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GLOBAL MILD SOLUTIONS TO MODIFIED NAVIER-STOKES
EQUATIONS WITH SMALL INITIAL DATA IN CRITICAL
BESOV-Q SPACES

PENGTAO LI, JIE XIAO, QIXIANG YANG

ABSTRACT. This article is devoted to establishing the global existence and
uniqueness of a mild solution of the modified Navier-Stokes equations with a
small initial data in the critical Besov-Q space.

1. STATEMENT OF THE MAIN RESULTS

For 8 > 1/2, the Cauchy problem of the modified Navier-Stokes equations on
the half-space ]Rf” = (0,00) x R™, n > 2, consists of studying the existence of a
solution u to

0
8—1; +(-A)’u+u-Vu—Vp=0, inR™

Vou=0, inR™ (1.1)
Ult=o = a, in R",

where (—A)P represents the 3-order Laplace operator defined by the Fourier trans-
form in the space variable:

(=2)%u(,€) = |g*7a(-,€).

Here, we point out that is a generalization of the classical Navier-Stokes
system and two-dimensional quasi-geostrophic equation which have continued to
attract attention extensively, and that the dissipation (—A)%u still retains the
physical meaning of the nonlinearity v - Vu + Vp and the divergence-free condi-
tion V-u = 0.

Upon letting R;, j = 1,2,...n, be the Riesz transforms, writing

]P’Z{éuf-f—RlRl/}, LU=1,...,n;

PV (u® u) = Za%l(um) > RiRyV (wur); (1.2)
1 l 14

e~ 18 f(¢) = e~ f(e),
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and using V - u = 0, we can see that a solution of the above Cauchy problem is
then obtained via the integral equation

u(t,x) = e*t(*A)ﬁa(x) — B(u,u)(t,x);
¢ (1.3)
B(u,u)(t,z) = / e_(t_s)(_A)B]P’V(u ® u)ds,
0

which can be solved by a fixed-point method whenever the convergence is suitably
defined in a function space. Solutions of are called mild solutions of . The
notion of such a mild solution was pioneered by Kato-Fujita [I4] in 1960s. During
the latest decades, many important results about the mild solutions to have
been established; see for example, Cannone [3| 4], Germin-Pavlovic-Staffilani [I1],
Giga-Miyakawa [12], Kato [I3], Koch-Tataru [16], Wu [30, BIl, B2 B3], and their
references including Kato-Ponce [15] and Taylor [28].

The main purpose of this paper is to establish the following global existence
and uniqueness of a mild solution to with a small initial data in the critical
Besov-Q space.

Theorem 1.1. Assume that 8 > 1/2; 1 < p,qg < 00; 71 = 2 —26+1; m >
max{p, %}, 0 < m/ < min{1, %} If the index (B,p,y2) satisifes

26 —2
1<p<2and s

n
<7 < —
p

or
2<p<ooandﬁ—1<'yz§27
p
then (L1)) has a unique global mild solution in (B)'>7% )" for any initial data a
with ||al|gyiey. being small.  Here the symbols B)\72, and BT . stand for
the so-called Besov-Q spaces and their induced tent spaces, and will be determined
properly in Sections[3 and[§}

Needless to say, our current work grows from the already-known results. Lions
[21] proved the global existence of the classical solutions of when 3 > 2 and
n = 3. This existence result was extended to 8 > % + % by Wu [30], and moreover,
for the important case 3 < 1 + 2. Wu [31] [32] established the global existence for

in the Besov spaces B,l,+;_25’q (R") for 1 < ¢ < oo and for either 1 < 3 and
p=2ori<@<1and?2 < p < oo and in By™(R") Withr>max{1,1+%—2ﬁ};
see also [33] concerning the corresponding regularity. Importantly, Koch-Tataru
[16] studied the global existence and uniqueness of with 8 = 1 via introducing
BMO~YR"). Extending Koch-Tataru’s work [16], Xiao [35, 36] introduced the
Q-spaces Q. <1a <1(R™) to investigate the global existence and uniqueness of the
classical Navier-Stokes system. The ideas of [35] were developed by Li-Zhai [18§]
to study the global existence and uniqueness of with small data in a class
of Q-type spaces Q5 ~!(R") under 3 € (3,1). Recently, Lin-Yang [20] got the
global existence and uniqueness of with initial data being small in a diagonal
Besov-Q space for 3 € (%, 1).

In fact, the above historical citations lead us to make a decisive two-fold obser-
vation. On the one hand, thanks to that is invariant under the scaling

ux(t, z) = NP7 1u(\2Pt, Ax);
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48-2. (2
pa(t,z) = A & p(A ﬁt,/\x),

the initial data space B;’}q” is critical for (|1.1)) in the sense that the space is
invariant under the scaling

fa(@) = X0 (). (L4)

A simple computation, along with letting 3 = 1 in (|1.4)), indicates that the function
spaces

Ly (®Y) =B, THARY: LMRY);
B, TR BMOTH(RY),
are critical for (I.1)) with 5 = 1. Moreover, (1.4) under 8 > 1/2 is valid for functions

in the homogeneous Besov spaces B;+%_26’1(R") nd Bl+ e *°(R™) attached to
(1.1). On the other hand, it is suitable to mention the following relations:

By’ = B”’q(R") for 1 <p, ¢ < o0,—00 <91 < o0;
—2p, s
Bpo,qo 5”33 Q(R") for 1 <p<py, 1 <qg<qo<o0, f>0;
Bg ottt = QB(R™) for a€ (0,1), B € (1/2,1), a+5—1>0.

To briefly describe the argument for Theorem we should point out that the
function spaces used in [I6), [35] 18] have a common trait in the structure; i.e., these
spaces can be seen as the Q-spaces with L? norm, and the advantage of such spaces
is that Fourier transform plays an important role in estimating the bilinear term
on the corresponding solution spaces Nevertheless, for the global existence and
uniqueness of a mild solution to with a small initial data in B"“q’”ﬁ7 we have
to seek a new approach. Generally speaklng, a mild solution of (1.1)) is obtained by
using the following method. Assume that the initial data belongs to B;}q"“ Via
the iteration process:

uO(t,z) = e_t(_A)ﬁa(x);

W (¢, 2) = u®(t,2) — B, u)(t,z) for j=0,1,2

we construct a contraction mapping on a space in Rf‘", denoted by X (Rrr").
With the initial data being small, the fixed point theorem implies that there exists
a unique mild solution of (LI in X (R}™™). In this paper, we choose X (R}™™) =

B, . associated with Bg}q"yz. Owing to Theorem we know that if f € Bg}q*w

then et f(z) € X(RY™). Hence the construction of contraction mapping
comes down to prove the following assertion: The bilinear operator

t
B(u,v) = / e_(t_s)(_A)BIP’V(u ®v)ds
0
is bounded from (X (R}"™))™ x (X(RYM™))™ to (X (RY™))™.
For this purpose, using multi-resolution analysis, we decompose Bj(u,v) into
several parts based on the relation between ¢ and 27277, and expanse every part
in terms of {<I> x - More importantly, Lemmas |6 1) & 6.2 . enable us to obtain an

estimate from (B;lq’ljl )X (B )™ to (B ;L m)"
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. o . . S1+2-28,q .
Remark 1.2. (i) Our initial spaces in Theoremmclude both B, ” (R™) in
Wu [30, BT, 32, B3], @2 ~(R") in Xiao [35] and Li-Zhai [I8]. Moreover, in [I8] 20],
the scope of (3 is (%, 1). Our method is valid for 8 > 1/2.
(ii) We point out that Bg}dw provide a lot of new critical initial spaces where
the well-posedness of equations holds. By Lemma for 6 =1, Theorem
holds for the initial spaces B;}q’” satisfying

B;;frw’w CQJMRY), ¢ <2, w>0

or
Q' (R™) € By 4" ¢ BMO™'(R"), 2<q" <00, w>0.

In some sense, B;}q"“ fill the gap between the spaces Q' (R™) and BMO~!(R™).
See also Lemma [3.7] Corollary [3.8 and Remark [3.9]
(iii) For a initial data a € BJ',72, the index 7 represents the regularity of a.

In Theorem taking Bg}q’”fz = Bp*’;*“”“’ with w > 0, p > 2 and ¢ > 2 yields
By l#ww ¢ BMO™Y(R"). Compared with the ones in BMO~!(R"), the elements

of B 1+w “ have higher regularity. Furthermore, Theorem |1.1| implies that the
regularlty of our solutions becomes higher along with the growth of 1.

(iv) Interestingly, Federbush [8] employed the divergence-free wavelets to study
the classical Navier-Stokes equations, while the wavelets used in this paper are
classical Meyer wavelets. In addition, when constructing a contraction mapping,
Federbush’s method was based on the estimates of “long wavelength residues”.
Nevertheless, our wavelet approach based on Lemmas and the Cauchy-
Schwarz inequality is to convert the bilinear estimate of B(u, v) into various efficient
computations involved in the wavelet coefficients of u and v.

The remaining of this article is organized as follows. In Section [2] we list some
preliminary knowledge on wavelets and give the wavelet characterization of the
Besov-Q spaces. In Sections [B}4] we define the initial data spaces and the corre-
sponding solution spaces. Section [5] carries out a necessary analysis of some non-
linear terms and a prior estimates. In Section[6] we verify Theorem via Lemmas
which will be demonstrated in Sections respectively.

Notation. U = V indicates that there is a constant ¢ > 0 such that ¢V < U < ¢V
whose right inequality is also written as U < V. Similarly, one writes V 2 U for
V > cU.

2. PRELIMINARIES

First of all, we would like to say that we will always utilize tensorial orthogonal
wavelets which may be regular Daubechies wavelets (only used for characterizing
Besov and Besov-Q spaces) and classical Meyer wavelets, but also to recall that
the regular Daubechies wavelets are such Daubechines wavelets that are smooth
enough and have more sufficient vanishing moments than the relative spaces do;
see Lemma and the part before Lemma

Next, we present some preliminaries on Meyer wavelets ®¢(x) in detail and refer
the reader to [22], [29] and [38] for further information. Let ¥° be an even function

in C§°([—4F, 27]) with

0<% <1



EJDE-2014/185 MODIFIED NAVIER-STOKES EQUATIONS 5

Ve =1 for gl < 7.

