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WEIGHTED PSEUDO PERIODIC SOLUTIONS OF NEUTRAL
FUNCTIONAL DIFFERENTIAL EQUATIONS

ZHINAN XIA

ABSTRACT. In this article, we introduced and explore the properties of two
sets of functions: weighted pseudo periodic functions of class r, and weighted
Stepanov-like pseudo periodic functions of class ». We show the existence and
uniqueness of weighted pseudo periodic solution of class r that are solutions
to neutral functional differential equations. Other applications to partial dif-
ferential equations and scalar reaction-diffusion equations with delay are also
given.

1. INTRODUCTION

The existence periodic solutions is one of the most interesting and important
topics in the qualitative theory of differential equations. Many authors have made
important contributions to this theory. Recently, in [I, [19], the concept of weighted
pseudo periodicity, weighted Stepanov-like pseudo periodicity, is introduced and
studied, respectively. On the other hand, to study issues related to delay differential
equations, Diagana [5] introduce the functions called pseudo almost periodic of class
r, for more on this topic and related applications in differential equations, we refer
the reader to [2, [3] [4, [0 [11].

Motivated by the above mentioned papers, in this paper, we introduce new
class of functions called weighted pseudo periodic of class r, weighted Stepanov-like
pseudo periodic of class r, respectively. We systematically explore the properties
of these functions in general Banach space including composition results and its
applications in differential equations.

In recent years, neutral functional differential equations have attracted a great
deal of attention of many mathematicians due to their significance and applications
in physics, mathematical biology, control theory, and so on. The general asymptotic
behavior of solutions have been one of the most attracting topics in the context of
neutral functional differential equations [6l, [9, 12} [13], 14} 15, 18]. However, to the
best of our knowledge, the studies on the weighted pseudo periodic solutions of
neutral functional differential equations is quite new and an untreated topic. This
is one of the key motivations of this study.
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The paper is organized as follows. In Section 2, some notations and prelimi-
nary results are presented. Next, we propose new class of functions called weighted
pseudo periodic functions of class r, weighted Stepanov-like pseudo periodic func-
tions of class r, explore the properties of these functions and establish the compo-
sition theorems. Sections 3 is devoted to the existence and uniqueness of weighted
pseudo periodic solutions of class of r to neutral functional differential equations.
In section 4, we present applications to partial differential equations and scalar
reaction-diffusion equations with delay.

2. PRELIMINARIES AND BASIC RESULTS

Let (X, - ), (Y] - ||) be two Banach spaces and N,Z,R be the stand sets of
natural numbers, integers, real numbers, respectively. To facilitate the discussion
below, we further introduce the following notation:

e C(R,X) (resp. C(R x Y, X)): the set of continuous functions from R to X
(resp. from R x Y to X).
e BC(R,X) (resp. BC(R x Y, X): the Banach space of bounded continuous
functions from R to X (resp. from R x Y to X) with the supremum norm;
e LP(R, X): the space of all classes of equivalence (with respect to the equality
almost everywhere on R) of measurable functions f : R — X such that
1]l € LP(R,R);
o LV (R, X): stand for the space of all classes of equivalence of measurable
functions f : R — X such that the restriction of f to every bounded
subinterval of R is in LP(R, X).
C: the space C([—r,0], X) endowed with the sup norm ||¢||¢c on [—r,0].
[D(A)]: the domain of A when it is endowed with graph norm, ||z|[[p(ay =
lz|| + || Az|| for each z € D(A).

2.1. Weighted pseudo periodic of class r. In this subsection, we introduce
the new class of functions called weighted pseudo anti-periodic of class r, weighted
pseudo periodic functions of class r, and investigate the properties of these func-
tions.

Definition 2.1. A function f € C(R, X) is said to be anti-periodic if there exists
a w € R\{0} with the property that f(t + w) = —f(¢) for all ¢ € R. The least
positive w with this property is called the anti-periodic of f. The collection of
those functions is denoted by P, . (R, X).

Definition 2.2. A function f € C(R, X) is said to be periodic if there exists a
w € R\{0} with the property that f(t +w) = f(t) for all t € R. The least positive
w with this property is called the periodic of f. The collection of those w-periodic
functions is denoted by P, (R, X).

Note that if f € P,qp(R, X), then f € Po, (R, X).
Let U be the set of all functions p : R — (0, 00) which are positive and locally
integrable over R. For a given T' > 0 and each p € U, set

T
W)= [ plo.

-T
Define

Uso :={p €U : lim u(T,p) = oo},
T—o0
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Up :={p € Uy : p is bounded and inﬂf{p(sc) > 0}.
fAS

It is clear that Ugp C Uy, C U.

Definition 2.3. Let p1,p2 € Us. The function p; is said to be equivalent to psy
(i.e., p1 ~ pa) if Z—; e Ug.

