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STABILITY OF A BINARY MIXTURE WITH CHEMICAL
SURFACE REACTIONS IN THE GENERAL CASE

LIDIA PALESE

ABSTRACT. In this article we consider the stability of a chemical equilibrium
of a thermally conducting two-component reactive viscous mixture, in a hori-
zontal layer heated from below and experiencing a catalyzed chemical reaction
at the bottom plate. After reformulating the perturbation evolution equations
in a suitable equivalent form, we study the nonlinear Lyapunov stability and,
assuming the validity of the principle of exchange of stabilities, we find a re-
gion of the parameter space in which the linear and nonlinear stability bounds
coincide.

1. INTRODUCTION

The convective instability and the nonlinear stability of a chemically inert fluid
heated from below, in a gravitational field, i.e. the classical Bénard problem, is a
well-known interesting problem in several fields of fluid mechanics.

Recently, in [T1, 2] [14] [15] reactive fluids of technological interest have been stud-
ied. For these fluids chemical reactions can give temperature and concentration
gradients, which influence the transport process and can alter hydrodynamic sta-
bilities. Successively, in [I4] the nonlinear convective stability has been studied by
the method of the energy and some nonlinear stability criteria was found.

In this article we reconsider the linear and nonlinear stability problem of the
chemical equilibrium for a reactive fluid, reformulating the perturbation evolution
equations in a suitable form, to allow us a more advantageous symmetrization of the
linear problem and an easier formulation of the variational problem of the nonlinear
stability.

The model adopted in the present paper is that of Bdzil and Frisch [, 2] 14} [15].
We consider a fluid mixture composed of a dimer and a monomer [T}, 2 14 [I5] in
a horizontal layer heated from below, the bottom plate being catalytic. We eval-
uate the effects of heterogeneous surface catalyzed reactions on the hidrodynamic
stability of the chemical equilibrium.

We consider a Newtonian fluid model and derive the evolution equation for the
perturbation energy following the approach from [4l 5] 6] [7, 8, @] [I7], which gener-
alizes the Joseph’s parametric differentiation method reported in [IT], 12].
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In Section 2 we formulate the initial boundary value problem by splitting some
given perturbation fields, in terms of some new unknown functions satisfying ‘sim-
pler’ boundary conditions, and allowing us the use of inequalities like the Poincare’s
and Wirtinger’s ones.

In Section 3 we determine evolution equation for the perturbation energy reduc-
ing the number of scalar fields, which represent the velocity perturbation field, by
using the representation theorem for solenoidal vectors in a plane layer [12, [I§].

In Section 4 we formulate the maximum problem of the nonlinear stability in
terms of the new perturbation fields introduced by splitting the concentration per-
turbation field, in such a way all integrals on the boundaries involved in the maxi-
mum problem disappear from the Euler Lagrange equations.

We can formulate the maximum problem with or without the integrals on the
boundary. We determine, in subsections 4.1, 4.2 and 4.3 a region of the parameter
space in which the linear and nonlinear stability bounds are coincident, when the
Prandt]l and Schmidt numbers coincide, and we recover the results found in [8, 0],
by using some other approaches of symmetrization technique.

2. INITIAL/BOUNDARY VALUE PROBLEM FOR THE PERTURBATION

We consider a mixture described by a Newtonian model to which we apply the
Boussinesq approximation in the layer bounded by the surfaces z = 0 and z = 1,
in a Cartesian frame of reference, the lower surface being catalytic, [1I 2] [[5].

The chemical equilibrium Sy is characterized by the temperature (T') and degree
of dissociation (fraction of pure monomers present) (C) fields [I, 2, 5], and 0 <
z<1:

T(z)=T1+B(1-2), C(z)=Ci+7(1l-2), (2.1)
where C'; and 77 are the values of C' and T at z = 1 and the constants 3 and ~ are
given in [, 2] [15].

Let us now perturb Sy up to a cellular motion (convection-diffusion) character-
ized by a velocity @ = 0+ @, a pressure T = P + p, a temperature T = T + 0 and a
concentration C' = C + v, where @, p, §,~ are the corresponding perturbation fields
and 6, P,T,C represent the basic state Sy (the expression of P follows from the
momentum balance equation for Sp).