If

)? = (¥0(6))%,

then € is an even function in C¢°([—5", 57]). Clearly,

2
Q) =0 forf¢] < T
2 4w

Q) + 0226 = 1= 02O + 022 - §) for €[5 o).

Let Ul(¢) = Q(g)e*%. For any € = (e1,...,€,) € {0,1}", define ®¢(z) via the
Fourier transform ®¢(§) = [[;_, ¥ (&). For j € Z and k € Z", set @, () =
2% ®¢(2/x — k). Furthermore, we put

En ={0,1}"\{0};
F,={(e,k):ec E,,k € Z"};
An = {(Evjv k)7€ € Ena] € ka € Zn}v
and for any € € {0,1}",k € Z™ and a function f on R"™, we write fie = (f, <I>§,k>.

The following result is well-known.

Lemma 2.1. The Meyer wavelets {q);’k}(e,jyk)ej\n form an orthogonal basis in the
space L?(R™). Consequently, for any f € L*(R™), the following wavelet decomposi-
tion holds in the L? convergence sense:

f= Y g
(€,4,k)EA,
Moreover, for j € Z, let
Pif =Y [0y, Qif = > [ix®
kezm (e,k)EF,

For the above Meyer wavelets, by Lemma the product of any two functions u
and v can be decomposed as

uv = ZPJ-*:SUQJU—'_ZQJ-UQJJU—F Z quQj/v
JEZ JEL 0<j—4'<3

+ Z quQj/U—f—ZquPj,gv.

0<j’'—35<3 JEZ

Suppose that ¢ is a function on R™ satisfying
supp C {£ € R : [¢] < 1},
R " 1
ple)=1 for {€eR s g| < 5},

and that
pu(@) = 2D (27 ) — 97 o(2%) Yo € Z,

are the Littlewood-Paley functions; see [25].
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Definition 2.2. Given constants —co < a < o0, 0 < p,q < oc. A function
[ € S'(R")/P(R") belongs to By?(R") if

1/q
1z = [ D27+ £l) < oo

VEL
The following lemma is essentially known.

Lemma 2.3 ([22]). Let {CI)?/lc}(e,j,k)eAn and {¢;7i}(67j7k)el\n be different wavelet
bases which are sufficiently reqular. If

€ _ 1 xe 2
a5k g g = (P D3 )s
then for any natural number N there exists a positive constant Cy such that for

5,5 €Z and k, k' € Z"™,

(2.2)

’ . in 2_] + 2_j/ n+N
€€ i N
05k < On270771E )( \)

20 273 +|2=9k — 2-9'k/
According to Lemma and Peetre’s paper [25], we see that this definition of

Bg"q(R") is independent of the choice of {¢,}yez, whence reaching the following
description of By-¢(R").

Theorem 2.4. Given s € R and 0 < p,q < co. A function f belongs to B;’q(R")

if and only if
[Z 2qj(s+%—%)<z |f;’k|p>q/p} 1/ < 00.
ek

JEZ
3. BESOV-QQ SPACES VIA WAVELETS

3.1. Definition and wavelet formulation. The forthcoming Besov-(Q) spaces
cover many important function spaces, for example, Besov spaces, Morrey spaces
and Q-spaces and so on. Such spaces were first introduced by wavelets in Yang
[38] and were studied by several authors. For a related overview, we refer to Yuan-
Sickel-Yang [40].

Let ¢ € C§°(B(0,n)) and ¢(x) = 1 for z € B(0,4/n). Let Q(xo,r) be a cube
parallel to the coordinate axis, centered at xo and with side length r. For simplicity,
sometimes, we denote by Q = Q(r) the cube Q(xo, r) and let pg(z) = p(*=-2). For
1 <p,q <ooand 71,72 € R, let mg =m);7? be a positive constant large enough.
For arbitrary function f, let )77 be the class of the polynomial functions Py,
such that

2%pq(@)(f(z) = Po,f(x))dz =0 V|a| <mo.

Definition 3.1. Given 1 < p,q < oo and 71,72 € R. We say that f belongs to the
Besov-Q space B).7? := B)1.72(R") provided

21 .
sgpl@\" v inf e (f = Po.g)llgye < oo, (3.1)

V1,72
PQ«fGSp,q_”f

where the superum is taken over all cubes () with center g and length 7.

As a generalization of the Morrey spaces, the forthcoming Besov-Q spaces cover
many important function spaces, for example, Besov spaces, Morrey spaces and
Q-spaces and so on. Such spaces were first introduced by wavelets in Yang [38].
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On the other hand, our Lemma as below and Yang-Yuan’s [37, Theorem 3.1]
show that our Besov-Q spaces and their Besov type spaces coincide; see also Liang-
Sawano-Ullrich-Yang-Yuan [19] and Yuan-Sickel-Yang [40] for more information on
the so-called Yang-Yuan’s spaces.

Given 1 < p,q < oo and 71,72 € R. Let mg = m}!:7? be a sufficiently big integer.
For the regular Daubechies wavelets ®¢(x), there exist two integers m > mg =
m7%7? and M such that for € € E,,, ®(z) € Cj"([—2M,2M]") and [ z*®(z)dz =
0V |a| < m. By applying the regular Daubechies wavelets, we have the following
wavelet characterization for Bg}d’”.

Lemma 3.2. (i) f = Zm’k a5, D5 € B;’}q” if and only if

ol 1 . n_n q/p 1/‘1
SuplQl%_E{ D ( > |a§7k|p) ] < +oo, (3.2)
Q nj>—log, |Q| (€.h):Q;.kCQ

where the supremum is taken over all dyadic cubes in R™.
(ii) The wavelet characterization in (i) is also true for the Meyer wavelets.

A direct application of Lemma [3.2] gives the following assertion.

Corollary 3.3. Given 1 < p,q < o0, v1,72 € R.
(i) Each B;}q’”*? 15 a Banach space.
(ii) The definition of B;}d”z is independent of the choice of ¢.

Now we recall some preliminaries on the Calderén-Zygmund operators (cf. [22
23]). For x # y, let K(z,y) be a smooth function such that there exists a sufficiently
large Ny < m satisfying

020) K (2, y)| < o —y|~ ) wja] + 18] < No. (3.3)
A linear operator
Tf(@) = [ Ka)f Wiy

is said to be a Calderén-Zygmund one if it is continuous from C1(R"™) to (C1(R"))’,
where the kernel K (-, -) satisfies (3.3]) and

Tz =Tz =0 VYa e N" with |a] < Np.

For such an operator, we write T' € CZO(Ny).

The kernel K(-,-) may have a high singularity on the diagonal x = y, so ac-
cording to the Schwartz kernel theorem, it is only a distribution in S’(R?"). For
(6,4, k), (€,5, k) € Ay, let

a;-:z’j,’k, = (K(x,y), ¢>§’k(x)(l)§,’k, (y)).

If T is a Calderén-Zygmund operator, then its kernel K (-,-) and the related coeffi-
cients satisfy the following relations (cf. [22] 23] 38]).

Lemma 3.4. (i) If T € CZO(Ny), then the coefficients a;:g’j,’k, satisfy

( 27j+27j' )n-‘rNo
e 2-342-3"+|k2-3 —k/2-3"| . .
a5y o wr| S ST T(E+N0) Ve, 4, k), (¢, k') € A, (3.4)
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(i) If aj kj, o Satisfy ., then K(-,-), the kernel of the operator T, can be
written as

K(z,y) = > a5 5 ()5 1 (y)
(€,5.k),(¢/,5" k') EAn
in the distribution sense. Moreover, T belongs to CZO(Ny — d) for any small
positive number §.

By the above lemma, we can prove the following result.
Corollary 3.5. For any 1/2 < XA <2 we have |[f(X)| gy & || fll g2 -
3.2. Critical spaces and their inclusions.

Definition 3.6. An initial data space is called critical for (1.1)), if it is invariant
under the scaling fy(z) = A28~ f(\z).

Note that, if u(¢, ) is a solution of (1.1)) and we replace u(t, z), p(t,x), a(z) by
up(t,x) = NP7 Tu(\0t, ), pat,z) = AP 2u(0Pt \x),  ax(z) = AP ta(\x)

respectively, uy(t,x) is also a solution of (1.1). So, the critical spaces occupy a

significant place for (1.1). For =1,
L3 ®Y) = B"TEARY);, LR

.14 _ .o

B, " (RM,p<oo; BMOTNRM); Bg; O (RM),
are critical spaces. For the general g3,

B;}"'E—w"x’(Rn)’p < 00; B;;B+l,a+ﬁ(sz>7
are critical spaces. '
By Corollary it is easy to see that each B';}q’”? enjoys following dilation-

invariance. For 8 > % and y1 —y2 = 1 — 203, each B]'.,7? is a critical space; i.e.,

IV )0 = I g2 YA > 0.

To better understand why the Besov-Q spaces are larger than many spaces cited in
the introduction, we should observe the basic fact below.