9

It is trivial to show that “ ~ ” is a binary equivalence relation on U,,. The
equivalence class of a given weight p € Uy is denoted by cl(p) = {0 € U : p ~ 0}.
It is clear that U = U, crr cl(p).

Let p € Uy, T € R be given, and defined p” by p” (t) = p(t+7) for t € R. Define
21]

Ur={p€Ux:p~p for each T € R}.
It is easy to see that Uz contains many of weights, such as 1, (1 +t2)/(2 + t2), €,
and 1+ [t|™ with n € N etc. For p1, p2 € U, define

1 T
WPPy(R, X, p1, p2) := {f € BO(R, X): lim W(T. 1) LT [£()]lp2(t)dt = 0}7

WPPO(R7X5 T, p17p2)

. 1 T _
~{reno®x): im s [ ( 7O pa(ta =0},

WPPO(R X Yv X? T, P17P2)

= {feBC(RxY,X): lim (Tlpl)/TT( sup ||f(9,u)||)p2(t)dt:()

T—oo 0ct—rt]

uniformly for u € Y}.

Definition 2.4. Let p1,p2 € Us. A function f € C(R,X) is called weighted
pseudo anti-periodic for w € R\{0} if it can be decomposed as f = g + ¢, where
g € Poop(R, X) and ¢ € WPPy(R, X, p1, p2). Denote by WPP,.,(R, X, p1, p2) the
set of such functions.

Definition 2.5. Let p1,p2 € Us. A function f € C(R,X) is called weighted
pseudo periodic for w € R\{0} if it can be decomposed as f = g + ¢, where
g€ P,(R,X) and ¢ € WPPy(R, X, p1, p2). Denote by WPP,,(R, X, p1, p2) the set
of such functions.

If p1 ~ pa, WPP,,p(R, X, p1,p2), and WPP,(R, X, p1, p2) coincide with the
weighted pseudo anti-periodic, and the weighted pseudo periodic function respec-
tively, introduce by [IJ.

Definition 2.6. Let p1,p2 € Us. A function f € C(R,X) is called weighted
pseudo anti-periodic of class r for w € R\{0} if it can be decomposed as f = g+ ¢,
where g € P,qp(R, X) and ¢ € WPPy(R, X, 1, p1, p2). The set of these functions is
denote by WPP,q,(R, X, r, p1, p2).

Definition 2.7. Let p1,p2 € Us. A function f € C(R,X) is called weighted
pseudo periodic of class r for w € R\{0} if it can be decomposed as f = g+, where
g€ P,(R,X)and ¢ € WPPy(R, X, r, p1,p2). Denote by WPP, (R, X, r, p1, p2) the
set of such functions.
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Remark 2.8. If » = 0, then the weighted pseudo anti-periodic function of class
r reduces to the weighted pseudo anti-periodic function, the weighted pseudo pe-
riodic function of class r reduces to the weighted pseudo periodic function. That
is, WPP,.,(R, X,0,p1,p2) = WPP,0,(R, X, p1, p2), and WPP,(R, X,0, p1,p2) =
WPPw(Ra X7 P1, P2)

Next, we show some properties of the space WPPE, (R, X,r, p1, p2). Similarly
results hold for WPP,,.,(R, X, 7, p1, p2).

Lemma 2.9. Let f € BCO(R, X), then f € WPP(R, X, 7, p1,p2), p1,p2 € Us,
SUpr0 %7’5?; < oo if and only if for every e > 0,
1
lim / pQ(t)dt = 0’
T 00 M(T p1) M(T,e,f)
where M(T, e, f) = {t € [-T,T] : suppeps_rq I/ (O)[| = €}

Proof. The proof is similar as [10].
Sufficiency: From the statement of the lemma it is clear that for any € > 0, there
exists Ty > 0 such that for T > Ty,

1
- d =
(T, p1) /M(T,s,f) 2(! ) b< ||f||

Then
). i (, 1)) pa(t)c
) m /M(T,a,f) <9€S[;J—pr,t] ||f(9)||>p2(t)dt

(Tl P) Jier (T e, ) (ees[g,t] Hf(a)”)”(t)dt
T
!—’fll e Jru(;m)/TpQ(t)dt

<et Z?iev

SO

1 T
lim 7/ su 0 o
Jim g | (s 17O])ea

That is, f € WPPy(R, X, 7, p1, p2).
Necessity: Suppose on the contrary that there exists €y > 0 such that
1

_ p2(t)dt
(T, p1) /M(T,so,f)

does not converge to 0 as T'— oo. Then there exists § > 0 such that for each n,
1

—_ p2(t)dt > 6 for some T,, > n.
(T, p1) /]\/I(T co0.f)

Then

1 Tn
1T p1) /_Tn "2“)(967;% O
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: /
> — pa2(t sup || f(0)])dt
(To, p1) Jaa(r, e0, 1) 2 )(GG[tfr,t] 7€ )H)
€0

> 7/ pa(t)dt = €0,
(T, p1) a1 20, 5)

which contradicts the fact that f € WPPy(R, X,r, p1,p2), and the proof is com-
plete. (]

Let
WPP()(R,R+,T, PlvPZ) = {f € WPPO(RvRa T, PhPQ) : f(t) > 07 vt € R}

Lemma 2.10. Let a > 0, then f € WPPy(R,R* 7, p1, p2) if and only if f* €

WPPO(Rv R+7T7 P17p2)7 where fa(t) = [f(t)]a7 P1, P2 € UO<>7 SupT>0 % < o0.