The perturbation fields satisfy the following equations which express the balance
of the momentum, energy and concentration, written in nondimensional coordinates

[19],

%m (it V)i = —Vp + Al + (RO + C)F,
Pr(%o L 7V0) = Af— Ru, (2.2)
0

Sc(g'y—&—ﬁ-V'y):Av—i-Cw,
in the set A given by
N = {(ﬁ,p,ﬂ,f}/) € L*((0,00) x V) : V-7 =0; u, = v, = w = 0 on Vs, (2.3)
u=0o0ndVy, O0=~v=00ondVy, 60,=—sv, 'yZ:r'yonavl}, ’

where Vf = (fs, fy, f») for an arbitrary function f, @ = (u,v,w), V =V x[0,1] de-
notes the three dimensional box over the rectangle V, periodic in the z, y directions,
with z € [0,1] , OV is the boundary of V, 0V} = 0V N{z =0}, 0V, =0V N{z = 1}.
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The perturbation fields depend on the time ¢ and space ¥ = (z,y, z) and R?,
C?, P, and S, are the thermal and concentrational numbers of Rayleigh, Prandtl
and Schmidt, respectively. In addition, r, s > 0 are dimensionless surface reactions
numbers [T 2 I5]. The basic state Sy corresponds to the zero solution of the
initial-boundary value problem for in the class NV.

In this paper we reformulate this initial boundary value problem by splitting
some given perturbation fields to allow us a much more advantageous symmetriza-
tion. In the particular case r < 1, we replace the initial temperature and concen-
tration fields with the following functions

O =rf+sy, Po=v(1-1rz), Py=rzy Vze[0,1]. (2.4)

We observe that, for arbitrary «, the functions ®, and ®, are functionally in-
dependent, namely the vectors V®5 and V®,4 can be coincident iff &3 = 0, or
®y = $y(2), that is the only case when the rank of the matrix

¢)Zx ¢)2y (I)2z
¢43: ©4y (b4z
is less than two.

If » > 1 we can proceed similarly, introducing ®» = yexp(—rz), &4 = (1 —
exp(—rz)) for all z € [0,1]. The treatment of the stability problem is the same in
both cases r > 1, r < 1.

In terms of ®1, 5 and P4, the the initial perturbation evolution equations ([2.2))
can be written in the equivalent form

%m (@i V)i = —Vp+ Aii + §¢1E+e(<b2 + By K, (2.5)
1
0 . 1 C
ot Se Se
with
_C _Rr,_sBHh-8) _Cr—Rs
R N

in the subset (2.3 written as

N = {(ﬁ,p,@17¢27‘b4) € L*((0,00) x V) : V- =0, u, =v, =w = 0 on Vs,
4 =00n0Vy, &1 =Py =P, =00n9Vs, &1, =Py, =04 =0, onaVl}.

(2.8)
Let us define
‘1)3 = a1<I>1 + 0,2((1)2 + ‘1)4), (29)
where a1, as, are some constants to be determined later.
From ([2.6))-(2.7)) we obtain
0 b b 1 C
— O3+ uU- Vb3 = —ﬂ*(SCh + ag)A<I>1 + (& + f)A‘I)g + (ﬂ + aal)w, (210)

ot as s as S Se
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3. EVOLUTION EQUATION FOR THE PERTURBATION ENERGY

Taking into account the solenoidality condition for the velocity perturbation
field V - @ = 0, using the representation theorem of solenoidal vectors [12] 18], in a
plane layer, into toroidal and poloidal fields, we reduce the number of scalar fields,
deriving a system of equivalent perturbation evolution equations.

