a2 da = SN2 1 O(eM), (3.13)
Q

Moreover, we obtain

[rtas= [ jufan s 0@
Q B(0,1/m)
C%eN—2 / C2,N-2 N
= ezt N T4 0(eN2)
/B(o,e) [2e2]N -2 e<lz|<1/m [2[x[2]N -2 (3.14)
B de?|Ine| + O(e?), if N =4,
| de2 +0(eN7?),  if N> 5,

where d is a positive constant. If N = 4, according (3.12)), (3.13)) and (3.14]), one

has
lu™||? — alum™|? < S? — ade?|Ine| + O(e?)
N €
=S —adé®|Ine|S™' + O(?) < S,

Jug

for € > 0 sufficiently small. And similarly, if N > 5, we obtain
—alu™?> SN2 —ade? + O(eN2)
A T

=S5 —ade?SEN/2 L O(N72) < 8,

e

|ug?

for € > 0 sufficiently small. Let u = v + tu® € Qf,. By simple computation, we
obtain

bZEN ||U ||2 — a|u L‘Q N/2 1 N 2—N
my __ € € /27 25~
I?Z&LS(J(tuE )= ( ju ) < =S5V (3.15)

2
2*
Fix mg > 0 such that Ax + ckmng < o < a. Then, for m > mg, we obtain
1 b .
70 = gl =5 [ oPde =5 [ @) o
a
2

(3.16)
L
< 5””” -

From (3.15) and (3.16)), we obtain
1 _
J(u) = T(v + tu]") = T(0) + (") < T () < SN0
So, (3.11)) holds. O

Letting s — 0 in Theorem [[.1] and Theorem we easily show that Theorems
and [I.2] extend the main results in Paiva and Presoto [12].

[vf? < ZJuf? = o < 0.

Acknowledgments. The authors want to thank the anonymous referees for their
valuable comments and suggestions. This work is supported by Natural Science
Foundation of Jiangsu Province (BK2011407) and Natural Science Foundation of
China (11271364 and 10771212).



EJDE-2014/170 NONLINEAR ELLIPTIC PROBLEM OF 2-¢-LAPLACIAN TYPE 13

REFERENCES

[1] C. O. Alves, Y. Ding; Multiplicity of positive solutions to a p-Laplacian equation involving
critical nonlinearity, J. Math. Anal. Appl. 279 (2003), 508-521.

[2] J.G. Azorero, I. P. Alonso; Multiplicity of solutions for elliptic problems with critical exponent
or with a nonsymmetric term, Trans. Amer. Math. Soc. 323 (1991), 877-895.

[3] H. Brezis, L. Nirenberg; H! Versus C! local minimizers, C. R. Acad. Sci., Paris 1317 (1993),
465-472.

[4] M. Calanchi, B. Ruf; Elliptic equations with one-sided critical growth, Electron. J. Differential
Equations 89 (2002), 21 (electronic).

[5] M. Cuesta, D. G. de Figueiredo, P. N. Srikanth; On a resonant-superlinear elliptic problem,
Calc. Var. Partial Differential Equations 17 (2003), 221-233.

[6] D. G. De Figueiredo, J. Yang; Critical superlinear Ambrosetti-Prodi problems, Topol. Meth-
ods Nonlinear Anal. 14 (1999), 59-80.

[7] F. Gazzola, B. Ruf; Lower-order perturbations of critical growth nonlinearities in semilinear
elliptic equations, Adv. Differential Equations 2 (1997), 555-572.

[8] C. He, G. Li; The ezistence of nontrivial solution to the p-q-Laplacian problem with nonlin-
earlity asymptotic to uP~1 at infinity in RN | Nonlinear Anal. 68 (2008), 1100-1119.

[9] G. B. Li, G. Zhang; Multiple solutions for the p-q-Laplacian problem with critical exponent,
Acta Math. Sci. Ser. B 29 (4) (2009), 903-918.

[10] S. A. Maranoa, N. S. Papageorgiou; Constant-sign and nodal solutions of coercive (p, q)-
Laplacian problems, Nonlinear Anal. 77 (2013), 118-129.

[11] D. C. de Morais Filho, F. R. Pereira; Critical Ambrosetti-Prodi type problems for systems of
elliptic equations, Nonlinear Anal. 68 (2008), 194-207.

[12] F. O. de Paiva, A. E. Presoto; Semilinear elliptic problems with asymmetric nonlinearities,
J. Math. Anal. Appl. 409 (2014), 254-262.

[13] N. S. Papageorgiou, V. D. Radulescu; Qualitative phenomena for some classes of quasilinear
elliptic equations with multiple resonance, Applied Mathematics Optimization, 69 (2014),
393-430.

[14] B. Ribeiro; The Ambrosetti-Prodi problem for gradient elliptic systems with critical homoge-
neous nonlinearity, J. Math. Anal. Appl. 363 (2010) 606-617.

[15] M. Sun; Multiplicity of solutions for a class of the quasilinear elliptic equations at resonance,
J.Math. Anal. Appl. 386 (2012), 661-668.

[16] G. Talenti; Best constant in Sobolev inequality, Ann. Math. 110 (1976), 353-372.

[17] H. Yin, Z. Yang; A Class of p-q-Laplacian type equation with concave-convezr nonlinearities
in bounded domain, J. Math. Anal. Appl. 382 (2011), 843-855.

[18] H. Yin, Z. Yang; Multiplicity of positive solutions to a p-q-Laplacian equation involving
critical nonlinearity, Nonlinear Anal. 75 (2012), 3021-3035.

DANDAN YANG
SCHOOL OF MATHEMATICAL SCIENCE, HUAIYIN NORMAL UNIVERSITY, HUAIAN, JIANGSU 223300,
CHINA

E-mail address: ydd423@sohu. com

CHUANZHI BAI
SCHOOL OF MATHEMATICAL SCIENCE, HUATYIN NORMAL UNIVERSITY, HUAIAN, JIANGSU 223300,
CHINA

E-mail address: czbai@hytc.edu.cn



	1. Introduction
	2. Preliminaries
	3. Main result
	Acknowledgments

	References