Lemma 3.7. Given 1 < p,q < 0o and v1,72 € R.
(i) ]f 0 < g2 then B2 C B2,
(ii) BpyY? C BR772%°(R™).
(iii) Given py > 1. For w = 0,q1 = 1 or w > 0,1 < ¢ < o0, one has
B"/l;"/2+w C Bvl wﬁz
Py’ q1
For0<a-—pf+1and a+ -1 <n/2, we say that f belongs to the Q-type
space Q2 (R™) provided

2
(at+p-1) ()l
supr (a //st_ |n+2(a B+1)dxdy<oo,

where the supremum is taken over all cubes with sidelength r. This definition was
used in [I8] to extend the results in [35] which initiated a PDE-analysis of the
original Q-spaces introduced in [7] (cf. [5 6] 26], [34] B8] for more information). The
following is a direct consequence of Lemmas [3.2] - and 3.7




EJDE-2014/185 MODIFIED NAVIER-STOKES EQUATIONS 9

Corollary 3.8. i) fO0<a-B+1<la+pB-1< 2 then Q3R") =
ngﬁ+1,a+ﬁfl‘
(ii) Ifp = 3%, then B;}d”z = Bgl’q(R").
(iii) Gvenw=0,v=10rw>0,1<v<0c0. Ifp=n/(y2+w), then

BYU4(R™ BRwe
pIRY) C Wtz
Remark 3.9. Wu [31] obtained the well-posedness of (1.1)) with an initial data in

. 142 -2, :
the critical Besov space B, * ? q(R"). Given 1 < pg, qo < 00. By Lemmaa7 we

can see that if 1 <p <pg, 1 <qg<gqoand >0,

1428,

Rn) C Bpn,qo

. 142243,
Bp+p 6q(

4. BESOV-Q SPACES VIA SEMIGROUPS

To establish a semigroup characterization of the Besov-Q spaces, recall the fol-
lowing semigroup characterization of Q% (R"™), see [18]: Given max{a,1/2} < <1
and a+ 3 —1>0. f € Q2(R"™) if and only if

r2f
sup iz [ [ et A e dy e < .
zER™, r€(0,00) 0 ly—z|<r

This characterization was used to derive the global existence and uniqueness of
a mild solution to (T.1)) with a small initial data in V - (QZ(R"))". Notice that

QAR™) = Byz bt

So, to obtain the corresponding result of with a small initial data in B;}q’“’z
under |p — 2| + |¢ — 2| # 0, we need a more meticulous relation among time,
frequency and locality. For this purpose, by the Meyer wavelets and the fractional
heat semigroups, we introduce some new tent spaces associated with B;}q’"“, and

then establish some connections between these tent spaces and Bg}éw.

4.1. Wavelets and semigroups. For 5 > 0, let Kf(f) = ¢~ tl€1”” . We have

fta) = e "N fla) = K7« f(w).
For the Meyer wavelets {®5, }(cjryea,, let a5, (t) = (f(t,-),®5,) and af, =
(f; @5 ). By Lemma [2.1) we obtain

flz) = Z a5, ®5 ,(r) and f(t,z) = Z aj (1) @5 ().

€,9,k SN
If f(t,z) = K7 « f(z), then

aS ()= Y a (KD ., 05,)

e li—g' <LK

= Y g [ @i e @ P g

€ li—5' <LK

(4.1)
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Lemma 4.1. Let {‘I)j',k}(e,j,k)eAn be Meyer wavelets. For 3 > 0 there exist a large
constant Ng > 0 and a small constant ¢ > 0 such that if N > Ng then

a5 kO] S e 3T s+ 2R k)TN v =1 ()

€j—3" <Lk
and
@SS Y0 D eS|+ 277K — k)Y vo<2? <1 (4.3)
li—3"1<1€ k'

Proof. Formally, we can write

’ ’
a;)k(t) = Z a§/,k/<Ktﬁ *‘I);',k)” ;,k>

€ li—3'|<LK

¢ — B xe €
= Z aj/,k"< t( A) (p g’k ¢,k>

€= <LK

> / I e (21 ) ()¢ K Mg,

€= <LK

We divide the rest of the argument into two cases.

Case 1: |2j’j'k/ — k| < 2. Notice that P< is supported on a ring. By a direct
computation, we obtain

’
; as j
la . (0)] < E |a§'£,k/ |‘37t22”3 S E |»_j</,’k/‘ e

j—J' k! — N
€55 ISk € i—3'|<1k! (1 + ‘2 & k|)

Case 2: |27-7'k' — k| > 2. Denote by l;, the largest component of 2777k — k.
Then (1 + [1;, )N ~ (1+ (277K — k[)N. We have

aj (t)

ae.i / _192iB (28 T 1 i
= Z (J,)kN/e 275117 e’ (2J Jg)q)e(g)[(Ta&o)Ne (299K k)g]df.

€l3—3"|<LE!

By an integration-by-parts, we can obtain that if C%; is the binomial coefficient
indexed by N and [/ then

a’ i’ k! 25 2
|a§,k(t)‘ = ‘ Z (_ k /ZCNal e t2 Ble| 5)
€j—3" <Lk
X 6&*<<1>e/<2j-f’5><1?<5>>e—“2” HREge]
< |a§l/1k’| . ! 2781 ¢128\1[¢128—2
~ Z (1 + ‘2j—j/k/ _ k|)N‘ ZCN(_t2 |£‘ ) |£‘ gio
=0

€,1i—3"|<1,K
228 |¢|20

xe ON (@ (277 ) B (¢))e " Mg .

If 12298 > 1, there exists a constant ¢ such that (£2238)le=12"" < ¢=ct2” Gipce

@< is defined on a ring, we obtain

|a¢: | j 2j
¢ 3’ 2j8\1 —t22
la k()] S | Zlf Ty gy 2

e j—=3" <1k
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6/
< Z o—ct2?? a5 |
Ne’ li—3"1<1,k’ (1+|2J7Jlk/_k|)N

If 0 < t2%F < 1, then we can deduce directly that

|ae'l/ |
SIS D L .
|aj,k( )‘ ~ (1 + ‘2]—]’](;/ _ k|)N

e li—4' <LK

O

4.2. Tent spaces generated by Besov-Q spaces. Over Rf” we introduce a

V1,72
p,q,m,m

between B1:72 and B)'7% | via the fractional heat semigroup e

new tent type space B , associated with Bg}q’w, and then establish a relation

—t(—A)B.

Definition 4.2. Let v1,72,m € R, m' >0, 1 < p,q < co and

a(t,x) = Z ajk(t)q)jk(x)

(€,5,k)EAR
We say that: (i) f € B)72" if supysqsup,, . [)075 . (t) < oo, where
I;,lq’:gr,m(t)
2 g ; n_mn . a/p
= Q| ™ z Z 9ia(ni+3 p)[ Z |a§)k(t)|p(t22jﬂ)m} ;
j>max{—log, r,il;§2t} (6,k):Qy,kCQr
(i) f € By, > if supysqsup,, . [ (t) < oo, where
a2 _ g . n_n e q/p
AR RORI L D DIt D DR OIS
—log, r§j<%§21 (e,6):Q;,kCQr
(iit) f e By if sup,,  I117'75 < oo, where
j>logy
28
4 dt\a/p
X a . (£)|P (12298 mi) .
([, ¥ wworenm i)™

(,k):Q;,kCQr

(iv) f e B2V if sup,, , IV,)V'5 . < oo, where

P,q,m’ :4,Qr,m
av2 _ g 1 n_n
vafylll’zi m = |Qr| " P E 2JQ(’Y1+2 P
4, r,y
j=>—logyr

270 dt\a/p
x as ()P (122%™ )
(/ > ey
(e,k):Q;,kCQr
Moreover, the associated tent type spaces are defined as

V1,72 — RY1.Y2, Y1,7v2, 11 Y1,v2, 011 Y172, 1V
p,g,m,m’ IBgp,qm n Bp,q N Bp,q,m N IB%p,q,m’

To continue our discussion, we need to introduce two more function spaces B}
71
and By .
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Definition 4.3. For (e,j,k) € Ay, write a5, (t) = (a(t,-), 5, (-)). Given 7 >0
and v € R. We say that

a(-) €BY . it sup (£2Y0)T2F27|as ()| +  sup 27 207|aS . (1)] < oo;
' 2218 >1 ’ 0<t22i8 <1 ’
a(-,-) € By o if 7 27 |(a(t,-), ®Y,)] < oc.
It is easy to verify the following inclusions.

Lemma 4.4. Given 1 <p,q < o0, y1,72 € R, m > p and m’,7 > 0.
(i) If m >0, then B)'7" . C B 2.

P
(ii) If =267 <y <0< 3, then B) ., C B .

For convenience, for any dyadic cube Qj, x,, we always use injka to denote
the dyadic cube containing Qj, , with side length 28790 Given (e, j, k) € A,,. If
¢ € B, and Qjx C Qjy ko, We write (e,k) € 7 . . For any w € Z", denote Q¥ | =
28—Joqy + @jmko. Denote (¢, k) € S;“l;ko whenever Q) C Q%,ko' Furthermore, we
frequently utilize the so-called a-triangle inequality:

(a+b)* <a*+b* V(a,a,b) € (0,1] x (0,00) x (0, 00).

Now we characterize the Besov-Q spaces by using a semigroup operator.

Theorem 4.5. Given 1 <p<m < oo, m'>0,1<qg<o00,11—72<0<p. If
feBy, then f+ K €B)'2 .
Proof. We will prove

f= D @ eB = fxKl= D} a5, BT

(€.5,k)EAn (€.5,k)EAn

via handling four situations.
Situation 1: Kf x [ € B;j}q’ﬁl. For 1227 > 1,m > 0, by (4.2), there exists a
constant N large enough such that

’
249298 ‘a§,7k,| g s
|a$ ()] S e Z (1+|2jjj'k/,k|)N < 973 9ia—m) = et2%7
€ li=3'|<LK

Choosing a sufficiently large N’ (depending on N) in the last estimate we have

L5 n®) S0 F > 2nTE 3
j>max{— log, r,— 1”5/3 £y
ey laS, .| P a/p
% 7ct22jﬁ( I ) t22jﬁ m]
[ 2. © Z axp7w—my) &7
(e,k)€S? €j—3" <LK

where p > 1 has been used. In the sequel, denote by S¥J " the set of all indexes
(€', k") ensuring @, C QF, and divide the proof into two cases.