If the mean values of u, v, w vanish over V [I§]; that is, if the conditions

[ wtededy= [ oo dedy= [ wloydedy=0. z€ .1,
% % %

hold, the velocity perturbation # has the unique decomposition [12, [I8]

i = iy + i, (3.1)

with
Ve =V -lly=k-Vxiy=k-ily=0, (3.2)
i =Vx: —kAY =V x V x (xk), iy =FkxVi=-Vx (ky), (3.3)

where the poloidal and toroidal potentials x and 1 are doubly periodic and satisfy
the equations [12] 18]

ALX = Xao + Xy = =K, A =k-V x i@ (3.4)

The boundary conditions for x and ¢ are [12]:
X=Xx:=v%=0, z2=0,
X=Xzz=%.=0, z=1
From (3.2)-(3.3) it follows that @- k = @iy - k = —A;x.
Multiplying (2.5) by @, (2.6]) by b1®1, (2.10) by b3®3, where b; and b3 are some
positive constants, integrating the resulted equations over V', taking into account

the boundary conditions from ([2.8)), and adding the resulted equations we obtain
the evolution equation for the energy E(t), we derive

d
ZE()=1-D, (3.6)

(3.5)

where,
1d
E@t) = =—(|a|* o2 Bs2
(1) = 5 (12 + b1 1 + by ),

with [f|* = (f, f), and (f,g) = [,, fgdv in Ly(V), respectively. In (8.6) Z and D
are given by

T =—-A1{P1,A1x) — As{(D2+ Du), A1x) + B1(VD1, V(P2 + Dy))

3.7
—2B3(V®o, VOy) + C1({(P1, Do, > + < Do, P1,)) + Co(Po, Pa,) (3.7)
D = |Vxu:? + [Vxy: 2 + [VALX]? + |V |? + |V, |2 + D1V, 2 58)

B3| V®s|? + B3 |V®y|?, ’

with
R C as C a1

Ay ==+ab 2. — =), A, = 2hs(— + a— 3.

1= +abi+a 3(G+Scal)7 2 =e+ay s(SC+aa2)7 (3.9)

1
Bl = —bgCLlG,QF — (b3a1312 + bbl), 312 = ba1 + %7 Bg = (12[)3312, (310)
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1
—(bsa? + by). (3.11)

C1 =r(bsa1Biz +bb1), Cz =2rbzazBi2, D1 = iz
From the boundary conditions (2.8) it follows that

<(I)i, ACI)4> = / (I)diM -ndo — <V‘I)z, V(I)4>
2)%

_ r/ B, 0 - iido — (Vb;, V) (312)
ov
= T(<q)ia®22 >+ < @2; (I)zz>) - <VCI)13 VCI)4> (Z = 172)7
(@4, AD;) = —(V;, VD) (i=1,2), (3.13)
(@4, AD,) = —(Vy, VD). (3.14)

From (3.11))3 it follows that Dy > 0, then if we define ®; = ®14/D; to obtain

A1 / Bl ’
T= L (@), Arx) — Ao(®y + Dy, A Vo, V(Dy + O
\/D—1< 1, A1x) 2(Po + Dy 1X>+m< 1, V(P2 + Dy)) 5.15)
Cl / / '
— 2B3(V®y, VBy) + —e ((), Ba.) + (Bo, D)) + Co (s, Do
3(V®y 4>+¢ﬁ1(<1 2:) + (P2, @7,)) + Co (P2, P;)
D = |Vxazl” + | Vxy:l” + VAL + [VE | + [V [* + [V [? (3.16)

+ B3|V®5|? + B3| V.
By introducing, in the case A; # 0, Z = Z* A1, the energy relation (3.6 becomes

d A1
ZE() =DT 5~ 1). (3.17)

The boundedness of the functional %(X, P, ®1, Py, Py) can be proved, in the class
N, by using inequalities like Poincare’s, Schwartz’s, Wirtinger’s and some other in
[13].
It is well-known that the inequality
dE
— <0 3.18
dt — ( )

represents a sufficient condition for global nonlinear Lyapunov stability. In our
case the stability or instability of Sy depends on the six physical parameters P,
S.=7P., R, C=aR, r and s. Whence, the basic state is nonlinearly stable if

d | Al R
7 E®) <D - 5—m=) = -D(1 - =), 3.19
GE0 < -P— 5 2y = D1 - 2 (3.19)
where,
1 2T*
Tr . 3.20
VRar  (91.058eN D (3-20)
Whence, the condition
|A1] < 2\/@ S R<RE (3.21)

represents a criterion of nonlinear global Lyapunov stability.
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4. THE MAXIMUM PROBLEM AND THE STABILITY BOUND