Case 1.1: q < p. Because |j — j'| <1 and j > —log, r, one gets 2~ 0"+ < pn,
This implies that (277'|Q])~"" < 1. Hence

1713’72 (t)

p,q;&r,m
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av2 <1

|Q7‘| " P n_n ’
< Ml 947 "(m+% ¢ |p1a/p
~ Z (1 + [w]|)Na/p Z o[ Z |ag o ["]

wez" j'>max{— log, r,— %82} (¢' k")esyd’
< Y172 -
S g0

Case 1.2: q > p. Applying Holder’s inequality to w € Z", we similarly have

V1,72

Ip,q,Qnm(t)

s> et Y w5 ]
7%

wezr j'>max{— log, r,— %52 } (¢ k)esy

] Y172 .
~ prq’

Situation 2: K x f € By, >!1. For 12277 < 1 and m’ > 0, by (4.3), there exists
a natural number N large enough such that N > 2n and

a5a®I S D lafwl (L2 R — k)Y

€ 17— 1<K
Consequently,
a2 q - n n
V1,72 < -2 Z ja(n+g—=2
Ilp Q:Qr(t) sSlelr 2 ’
—logy r<j<— 52"

|a§i’,| p1a/p
X[ 2. ( 2 (1+|2a‘—j/:;f—k\)NH '

(e,k)eSi €] —7|<1K/

Case 2.1: q < p. Notice that (2%'|Q])~" < 1. We have

V1,72
‘quQ (t )
2 ‘1
) 3 D (Y |p)q/”
P a’
S 1 + \w| (1 + [w])aVrr IK
|w |€Z" 1og2r71§j'§71°§—g‘71 (e’,k’)esg’j,

< I fllgpoe-
Case 2.2: q > p. By Holder’s inequality, in a similar manner, we can obtain
av2 _ aq . n n
II;,Z’ET (t) S |Qr nor Z 27 amn+z—%)
—log, r—1<j'<— 1°g2 t_q

’ Y 14/p
x [ ST S plPA 12K k)N
(e’,k/)GS;u’j/
SNl g

Situation 3: Kf x f e B;’}fﬁ;”l. For this case we have 27278 < t < r2% and thus

EI
€ < —ct2?38 2: ‘aj’7k’| < 9= 9i(va—m) (49218
‘a],k}(t” ~ € ) ‘ .,|<1 . (1 + |2]7‘]/k, _ k|)N/ ~ 2 2 2 (t2 )
€,li—3'I<1,

This yields
28

.
Y172 2 —g Jjq(vi+5—%) 2j8\m
IIIp 4,Qr,m N |QT| Z 2 e [/Q—ija(tz )

—logy 7
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; , o pdtya/p
< S e (S gl k) Y)

(e,k)eS] €,5—5" <3,k

Notice that j ~ j' and the number of € is finite. Applying Holder’s inequality on
k' we obtain

‘ae/l k/| |a;l/ k/‘p
2 A+ 27k —k } 2 Z A+ 27k — k¥

€, li—3" <3,k l7—3'1<3 €k’

Let Q; 1 and @/ 1 be two dyadic cubes. Denote by ijk the dyadic cube containing
Qjk with side length 2577, For w € Z", denote by QY. the cube Q; ) + 2% /w. Tt
is easy to see that if Q;/ »» C QY then

(L4279 = k)™ S (1 +[w)™
(see also (5.2))). We obtain that

T2ﬁ

L5, S Q%78 3 ot [y 3 e

—2jB .
j>—logyr 2 (e.k)€S?

Z Z Z |a§l/7k,\1’(1 + |2jfj’k/ _ k‘),N/%}Q/p.

j—j' | <3 weL™ 4!
li=3'I< (¢/,k)ESY

The number of Q;/ > which are contained in the dyadic cube Q¥ = = 287w + QVMC
equals to 2n(8+3'=7)  On the other hand, for any dyadic cube @, with radius r,
the number of Q;r C Q. equals to (277)". Then the number of Q;/ x/, which are
contained in the dyadic cube Q¥, equals (28“/1")”. Finally we have

28

T
OIS WS 117 2“(%%—%){/ (t2%°9)
j'>—log, r—3 228
_ 253 ’ q/p
DD DB (RN SRl W
Jw|<2m |w|>2"7 (6’,’6/)657’(‘1}"7/

= M1 + Mg.

By the definition of Bg}qf“fz, it is easy to see that M; < ||f||]-3;1qw2. For the term My,
we divide the estimate into two cases. '
Case 3.1: ¢ < p. For this case, j' > —log, r — 3 implies (2”j r")N <1 and

My Q.+ 7% Z 20" (n+3-3) Z + |wl])~

j'>—logy 7—3 weL™
7‘2[3

y / y rdtya/p
X |:/ » (tQQJ ﬁ)m Z e*CPt22J [f‘a;l7k/|p(2nj |Q|)7N 7:|
—2 y
’ (¢ h)eSE
S 1l e
Case 3.2: q > p. For this case, by Holder’s inequality and j ~ j' we obtain

'7'25

i / y rdtya/p
22]ﬂ —cpt2? s 1 —N € |P(ond —N 7:|
K > X el Vg e )Y

—2j8 n .
|lw|>2 (¢ k')eSE
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Tzﬁ
_gN’ ./ -~ 2’8 s q/p
S Y arll) ([ eem S e e h)
|w\>2" 2728 (6/7]{:/)65:9:.7/
The rest of the argument is similar to that of Case 3.1, and so omitted.

Situation 4: K x f € By 727V, Because |j — j/| < 1and 0 <t <2727 we can
obtain

V1,7
Vp,;, ) rm/
ng 1 ( +77@) 1 ’ ‘I/P
SIQ®7F 3 2] Y oy X el
j>—log, r |w|<2m (El,k/)es':)vjl
a2 q n 1 |a6-//k/‘p a/p
g 23‘1(71+**;)|: S — ,} .
2 2 T 2 @la
j>—log,r [w|>2 (e’ \k")eSy?

Case 4.1: g < p. For this case, by the a-triangle inequality we have

Q g n_n / q/p
IVp’Ylllv'g /S Z — Z 2qj "(1+% ( Z |a;/ k’|p)
wezr (L w]) 7 jr> og, v (¢ kyese '
S I llggy0e-

Case 4.2: q > p. Using Holder’s inequality we have

m,g
71 |Q| " ' (m+a-2 / a/p
IV G S Z 1+ W)™ Z v Z @ [”
weL™ j/Z_logé r—1 (e’,k’)esi”’j'
S I llsya0e -
This completes the proof. ([l

We close this section by showing the following continuity of the Riesz transforms
acting on the Besov-Q spaces; see also [2] and [38] for some related results.

Theorem 4.6. For 1 < p,q < 00, 71,72 € R, m > p, and m’ > 0, the Riesz

) V1,72
transforms Ry, Ra, ..., R, are continuous on Bp,q,m,m/'

Proof. For convenience, we choose the classical Meyer wavelet basis {<I>§ i} (k) EA -

For any g(-,) € ]B%;“évﬁl noand I = 1,2,... n, we need to prove (Rig)(-,:) €

B - Write g(t, ) =37 . 1yen, 954 ()25, (2). Then

p,qg,m,m’
Rig(t,x) = Z 95 k() R ®5 4. (2) = Z b5 1 (1) @5 1. (2),
(€,4,k)EA,, (€,4,k)EA,

where b5, (t) is defined by

GO = > g O(R®S,05) = Y D a g (2).

(¢/,5" k") EAy |i—3"|<1€ k!
Because R, is a Calderén-Zygmund operator, by (3.4) we obtain

1< 2*\j*j'\(%+No)< 277 +27 )"*NO

20 4273 +|279k — 2=9' K|
The rest of the proof is similar to Theorem We omit the details. (]

‘ajk] N
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5. NONLINEAR TERMS AND THEIR A PRIORI ESTIMATES
5.1. Decompositions of non-linear terms. For the rest of this article, let
u(t,x) = Z uf (1) @5 (2);  v(t,z) = Z 05 1, (8) D5 1 ().
(€.5,k)EAR (€.5,k)EAR

For [ =1,...,n, we will derive some inequalities about

Bl(u,v)(t,x):/ ~(t=s)(-8)" 9 (uv)ds.
0

81‘[
Here, it is worth pointing out that (2.1) gives

(t—s 9 i
(A o) (s tr) = D0 D I (s ),

Ly

where

1,0
I/ (u,0) (s, t, @)
(t—s s 0
= S s (e (s)e I D@ @) (),

ek k' ol

I?/l(u,v)(s,t,x)

= 3 3 W O e @05 )
I;’,’l(u, v)(s,t, )
= Y T Y e I @ ()85 (),

0<‘] —]”‘S3€ k'’ €'’ ]i)”

4,1
I (u,0) (s, t, @)
§ § I — s s 0
- vj/yk/ (s)u‘?lig’k//( ) (t )( A) 8 ((P ! k/( )®?/737k// (x))~

€’ 7kl k! L1

Hence

4
Bi(u,v)(t, ) / ZZI” s, t,z)d Z/tlli(s,t,x)ds.
i=1 70

J'EZ i=1

Therefore, we can write

Bi(u,v)(t,x) = Zfzi(u,’v)(t@), (5.1)
where
I (u,v)(t,z) = /0 Ij(s,t,x)ds.

To estimate the bilinear term B(u,v) in some suitable function spaces on R}f”, we
are required to decompose the terms I} (u,v)(t,x), i = 1,2,...,4, respectively.
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Decomposition of I} (u,v)(t,z). The term I} (u,v)(t,z) is decomposed according

to two cases.
Case [I}]1: t > 2728, For this case, we write I} (u,v)(t,x) as the sum of the

following three terms:
/2 t
L)
2-1-25/8 t/2

6/ — S a
X {uj,,k/(S)U?/,&ku( ) (t=s)(= A)ﬁa ((b 27 kl( )@?/737k//(x))}d8

212JB

I} (u,v)(t, 2)

/ /k‘/ k!
L1

=: I (u,0) (t, ) + 1% (u, 0) (8, ) + 1% (u, 0) (8, ).
For i = 1,2, 3, denote

[Fuv)te) = > a5 ().

(e,5,k) €A,

Case [I}]a: t < 27298 For this case , we denote a;i(t) = a$ .(t) and then have

IHuwo)ta) = Y a§ ) 4().

(€,5,k)EAR

Decomposition of I?(u,v)(t,z). The decomposition of I?(u,v)(t,z) is made ac-
cording to two cases.
Case [I2]1: t > 2728, Naturally, I?(u,v)(t,z) can be divided into the following

three terms:
/2 t
§' €k € k// 2-1-25'8 t/2

e e’ — s s 0 € e’
x{uj,,k,(s)vj,,k,,() (t=s)(=4) Do (@S 4 (x )éj/’k,,(x))}ds

=: P (u,0) (t, @) 4+ I (u, 0) (t, ) + IIQS(u,v)(Lx).