Let us study the variational problem ([3.20) and later determine the parameters
ai,as, by, b3 in terms of the physical quantities, such that the stability domain is

maximal. The associated Euler Lagrange equations are:

A
\/DLA 1D — Ay A (Dy + By) + Ay FAAAU( =0,
A B 1
—\/7D1—A1X - \/7D1—A(‘I’2 +&4) + Ay \/R—Aq)/ =0,
1 1 ax
—A2A1X - \‘/B;DLA@Q + 2B3A(I)4 + AlBg\/%A@Q = O,
1 ax
—A2A1X — \/B;DLA(I)E + QB3A(I)2 + AlBg \/Il%iA(I)LL = 0,
1 a*
AA1Y = 0.
They are equivalent to the following equations:
A
\/l%Alcp/ AgAp(Py + By) + Ay FAAAlx
A
rl F (%+®4)+A1FM)/ =0,
1
—AsAr1x — \/TA(I)Il + B3A(®y + 4) + A17 \/R—A(‘I’g +®,) =0,
1 ax
1
Bs(1 A1 = YA(Dy — Py) =0,
\/ ax
AA1yp = 0.

From (4.2))4 it follows that we can consider the cases

1
By=0, 1-A——=0, Ad,=Ad,.
3 12m 2 4

4.1. Case: B3z = 0. In this case

B3 =0« b3a2312 = 0,

(4.2)

1f Blg = 0, that is ba; + & = 0, to preserve the boundedness of the functional

D (x,d),fbl) we must 1mpose A2 =B =C;=0y=0;ie,aa=b=e=0. In

terms of physical parameters we have
P.=S., Cr—Rs=R(ar—s)=0&ra=s.

The Euler Lagrange equations become

VD AAA Y — A D) =0,

\/Ra*
VD
—Aqx + Rl AP, =0,

AN = 0.

(4.3)
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Taking into account the poloidal and toroidal fields, the steady problem obtained

by linearizing (2.5))-(2.6) about the solution (2.1)), is
R
AAAlx — fAl(I)l = 0,
T

1
—aAlX + FA(I)l = 0’ (44)
AA = 0.

The operator associated to the system (4.4]) is not symmetric. If a > 1 its symmet-

rical form is given by
AAAlx* - R\/ a2 - 1A1‘b>{ = 0,

—RvVa? — 1A " + AdF =0, (4.5)
AA1¢ =0,
where, x* = x, ®1 = /112®P1, V2 = rva? — 1.

Let the matricial partial differential operator associated with the system (4.5))

be
—AAA, Rva2 — 1A 0
A= R+ a? — 1A1 AN 0
0 0 —AA;
The system (4.5) reads AV = 0, where V = (x*, @1, )T,
The system coincide with the Euler Lagrange equations for the functional
(AV. V) = F(V),

where

L .
R]—"(V)_ (X", AAALXY) — (1, AA1Y) + Ry a? — 1{x*, A, &%) "

+ Va2 — 1B, A — (%, A D).

Taking into account the boundary conditions it follows that
FV) = VXL + VG + VAP + Voo + [V, + Vi

+ 2RV a? — 1(D7, A1 x™)

In terms of @, @] we have
F(V) = |V + |VP;|* — 2RV a2 — (D], w)
. . 2RVa? — 1
> (|Vaf* + [verP)(1- =5 ).
P
A is a positive definite operator, for 2Rva? — 1 < a2, where o is a constant [13]

, therefore we have min F (‘7) = 0, implying that the minimum of the functional
2
M is RvVa? — 1. In this case

200w
z* 1 (P, w)
D /D VAP + |V’
and the Euler Lagrange equations, associated to the maximum,
1 2(Py, w)
\/7]-1’7 (@, <1>1)eN |Vi|? + |V |2
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are:
AAA X — VR,ALP) =0,
~VR,A 1 x + AP, =0, (4.8)
AAp = 0.