212J5

I (u,v)(t, x)

Case [I?]a: t < 27298, This I?(u,v)(t, ) can be decomposed into the sum of
I1*(u,v)(t,r) and IT°(u,v)(t,x), where

—25'8

20t =33 Y / /2)

jl ek’ e k"

’ "

e e’ _ s B 8 ¢
(e ()0 () DN T (@5 4 ()85, (1) s
=: Il2’4(u,v)(t,x) +I?’5(u,v)(t,a:).

For i =1,2,3,4,5, set

o)) = > b5 ,(@).

(e,3,k)EAy
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Decompositions of I?(u,v)(t,z). Similarly, we have the following two cases:
Case [I}]1: t > 272P, This I}}(u,v)(t, ) can be divided into the following three

terms:
/2 t
o)
2-1-25'8 t/2

Funts= Y S % /
x {1 o ()0 o ()78 8‘3 (95 1o (@) 4o (2) fds

0<‘] J“‘<35, k/ €// k//
=: I (u,0) (@) 4+ I (u, 0) (8, ) + 12 (u, 0) (¢, ).

212Jﬁ

Case [IP]2: t < 2728, This I?(u,v)(t,x) can be decomposed into the sum of
I1*(u,v)(t,z) and IT°(u,v)(t,x), where

Buotn= Y XY / )

0<|j’—5"|<3 €' k" € k" 2
e e’ — s s 0 € e’
X {Uj/7k/(5)vj//7k//( ) (t=5)(=4) a ((b i k"( )q)j//,k//(fl:))}dS
e ) () + I, ) (1, 2).

For i =1,2,3,4,5, denote

i)ty = > b8 ().

(e,5,k)EAL

Decomposition of I;l’l(u,v)(t,x). It is easy to see that the terms I;’l(u,v)(t, x)
and I;l’l(u,v)(t,x) are symmetric associated with u(t,z) and v(t,z). Hence for

I}*(u,v) we have a similar decomposition.
Case [I}}];: t > 27258, For this case, we write I}(u,v)(t, ) as the sum of the

following three terms:
/2 t
Lot )
2-1-2i'8 t/2

ot = ¥ Y ([
/ (s D oo
X {U§,7k,(s)u2,_37k,,( Je (t—s)(—a)? Y (@) 1 (x )@2,_37k,,(x))}ds

9—1-25'8

6/ ‘7/ k.l k.ll
le

=: If’l(u,v)(t, x) + If’z(u,v)(t,x) + Il4’3(u,v)(t,x).

For i = 1,2, 3, denote

L uv)(te) = > a5 ().

(e,3,k)EAr

Case [[}}]a: t < 2728, For this case, we denote a;:i(t) = a$;,(t) and then have

Iuwo)ta)= Y a0 ().

(€,5:k)EAR
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5.2. Induced a priori estimates. In the sequel we are about to dominate the

’ "
above-defined a; s b;;c by u$, ., and v§, 4.

Lemma 5.1. There is a constant ¢ > 0 such that:
(i) Fori=1,2,

! 0
|a€-’§€(t)| < 9% +j Z Z / ‘“3'7§f(5)| ‘?j/_—s,k”(sﬂ
: li—3'|<2 e k' K" 1

24928
x e "2 dg

)

where I = [0,271~ 2j' B and Iy = [271~ 25’ B %]
(ii) Fori=3,4,

142079k — k)N (1 + |29 3k — K/|)N

s 1 ()] 0951 (5)]
|aj,k( Z Z / 1+ |23 3k — k.DN (1 ¥ |21—j'+3k” _ k./DN

li—3"|<2¢€ k" k" Ii

x e~ Et=)2%" 1o
where I3 = [t/2,t] and Iy = [0,1].
Proof.

61 1,1
aj,k(t) = <Il (U,’U), (I);',k:>
o—1-2j ‘B

= Z Z / u '/f,k'(s)vgo'u:s,k”(s)

e kLR |5—571<2

x<67<t7s><fmﬁ%(q>g’,7,€,q> o) @) s,

The Fourier transform gives
<€7<H)<,A)ﬂ%@;'I,k@g,_&k,,)’ <I>§,k>
= [N g B2 e B 2 g
= /ef(tfs)\5\”&672‘2—.7’1@'5{/eik/nq/,?(gfj’g — )e S PO (8n))dn
x 270n/2em 12 REGe (27T € ) e
Because 0 < s < 2717270 we can see (t — s) ~ t. Hence

—\t—s8)(— B a 6/ €
<€ (t=s)(=4) aiajl(@j,’klé‘?/ig’k”)’ ¢],k>

_ gin/2+i /e—(t—s>22m|e|2"§le—i<k—2j*j’k')5

<[ [ 7@ e @ s |8 e

_ gin/2+] /e—tzw\f\”gle—iw—?*j'k’)s

x| / (2" ¢ — ) @O (8n)e Dy | G (¢)de.
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Situation I:. We first consider the case: |2779'k’ — k| < 2. We can see
A+ 277K — k)N 21

Under this situation, we divide the argument into two cases.
Case 1: |k’ — 8k"| < 2. For any positive integer N,

(1427793, — k")~N > 1.

On the other hand, the support of 6\6(5) is a ring. A direct computation derives

t—s ’6 6 e 0 €
’<€ ( ) axl ((b k’(bl’—3,k”)7(bj,k>‘
< 2P gin/ 20 (1 4 |93=0 | — k|) TN (1 4 |27 T3 — k)N

Case 2: |k' — 8k"| > 2. Denote by [;, the largest component of k' — 8k”. We
have

|/¢’A€/(2j‘j’§ — ) B0 (8p)e k8K Ingy|

1 o, _ 1 _ )
& (293" ¢ _ )0 29, VN (p—i(k—8K")n ’
~ (14 |k - 8k"|)N ‘/ (2777 & = m)@O8n)(50n, )" (e )dn

N
1 - Y 1, (e 1"
SN +|k,,8k,,‘)N\ / > Chlh, (@727 ¢ — )o@ (8y))e 5K ay
=0
< 1
~ (1+ |k —8k")N

which gives

S B 8 € p
(e~ (=)= (%l(cb,k@/ sk)s D5 k)]

S 2jn/2+j676t22j5(1 + |2j*j/k/ _ /€|)7N(1 + ‘2j*j’+3k// _ kl|)7N

Situation II:. We then consider the case: |2j_jlk’ — k| > 2. We still divide the
discussion into the following two cases.

Case 3: |k’ — 8k”| < 2. Denote by k;, the largest component of 27-7'k' — k.
Then

(1 [kig DN ~ (14 2777 — kY
This fact implies

< (t—=5)(=A) ((I) qu) 3,k”>7 (bjak’>‘
S

Oz
9in/2+j

2 N —i(k—2777"k)gy —t2%8 |¢|28
(1+ |29-7 k’_k;‘)N’/(ia&o) (e Je &

<[ [ @7 @ e - @ (sme - mag] B )

9Jin/2+j ) =il N 278|428
< - ’/672(k72- Y Lol (et 1€ D)
~> I LN E NY%; !
(1+129-7"K — K|) — 0

< O ([ (2 e )@ e ) e |
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In the above and below, C}; stands for the binomial coefficient indexed by N and

l. Because the support of &(f) is a ring, there exists a small constant ¢ > 0 such

that as 28 -
0k, (72 )| S etz

Consequently, we have a constant ¢ > 0 such that

‘< (t—s)(=A) al. ((I) k/(I)Q’—S,k”)7 (I)]ak>‘

2jn/2+] Clnod—i' L N 49238 ¢|28
< A v i)Y ‘ /e i(k—2979"f )EZC%VB&O(@ 12295 |¢| &)
=0

< O ([ (@ e - )@ se - M) e

< e i/ (1 g |93 | — )TN (14 |27 — )Y

Case 4: |k’ —8k"| > 2. In a similar manner to treat Case 3, we denote by k;,
the largest component of 27 ' — k, and then obtain

sy (=AY O .
‘<e (t—s)(—A) ai@j,)k@qis’k,,xq>j’k>‘

T

9in/2+j

S (1+ |2J—J k' — k| /ZCN‘al —t22ﬂﬁ‘5‘2ﬁf)‘

x| / ON (07 'g = m) ) B0 (8m)e™ a8 ) .

As in Case 2, upon choosing [;, as the largest component of &’ — 8k, applying an

integration-by-parts, and utilizing the fact that o< is supported on a ring, we can
get a constant ¢ > 0 such that

— S ﬁ a € y
‘< (t=5)(=4) i (D) D0 ), ‘I)j,k>\

2in/2+j ! 19218 ¢|26
- €]
SUT TR NI BT =) /ZCN‘a &)

| [ (@7 @ e )W) G, 1 (e ) )

< e—&t22m2jn/2+j(1 + |2j—j/k/ . k‘|)_N(1 + |2j—j’+3k// . k/|)—N

This completes the estimate of aj,lc(t) The estimate of a;:fc(t), fori=1,2,3,4, can
be obtained similarly. (Il

Using the same method, we can obtain the following estimates for b;;c(t), i=
1,2,3,4,5.

Lemma 5.2. There is a constant ¢ > 0 such that:
(i) Fori=1,2,

b5 ()]

< 95 +i Z Z / |u i’ k’ (s)] |U;’,‘k”(8)| 12498
(14 |20=9"k — k)N (1 + 293k — K/ )N ’

]<] +2¢€ k! € k"
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where I = [0,2717%'9) and I, = [271-%0 L],
(ii) Fori=3,4,5,

_ " ' [ 1 (3)] [0 1 (5)]
L S 25 Y JLk ER
bR ()] <27 Z /t/2 (1+ 207k — k)N (1 + |27 k" — K[)N

ijl+2 El,k/’E/l’k,/
—&(t— 258
c(t—s)2 dS,

X e
where Is = [t/2,t], I, = [0,27%'P] and I = [27%'F 1].

Let Qjx and Qj x» be two dyadic cubes, and for w € Z" denote by Q¥ the

dyadic cube Qj & + 2877w, where Qj  denotes the dyadic cube containing Q;
with side length 28=7. The forthcoming lemmas can be deduced from the Cauchy-
Schwartz inequality.

Lemma 5.3. (i) For j,j' € Z and w,k, k' € Z", if Qj 1 C QY. then
A+ 277K — k)™M <1+ |w)~N. (5.2)

(i) Let 0 < j' —j" <3, j < j'+5 and |w—w'| > 27, If Qi C Q¥ and
Qj”,k” C Q_;lj;C’ then

(1+ 277"k — k)N < 2NU= (1 4 |w — ')~ N, (5.3)

Lemma 5.4. Let Q) be a dyadic cube with radius 277. For w € Z™, set QY be
the dyadic cube 28 Tw + @j,k. Then

3 ST R ()05 g ()P (2077 K — k)TN (L K — RN

6 k/ 6” kll
Z Z 1+ w)™Na + ')~V
wWEL™ w!' eL” (54)
/ 1/p " 1/p’
x ( 3 \u;-,’k,(s)|p> ( 3 |v§,’k,,(s)|p) .
(6/,]6’)65_?:,;7/ (E”,k”)ES;L:;’j/

Lemma 5.5. Let Qi be a dyadic cube with radius 277. For w € Z", denote by
QY the dyadic cube 227Iw + Q. If 6 > 0 is small enough, then

SHUY Sacuh (X )V

(e,k)ess J<j'+5weLr (e k)esd!

S 20D )N Y fa

7<ji'+5 weL™ (6/7]6/)65’7'{1»]

(5.5)

Here, it is worth mentioning that the proof of Lemma/[5.5|needs also the following
fact: for fixed ], the number of @, which are contalned in the dyadic cube
QY = 2w + Q] 5 equals 278+ *J) On the other hand, for any dyadic cube
QT with radius r, the number of Q;, C Q, equals to (2/7)". Then the number of
Q; 1 which are contained in the dyadic cube Q¥ equals (28+7'7)". In the proof of
the main lemmas in Sections [7] and [§] we will use this fact again.
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For w € Z™, denote by

Lemma 5.6. Let Qj 1 be a dyadic cube with radius 277
-/

QY the dyadic cube 28_jw—|—©j’k. If j < 3 4+ 2, then

33 I (NS g (I 127 79K — k)N (14 K — K]~
E k/ 1" k//
S Y @) N+ fw — w2 DD

w,w’ EZN (56)

o v 1/p o » 1/p
(X eer) (Y )
(e k)ES! G

6. PROOF OF MAIN THEOREM
By Picard’s contraction principle and Theorems[4.5| & [£.6] it is sufficient to verify

that the bilinear operator
t
B(u,v) / —(t=9)(=8)py . (u®v)ds
0

)™ to (B2 )" To do so, let

1,72 n V1,72
is bounded from (B)'.7> )" x (B)!)72

0
By(u,v) = e~ (t=s)(= AP Y d
1 (u,v) /0 e (uv)ds,
o9 (uv)ds.

t
B/// :RR, (t S)( A)
1,0 (u,v) 1Ry /0 T
are bounded from Bglqwﬁl o X

We need to prove that all Bj(u,v), By (u,v)

B2 e to B . Because Ry, I’ =1,...,n are bounded on B)'7> . we only
consider the boundedness of B;(u,v). By (B.1)), if

u(t,x) = Z u (1) @5 (z) and w(t,z) = Z 5 1, (1) D5 4 (),
(€,5,k)EAR (6,4,k)EAR
then
4
Bi(u,v)(t,x) = Y _ I} (u,0)(t, ),

=1
4 are defined in Subsection 4.1

where the terms I} (u,v)(t, ), i = 1,2
It is not hard to see that the argument for I}'(u,v)(t,z) is similar to that for
). Also the treatment of I}}(u,v)(t, z) is similar to that of I?(u,v)(t, )

I} (u,v)(t, x).
So, we are only required to show that the following functions
€

Z aj () ®5 (),

(tv :L') = Ill (uv U) (tv LC)
(e,5,k) €A
(t,) = 1P (u,0)(t, x) Y a5 ()
(€,4,k)EAR
By the decompositions of non-linear terms obtained in Sub-

belong to B> ..
section 4.1, it amounts to verifying that the following functions
i=1,2,3,4;

(ta) = D g5 (@),

(e,5.k)EAR
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(t,z) — Z ;Z(t) Se(r), 1=1,2,3,4,5

(e,5,k)EAR

Y1,72
are members of ]Bp g

following two lemmas:

The demonstration will be concluded by proving the

Lemma 6.1. If (3,p,q,71,7v2, m,m’') satisfies the conditions of Theorem and

u,v €B)E L, then

(i) For i = 1,2,3, the function (t,x) — 3 ;i pen, a;L(t) k() is in the
space B’hﬁm ;

(ii) For i = 1,2,3, the function (t,x) = >3 ;pen, @5 O)P5 () is in the
space B0l

. € Y2, IV
(ili) The function (t,x) — > ( ;i ryen, 95 ot )@ () is in B> T OB

Lemma 6.2. If (3,p,q,71,7v2, m,m’') satisfies the conditions of Theorem and

V1,72
w,v €B T s then

(i) For i = 1,2,3, the function (t,z) — > rea., ]k(t) S k() is in the
space Bglqﬁgl’ ;
(ii) For i = 1,2,3, the function (t,x) — > ;1en, ]k(t) S k() is in the
space Bg’lq’j;;] I
(iii) Fori=4,5, the function (t,z) — > ;ren, b5 Lt )5 1. () is in the space
By 1.
pq ‘
(iv) Fori=4,5, the function (t,) — 3 (. ; pyen, bk ()PS5, (2) is in the space
Y1,72,1V
Pp,a,m

7. PROOF OF LEMMA
7.1. Setting (i). For i =1,2,3, define S7 = {(e, k) : Q;x C Q,} and

L, (®)

a2 g | yn_n €. N a/p
el A D DRt I DI O GO

j>max{— log, r,fltj‘sigt} (e,k)eSi

According to the relation between 27278 and t, we divide the proof into three cases.
The proofs of Z(w,,k) a;:L(t)q);)k(x), i =1,2,3 are similar. For simplicity, we prove
only one case.
Case 7.1: (t,2) = 3 i) aji(t)@Ek(m) is in BY172-1. Without loss of generality,
we may assume [ullpne = [lv[[gpne = 1. Because v € B)'” one has
b, mm,m b, mm,m

p,q,m,m’’
veBL ) C By Hence
p 1 ,

00 g (8)| S 5™ T 27

and consequently, by (i) of Lemma
9—1-25'8

a u  (8)|(1 4 2779 K — k)~ Ne—e2" g35 1,
j’k
0

li—g'1<2 €k
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Notice that |j — 5| < 2. So, applying Holder’s inequality to k' we obtain
972 i ; n_n
I;an < Q. Z 9ui(n+5—%)

1 t
j=max{— log, r,— %2}

| S > e g W k)Y

(e,k)eSi li—3'|<2 € K’

9-1-25'8
x (/O |u;’,,k,(s)\s%—lds)p(tzw)m}q/”.
By p > 2m’/f3, j ~ j' and Holder’s inequality, we apply to obtain
175 (1) S Q|7 > i)

j>max{—log, r,— 53"}

x| 3 e N )N

(e,k)eSi weLr
9—1-25'8
’ ./ ’ dS Q/p
« 3 / 5 (P (525 2y L 2oy .
(e kNesty’ 0
If ¢ < p, by the a-triangle inequality we obtain
IV (8) S 1@ 7% > 20FETE N (1 fwl) ™
j>max{— log, r,— 53"} wezLn
2—1—2]'/[-1
’ ] IdS q/p
X [ meere S
(¢/,k)esw’!
< ullgo v S 1.
p,q,m’
If ¢ > p, Holder’s inequality implies
L (1) S1Q. ™ F M 20T N (14 )N

j>max{—log, r,— %521} wezr

2mime ds14/p
X E// ’ p 22'1/5 T"‘/71|
X [ ey
(d,k’)GS:\”’]
S lullgo e v S 1.
p.q,m’
In a similar manner, we can obtain the following two assertions.
Case 7.2: (t,x) = Y1) a5 (P54 (x) is in BT,
3 . o,
Case 7.3: (t,x) — Z(@j,k) a;k(t)(I);’k(x) is in B)L72 I

m

7.2. Setting (ii). For i = 1,2, 3, define

iy 2 n_ n dta/p
1N = Q] > 9ai(m+3 /2273 > lag @) (e220)m t} .

j=—logyr (e,k)esi

We consider the following three cases:
Case 74 (t.7) = 2 wyen, Gk () is in B2l
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€,2 . .
Case 7.5: (t,7) = (¢ jmen, k0PS54 (2) is in B2

Case 7.6: (t,2) = > (i ren, a;ji(t)q);k(x) is in BYL2 T
It is sufficient to check Case 7.4 since Cases 7.5 and 7.6 can be dealt with similarly.
In fact, for v € B?*72  we have, by (i) of Lemma

p,q,m,m’
el < of o—1-2i'p o 19298 =i’ N L ds
|aj7k;(t)‘ ~ 2 Z Z |Uj/7k/(5)|e (1 —+ |2 k' — k|) S28 ?7

lj—j'|<2 ¢ k"0

whence obtaining
T’26

I Q=% Y 2wty [/ 2rd ¢ —ert2”
a,&r Y .
j>~logy 7 2mp

2=1-2'8
’ i—5' ds\P
€ ., 1 9i=3' k! _ kN #7)

8 Z(Z Z/O [ (9)](1+ | I

(e,k)esi 1j—3'1<2¢€ K
; dtya/p

X (t227ﬁ)m?} .