They coincide with the Euler Lagrange equations (4.3)), namely \/‘/RDE = \/%7 and

with the linear equations.
Comparing (4.5) and (4.8) it follows that the chemical equilibrium has a linear
stability bound R which satisfies the relation

VR, =RpVa? —1. (4.9)
The inequality (3.21)), in terms of physical parameters, becomes
R
- + ab
VP, 1 < 2VR,.
Vb,
The stability domain attains its maximum if
d B4 aby R
—I—— =0 & b =—.
dby by R

In terms of the physical quantities, the non linear stability bound is the following
-1
Rp = \/Ra*( (2)2 - 1) : (4.10)

whence, Ry, = REg.

Theorem 4.1. For physical parameters P, = S., C = aR, £ = a, (2)? > 1, the
zero solution of (2.2)), corresponding to the basic conduction state (2.1)), is linearly
and nonlinearly asymptotically stable if R < Rg, where Ry is given by (4.10)).

It is easy to verify that the asymptotic stability follows from (3.20]) by introducing

2 V]2 + [V, ?
= L e T e 4.11
&= o FEESACNE (4.1)

taking into account the boundary conditions in the class N.

4.2. Case: Ad, = Ad,. In this section we investigate on the existence, for differ-
ent Prandtl and Schmidt numbers, of a a region of the parameter space, in which
the linear and nonlinear stability bounds are coincident.

Taking into account that we must impose Bs > 0, we can define

O, = y\/Bz, &) = D4/ Bs.
From the boundary conditions it follows that
(V@ V&) = 2r(P), B).) + [V,
(V@y, V) = [V [%,
VL - (VO = 2r(}. @) = —r [ 047

z=0
<VCI)/1a v‘:I)I2> = <VCD/17 V@ﬁ& - 7n(<(I)/1a (I)/2z> + <q),27 CI)Ilz>)
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It follows that

Al A2
T = ——=(®}, A1x) — —==(D5 + ), Arx
m< 1 1 > \/Big< 2 4 1 > (4 12)
By Cy :
+ VO, V() + ©})) + 07, 95.) + (95, D1.)),
\/TB3< 1 ( 2 4)> \/TBB“ 1 22> < 2 1z>)
D = [VXozl” + |V |* + VA + [Vu|* + [V |* + [V (4.13)

+2|V®L|? + 2|V, 2.
The linear problem written in terms of the variables y, v, ®1,y takes the form

AAAx — EAlcbl —eA1y =0,
T

—aP.A1x + APy + 0P Ay =0,
(4.14)

C
—( ;2 +aar)Arx + %Aqh + B12Ay =0,
‘ AAL ) = 0.

The operator associated with (4.14]) is not symmetric, but, taking into account that
Bis # 0, if e # 0, it can be symmetrized as follows. Introducing

X =vVmx5 Q1= m®, =",

the system (avoiding *) reads equivalently

R vaP.r [ ar
AAAlX* TWAl(bl — e mAl’y:O,
vaP, 1
_Rya TTAlX—F APy + by ﬁA7 =0,

r VR (4.15)
ar 1
— A — AP + Ay =
BB RX SN T O x At A =0,
AA177ZJ =0,
where,
o aPr s 1 .C M3 ay
22 _ " [a A —_ = = 4.16
M1 R~ i  eBi (Sca2 +aa), p2  P2bBio’ (4.16)
and it must have ¢ > 0 and bX > 0.
Furthermore, from (4.16) it follows that
. re
=a1—a(——=—1) =a1Y; 4.17
aw=apiagpr -~ Y=ol (4.17)
therefore,
Y C
Blgzal)(7 X:b+7, (ﬂ—l—aal):aali,
Se Se bP.R (4.18)
p2 _aPropg o ar ps 1 '

M1 R ’ M1 - bPTRX, 125 B PTQbX
The system (4.15]) represents the Euler Lagrange system for the functional

—

gV:<B‘7,V>a VE(X7(I)1a77\II)a
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where B is the matricial partial differential operator given by:

AAA, —RVIBIA, ey [5p%Rx A 0
_R Vabr L
B= Y A by/ rx A 0, )
761/%A1 b\/&A A 0
0 0 0 AN

and

GV = —|Vxasl® = IVx:* = VAP = |V * = VU, [* = [V@1]* — [V

. ar R\/aP T
+/av YV - fido — 2e, mW,AlX) " VR (x, A1®1)

n b\/TX@,A(b )+ b\/;<q)1aA7>

As a functional G of (x, v, @1, o, Dy), it is given by

GV = —|Vxa:z | = [Vxy:* = VA — [V | — [V |2 — [V &y 2
R vaP,.r
—2|V®y|* — 2|VPy|* — 2¢, /m@g + &y, Arx) — 27 NG (Ayx, ®1)

— 2/ biXW@l, V(®2 + $4)) + rb\/bTX(<<I>1<I>zz> + (P2®12))-

The value GV can be written as Z — D, with Z and D given by ([&.12) and (£.13) if
and only if

Ay _E\/aPTr Ao e ar
2D, r VR @ 2vBs; | bP,RX’ @19)
4.19
B, 1 & 1
— 2L — P, , = +7bPy | ——
2vD1 Bs P2bX’ DiBs P2bX

are true.

In this situation, system gives us a region of the parameter space where
the linear and nonlinear stability bounds coincide.

After some calculations it may be proved that equations 3 and 4 ad-
mit no solution if b # 0; i.e. for different Prandtl and Schmidt numbers. However,
we observe explicitly that the surface integrals do not contribute to the Euler La-
grange equations, because of they have the first variation identically zero. Indeed,
in the next Section, by comparing the Euler Lagrange equations with the linear
problem we obtain exactly the relations 1,273.

4.3. Case: 1— A1 \/7 = 0. In this last case, to determine a region of parameter
space where the liinear and nonlinear stability bounds coincide we consider the
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Euler equations written as

AAA <I>' CIJICI) 0,
X — 2\/—1 2\/—(+4)

A1
Pl A+ A, -
5VD. 1x + 1

Ay A By
N " ——
2v/Bs 2v/D1+/Bs
AAYp = 0.
They coincide with the linear symmetric problem (4.15) if and only if (4.19), , 5
are satisfied.
After some calculations it can be proved that, in this case too, system (4.19))o—
(4.19)5 admits no solution if b # 0, i.e. for different Prandtl and Schmidt numbers.
Hence, we have proved, in all the considered cases, the following theorem.

_ B A@y ) =0,
2v/D1+/Bs (: + 23) (4.20)

AD) + AP, + @) =0,

Theorem 4.2. For physical parameters P. = S., C = aR, £ = «, (£)? > 1, the
zero solution of (12.2] ., corresponding to the basic conduction state 1.' 18 lmearly
and nonlinearly asymptotically stable, if R < Rg, where Rg is given by (4.10] -

CONCLUSIONS

We studied the nonlinear stability of the chemical equilibrium for a binary mix-
ture in a horizontal layer heated from below and experiencing a catalyzed chemical
reaction at bottom plate, using the energy method, improved as in [4] [l [6l [7], by
taking into account an idea from [111 12].

The presence of some chemical reactions at the bottom plate suggests us to
split some perturbations fields to reformulate the perturbation evolution equations,
allowing us first an easier handling of the maximum problem governing the nonlinear
stability theory, and second a more advantageous symmetrization of the involved
operators.

Our method uses a variant of some symmetrization techniques in [, Bl 6] [7],
by choosing the new unknown in such a way to simplify the variational problem
of the non linear stability. In terms of the new perturbation fields, introduced by
splitting the concentration perturbation field, the contributions of all integral on
the boundaries disappear from the Euler Lagrange equations.

We can formulate, in an equivalent form, the maximum problem with or without
the integrals on the boundaries, simplifying the variational approach. In such a
way we can determine, in any case, a region of the parameter space in which the
linear and nonlinear stability bounds coincide, only when the Prandtl and Schmidt
numbers coincide.
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