Applying Holder’s inequality to k" and s respectively, along with (5.2) and [j —j'| <

2, we find

1,
av2 g j(yi+5—2 -N S —é&pt22ih8
SIQIFE Y WO E B[ (1) 2ire=?
j>—logyr weL™ 27298
o—1-25'p
. ’ . /d . dt q/p
NS / o ()P (52299 ) 20y ]
) ’ S
(e,k)€ST. (e k)esy;)’ 0

If ¢ < p, by changing variables we obtain

1,
S W) QR Y auterE
weL™ j>—logyr

r* 2; 2t ds\ dtya/p
X e~ 27" (4228 m( / uS, o (s)|P (52298 m/—) —}
|:/2_2]‘/3 ( ) Z i 0 ‘ J ,k‘ ( )| ( ) s t
(e',k")esy”

< [ullgon oo

p,q,m

If ¢ > p, via applying Holder’s inequality for w and % > 1, we similarly have

I
S Y (4fw) M@ T Y eWnrEd
weL™ j>—logy T

23 9—1-25'8

" 228 1, 02i8 m< / ¢ p(o02iB\m’ ds) dt]”/p
t2j ! ’ 2 - -
[ wn (X [ mere )Y
(el,k/)es;fh]

,S Hu”IB%'“"Yz’IV'
p,a,m’
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7.3. Setting (iii). The argument for that the function

(t,z) — Z a;:i(t) ;,k(x) is in B’nﬁyz,H QB%WJV

p,g,m
(€,4,k)EA,,
is divided into two cases.
Case 7.7: (t,x) = X (ke ( )5 1. () is in B!, Let
4 9224 aj(n+g-2 e p]Y”
11} . (6) = 1@/ Z 2 | lagir]
—log, r<j<—+%52t (e,k)€S

Then, by (ii) of Lemma [5.1] we have
IS 2 3 / ) ()l (1 2770 K — )N 5% s,
li—3'|<2 € k!
whence via Holder’s inequality and (5.2]), we obtain

e MZIQ|F™F 3 2w R 3N ()

—log, r<j<—1%2t li—j’|<2 wezr

1 ¢ ¢ (L,1+ ) a/p
X g PP [ g (s)[PstaE T pds]
w.i! 0
(¢',k")ESH

If ¢ > p, by Holder’s inequality we have

av2

II;Q ) S Q™ -3 Z 9ai(M+3—-3) Z (14 |w|)—N

— log, r§j<7lo§7§" wEZ™
b1 t
2w 3 / S (o]
li—j'|<2 (e k)esd
Because 2%t < 1, one has 29 < ¢~ 25, This in turn gives
Il o (1) S Q% Z QU5 =5) $7 (1 4 )N
—log, r<j<— “ggt wELN
x Z t26 ¢ P(a5 — 1+ = {/ Z|u rk/ (s)?) a/pg(35 1+,u)Pds]
|j_j,|§2 e’ k'
5 HuHBg}d’YzJL
If ¢ < p, we have
I o, (1)
<1Q. |m 7 Z 9t (n+5—%)

—log, r<j<— 42"

t

[+ Y 2 3 (/0 |u§l/7k,(s)|sﬁ_1d5>p}q“).

weL™ li—3"1<2 (6/7k')ESﬁ”’j,
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Because t < 27278 and 0 < m/ < min{1, 33}, Holder’s inequality implies

I} () S 1Q: %75 37 20 E=9) 37 (14 fwl) ™

j>—logyr wEeL™

e ds1a/p
¢ (o) s 2 A L]
P 5. (5) 5 -

li— j\<2 (¢ k) GSw]

SJ ||UI|B’YL’YQ=IV .
’
,m

Case 7.8: (£,7) = Y (i pyen, @5 n(OPS (2) is in B2 Similarly, let
i
—2j8
=@, F Y autnts / > JaS @) e22t)m 'dt}m
j>—logy T (e k)eSJ
Choosing a constant p such that m’ +p—1— £ 5 < pp<p-— 1, we use and
Hoélder’s inequality to obtain
9—2i8
’ qy .
ViE ST e / 2D W
J>—logy T 0 lj—j'|<2 wezn

t
/ o dt19/P
3 e[ty
(¢',k)es@ I

If ¢ < p, by the a-triangle inequality we have

v,
S S U4 1% Y 2wtEon) N gu
wezn j>—logyr li—3'1<2
9—238 ~258

2
Z |U§//7k,(5)|1”3%—p+pu(/ 92myj’ Bym/ +p—pp £° )ds} q/p'
S

(¢ k")eswd’

<

Because $22'% < 1 and m’ +p—1—=5 < pu, we obtain

VIS S S (e wl) ™% |Q, \* o 2wty

e j'>—1logy Tw
2-2('=2)8
. [/ Z |U§I/ w (s )|P(522J 6)25+1 —pipuds a/p
7 s
’ (¢/,k")eSw I’
s ||UHBZ,147%'I” + HUHBZzZi}Iv.
If ¢ > p, by Holder’s inequality, we have
Va4$ Z |Qr| ™ mfi 1+‘w|) Z 2qj,(71+%7%
wWEL™ j>— 108,'2 Tw
2-2('-2)8 /
. [/ Z |U§lr w (s )|P(3221 /3)23+1 pﬂwds q/p
0 , &

(5’,k/)€Si”’j/
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< ||u|‘Bg}41%,111 + ||U||B;,1(;:Yri}lv'

8. PROOF OF LEMMA
8.1. Setting (i). For i = 1,2, 3, define

I, (#)

av2 _q i(ytn_n e q/p
=@l 2 253 e ]

j>max{— log, r,flo‘zgigt} (e,k)eSi

We divide the proof into three cases:
@<, (z) is in B2,

Case 8.1: (t,z) — Z(”k A, Jk(t) S Jue.l,
Case 8.2: (t,x) — Z(E],k)eA bE2 t)@;}k( x) is in By

n gk p,gm

Case 8.3: (t,2) — Y (i pen, Vin(OPS 4 (@) is in Bzl
But, we demonstrate only Case 8.1 and omit the proofs of Cases 8.2 and 8.3 due
to their similarity. Assume first 1 < p < 2. If 5227 B <1, then

_ " _n _ .
RS IB’YI”YQ m’ C BE OZ2 = |U§/ k”(8)| 5 2 (2+’Yl 72)‘] .
P >

p.g,;m
Because v € B)!;72/1, we have

E e’ P —nj+pyeig—pi (m+g—=%)

|’Uj/,k(/( )| < 2 2 .

(e”,k”)ES;‘j;cvj/
By Lemma (i), (5.4) and Holder’s inequality we obtain

|b;.’1( )< 2% 2y 7ct227ﬁ2](—n+:ﬂ’¥2 )1-1) Z (1 + |w|)~ Z 9—(2-p)(5+m—72)i’
weLr J<i'+2

2—1-2§'5 1/
n_n — _l ¢ p
« 9~ 1 (m+5-5)(p-1)9-2§'8(1 )(/0 E : |uj,’k,(s)|pds) )
(e kNesy’

This in turn yields
m,1
Iy, (1)
N |Qr|ql2 g Z 90i(m+3 =) 995l +4j9ai (—n+py2)(1-3)

oth}

j>max{—log, r,—

x{ Z (1+|w|)~ Z [ Z 9=2=p)(F+11-72)i 93" (ni+5—-5)(p—1)

wEL™ (e,k)esi J<i'+2
y / 1/pypya/p
x 272 ﬁ(l_%)(/o Z \u§,’k,(s)|pds) ] } .

(d,k’)GS;.‘:;cjl
Since 0 < s < 271725 and m/ < 1, one has (s227'#)1=™" < 1. This implies

I, Qy( ) S \QA%_E Z 94i(m+3—3)9 %5l +4j9ai(—n+py2)(1- 1)

j>max{—log, r,— 1055 t}

X{ ) ﬁ DI Gl el A at

wezLn (e,k)eSi I<i'+2

9—1-25'8
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« 9P (m+3-%)(p—1)9—2pj'8

o—1-25p

<(/ S P BN

w, !
(e/,k)ESTY

If g < p, for pyo+2—26 > 0 take 0 < § < p(py2 + 2 — 20). By the a-triangle
inequality, we obtain

m,1 m_i _gN _
' @) S1Q 7% Y. (L4 uwl) ™% 3 $ 20U D —rrt2-20)
wezr j>{—logy 'r,—lofigt}Jﬁj +2

9—1-25'8

- n_n ¢ . mldS a/p
o ( Y Pl

(e ke’

5 HUHB“W%IV'
p,q,m

If ¢ > p, by Holder’s inequality we obtain

972 _ g

Il:tl(i)lr(t)rg Z i?ﬂ |ZU|) Z [ Z 2(jl—j)[5—(1)72+2—25)]:|T

wezL™ j>max{— log, r,—logizt} J<j'+2

Z 9(i" =D~ (Pr2+2-20)]9¢i (N + 35— %)

7<j'+2

2 3’6
0

S lullgrme.ov.
p,q,m’

Z |u§l’,k’( )P (s 925’ /3) /CZS)Q/P}

(e’,k/)esi”’j/

Then assume 2 < p < co. Because 0 < s < 2717218 ¢ € By, 7 implies

o—1-25p

" 1 . njg -/ n_n i’
(/ Z oS, k,,(s)|pds) /P < ov2i = =i (g -39 258
0

1ot
(6”,k”)€5ﬁk’]

In view of Lemma 5.2 (i), Holder’s inequality and (5.6), we achieve

|b§:,1€(t)\ < 2%+je—ct22jﬁ Z (1 + |w| Z on( i'=3) 1—*)2 25'B(1—
wEL™ J<j'+2
9—1-25'8

/ /
Sl s)rs)

P 7,,'/
(¢'k)ESY}

« 92— 9—i'(m+E-2)g *%(/
0

Using the above estimate we obtain

I;”Qi< )

‘QTV:f 1 Z 2‘1](’)’1""*—*)2‘”]JrQJZQJ(’Yz—E)

ogzt}

j>max{— log, r,—

x{ Z e—cpt22jﬁ<t22j/3)m Z m[ Z 2n(j’7j)(17%)27j'ﬁ(27%)

(e,k)ESI wezr §<i'+2
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x zfﬂw%f%)r%(/ S g aerds) Y
0

(€/7k/)es;}j],€j/
Notice that 0 < s < 27172F and m/ < 1. For any 0 < § < (y1 + 72 + 1) we have

FROSieIRE Y ey

9—1-25'8

) logg t
j>max{— log, r,f%}

x{ S (Ut fw)™N Y 202G i) g2 A Dgpi (it g =

weLN §<j'+2
9—1-25'8 d
Y / ./ ' as Q/p
2 W[/ S ey L
0 (R

If ¢ < p, the a-triangle inequality implies

1
Iy, (1)
a2 g _aN Sy — i'_j
SIQA™F > (At ) > 2 e
wezr j2max{—log, r,— %31} J<i'+2
9—1-25'8

./ n_n ’ ./ / d Q/p
o] f S P2y Y]
0 (¢ k"yeswd’

S Nullgoae. v
’
p,q,m

If ¢ > p, by Holder’s inequality we obtain

IZan(t)S Z i?iﬁ;_)f’ Z ( Z 2p(j/*j)(%*7177271))%
weL™ jZmax{flogZ'r‘,fms’-iét} J<j'+2
™ Z 9" =N=p(r1+r2+Dl9as’ (i +5 %)
J<j’'+2
2—1-2i'p

. dsa/p
> |u§l/7k/(s)|p(522yﬁ)m’7} } [ [——
(e ke’ i e

x[/o

8.2. Setting (ii). For i = 1,2, 3, define

23
. av2 _ g . n_n r ; . dtia/p
I = Q.| =~ » zqﬂ%r;){/ boL (1) [P (2297 mf} .
vg. =l Y D SR O
jz—logyr (e,k)€SY.

In a way similar to the setting (i) of the subsection 8.1, we may only handle the
situation 1 < p < 2. Under this the argument is split into three cases.
1 .
Case 8.4: (1) = 3 j men, Uik (D)5 () s in BRom I
2 -
Case 8.5: (t,z) — Z@j’k)e\n b;’;k(t)q);',k(x) is in Bg’llj?%,ln;
)3 ..
Case 8.6: (t,7) = ¢ jwyen, byt () is in Bz,
It suffices to treat Case 8.4 since Cases 8.5 and 8.6 can be verified similarly.

Because u and v both belong to B% 2%, for s2%'7 < 1 we have |v§:/k,,(s)| <
P’ ,
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2-(F+m=22)7". Owing to v € BJ1.72/!, we also have
S S ()P S 2rea I R for g fixed .
(Ell}k//)es;ij;d/
This, along with Holder’s inequality, (5.4) and Lemma (i), implies
B A (0] S 25 BT SN (1 )Y

i<’ +2wezn

o—1-25'8
< ol3-2 %—(p—lm—uf(/
0

The last estimate for |b§]1€(t)| and (|5.5) are used to derive

IIIlTélr < |QT|%*% Z qu(p72+2—25){ Z 90(3' =3) 9 =5’ (Pr2+2-28)

j=—logyr J<i'+2

o » 1/p
S ful(s)] ds) .

w,j’
(¢'k)ESYS

-/ n_n 27172].,5 ’ -/ /dS (I/p
o) [ > (@27 T
’ (¢ ke’
If ¢ < p, by the a-triangle inequality we have
PSS Q.| 7% Z Z 0a(i=3")(Pr24+2-26—3)9ai’ (m+5 %)
j>—logy r j<j'+2
o—1-25'8

’ v /dS q/p
x [/ S ful g (s)P(s22 ) ?] .
° (e kyesis’
Changing the order of j and j', we find I3, < |[ul[g z,1v.
If ¢ > p, by Holder’s inequality we obtain e
q=p

L% < 1Qr et 3> ( 3 2P(j—j/)(p’vz+2—25_5)) 7

jz—logyr j<j'+2

o—1-25'B

x { 3 206 (pet2-20-0) {/ S S ()
J<i+2 0 (e k") esw
» rds7a/p
x (s229'8)m i] }
S

Upon taking 0 < § < pys + 2 — 20 and changing the order of j and j’, we reach
m,1 <
IIIb,Qr ~ ||u||[ﬂg"11»72,/lv.
P,q,m

8.3. Setting (iii). Like in subsection 8.2, it is sufficient to deal with the situation
1 < p <2 below. For i = 4,5, define

i 492 _ 49 ; n_n € q/p
o0 =1Q % % 3 (3T pgwr)

— log, r<j<—lo§7gt (e,k)esg

We divide the argument into two cases.
Case 8.7: (t,x) — Z(e,j,k)@/\n b;i(t)@;k(x) is in Bg}évz,ll;
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€,5 .
Case 8.8: (t, ) = > (e i myen, 05 () ®5 () is in By 1
In view of the settings (i) and (ii) above, we only give a proof of Case 8.7
since the proof of Case 8.8 is similar. Due to v € B)'.7% ., one gets \v;i/’k,,(sﬂ <

2-(3+m=72)i" For 0 < s < 2*2j'ﬁ, one has that v € Bg}q’”?’n implies
2—2i'B
/ S e (s)Pds 2T Tig RO+ S50 928,
0 (éll,k”)GS;);’j/
By (5.4), Holder’s inequality and Lemma [5.2] (i) we obtain
|b;’i(f)| < 2*%+j+%j+(p*1)72j Z Z (1+ |w|)—N2—(%+71)j’2(’F;)”j/

§<j'+2 weZn

v
2—2j'8
. 28(p—1)5"
x 9(2-P)ag’ 9= T (/
0

By (5.5), s22/'F <1 and m’ < 1, we can similarly achieve that for § > 0,
11} o, (t)
<|Q. | F 3 qu(2*2ﬁ+m2)[ S @)V Y 206D

logo t zn H i’ 492
25 we 1<7'+

, /
S g es)rds)

U
(¢/,k)ESY

—log, r<j<—

2-2i'8
-/ I n ’ ./ ’ d Q/p
e e S (s 2T

’ (e ke’ 3
If ¢ < p, we apply the a-triangle inequality to obtain
I g, (1)
S |Qr|¥_% Z (1+ |w|)_% Z Z 94(i=3")(2=2B+p12—3)

weL" —log, r<j<— 71053 tj<j'+2

i | 272’0 , ‘g ds79/P
9ai' [5+m—% {/ < (g)|P(5220 Bym 7} .
x v SRNTMENESOLE
(¢/,k)ESH
Ifo < % < 2(1 =) + py2, then II{){QT(t) S ”u”B;lq'Zi?w follows from changing the

order of j and j’.
If ¢ > p, by Holder’s inequality we obtain

av2 q

4 |Q7"|T_E ) (2p(1—B) L pPya—S %
II[LQT(t)S, Z W Z ( Z 9 —3")2p( )+p 72 ])

weL™ j>—logyr j<j'4+2
E 9(i—iN2p(1=B)+p*v2—0l9ai’ (+m—%)
7<j3’'+2

272].,‘3 ¢ » 2j/ﬁ m’ dS Q/p
x| O > el ey ST

(¢ k)es

“

< s oo v
Pv‘l»"”/
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8.4. Setting (iv). Again, we consider only the situation 1 < p < 2 in the sequel.
For i = 4,5, define

—2jB
12 _g i iy dt79/P
Vgl =l 3T awlntieh) / PORIHOI G

j>—logy (e,k)€ S
Due to their similarity, we only check the first one of the following two cases:
Case 8.9: (t,2) = (¢ jien, by k( )5 1 (2) is in IB%Zlq"fm’/IV,
Case 8.10: (t,z) — > (. jpyeA, bj,k(t) S p(z) isin B;léﬁ’/lv.

2 2—3'(m—72) and

Because 0 < s < 27277 one gets |'U;:/’k//(5)| <2-

/QQJ ’ Z |U§::k”( )Pds < 2 nj+py2jo—p(5+n—3)i'9-2i'8
0 (e kmyeseyd’
By using , Lemma (ii) and Holder’s inequality we obtain
|b§i(t)\ <273 Y+ 2+ (p—1)72g Z 1+ |w])~ Z 90— (34715’

wEL™ Jj<j'+2

—25'8

2
ni (p=1) | 1o 25/ B(p=1) , 1/
e / Sl us)ds)
0

P '
(¢/,k)eSy

For 12277 < 1, we obtain

—2jB
-1 aj(n+g—2 9= 25 +pj+nj+p(p—1)72J

j=z—logyr (e,k)eSi

x [ 3 ()™ 3 2 g e

weZL™ 7<j3’+2
. 272j,5 1
_2i'B(p=1) / /PP . ,dty a/p
7= ( / Sl eras) ] a2y S
0 (e kNesy’
Furthermore, we first apply Hoélder’s inequality to w, and then employ (5.5 to
obtain that for § > 0,

bQ |Qr|m_g Z 24j(71+1+(p71)72)2_%

j=>—logy T

—2j8
/ Z Z 903" 9=pP(5+7)5" 9(p—=1)nj +p(2—p)v25" —28(p—1)5’

(e,k)eSii<j'+2
—25'8

X Z (14-:|lw)N(/02 Z |u§l,7k/(s)|pds) (t22j’g)m/%}q/p.

wezn (e k)es;’
27%F j .
Because [;  (t2%9)mdt < 1, we obtain

IVZ%4 < |QT‘%—£ Z 9ai (M +1+(p—1)72) 9~ %2

—logy 7
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> Z 965" 9pi’ (M+%5 = 5) 9285  9—pj’ (2=28+p72)

j<ir+2
27%'# a/p
xz(1+|w|)*N(/ S w(ras)]"
wEL™ 0 (6',k’)ES;U’j/

If ¢ < p, noticing pya +2 — 28 > 0 and taking 0 < d < p(y1 + 14 (p — 1)72) we
obtain

AV D N e A C R T e DD DA Al

weL™ j>—logy rj<j’+2
-/
2—2j'8
Y n_n ’ - ' ds a/p
x| [ > ()P (s2 oy
0 " s
(e/,k")eS?

< Jullgrs e v,
p,q,m
where we have used the inequality
(s22j/5)1_m/ <1 fors< 2_23'/5, 1—m' >0.

and then changed the order of 5 and j'.
If ¢ > p, by Holder’s inequality we have

U D PR (R TR DI D DI

weL™ j>—logyr j<j’'+2

-/ n_n 1 ! q/p
coonspzn ([ S o)
0

(e k)esy '

2—2i'p

S; ”u”BWl’“fZ*IV'
’
pP,q,m
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