Proof. By Lemma f € WPPy(R,R™, 7, p1, p2) if and only if for every € > 0,
1
Jim 7/ pa(t)dt = 0,
T—oo (T, p1) M(Te,f)

where M(Te, f) == {t € [-T,T] : supgep_,q f(0) > €}. It is equivalent to for
every € > 0,

1
lim 7/ p2(t)dt =0,
T—oo (T, p1) M(T.e,fo) "

M(T,e, f*):={te[-T,T]: eeTip ) fe0) > e}.

So f”‘GWPPO(R,R+,r,p1,p2). O

where

Lemma 2.11. Let ¢,, — ¢ uniformly on R where each ¢, € WPPy(R, X, r, p1, p2),

P1, P2 € UOO7 Z.fsupT>0 ZE;:Z?; < o0, then Y E WPPO(Ra X7 T, Pla02)~

Proof. For T > 0,

o) /i (QESUP ||90(9)||)p2(t)dt

w(T,p1) J- [t—mrt]
1 T
< sup ||@n(0) — (@) ) p2(t)dt
(T, p1) /_T (Oe[t—r,t] ln(6) ( )H) 2(!)
1 T
+ 7/ sup ||@n(8)|| ) p2(t)dt
w(T,p1) J_r (0e[t—r,t] Iion )”) 2(t)
(T, p2) 1 ’
< on — ol + —m— sup |[en(0)| ) p2(t)dt
W) mean BN
(T, pa) 1 /T
< sup on — Q|| + sup ||en(8)]| ) p2(t)dt,
>0 N(T»PI)” " H N(Tapl) -T (0€[t7r,t]H n( )”) 2()
Let T — oo and then n — oo in the above inequality, it follows that ¢ €
WPP()(R,X7T7pl,p2). O

By carrying out similar arguments as those in the proof of [2I, Lemma 4.1], we
conclude the following.
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Lemma 2.12. Let p1,p2 € Ur, p € WPPy(R, X, 7, p1,p2), then p(- — 7) belongs
to WPPy(R, X, r, p1,p2) for T € R.

Using similar ideas as in [7, 8], one can easily show the following result.

Lemma 2.13. If p1,p2 € Ur and infrsg ZE;Z?; =g > 0, then the decomposition

of weighted pseudo periodic function of class r is unique.

By Lemma it is obvious that (W PP, (R, X,r, p1,p2), |- ), p1,p2 € Ur and

infrsg Zggf; = §p > 0 is a Banach space when endowed with the sup norm.

Lemma 2.14. Let p1,p2 € Up, u € WPP,(R, X,r,p1,p2), then u; belongs to
WPPw(R767T7PI7P2)-

Proof. Suppose that u = a+/, where a € P,(R, X) and 8 € WPPy(R, X, r, p1, p2),
then uy = oy + B and «y € P,(R,C, 7, p1,p2). On the other hand, for T' > 0, we
see that

1 T
w(T, p1) [T {ee?tug,t] (TGS[EE,O] 1506 + T)”)}/)Q(t)dt
1 T
< a1 etti

1 T
<M/T(9€[ sup [|BO)] + Supt]||6(0)H)p2(t)dt

— t—2r t—r] oct—r,
<o [y (s 19Ot
o ([ 151)pa(0a
T+r
= N(Z(;:a ;751) wT +17"7 p1) /—T—r (Qes[tu—pr,t] ||ﬁ(9)||)p2(t)p2/()i(—:;)r)dt

1 T
s (, o 16O p2(0.

Since p1,p2 € Ur implies that there exists 7 > 0 such that pi(t +7)/p1(t) < n,
pi(t —r)/pr(t) <m, pa(t+7)/p2(t) < n. For T >,

W+ ) = | T war / T bt < /

—T—r T—r —T—r

T—r T+r

p(t)dt + / pr(t)dt

—T+r

T T
= / pr(t —r)dt +/ p1(t +r)dt < 2nu(T, p1),
T T

then

u(Tl,pl) /i [QES[’F_%( Sup ]‘|5<9+7)H)}p2(t)dt

— TE [—7’,0

20 /T” (s ]IIB(H)ll)pz(t)dt

< N
T (T +rp1) Jor—r Nocpp—ri

1 T
o Lo (o 1500 e
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Note that ﬂ € WPPO(RaXaraphpQ)aplva € UT7 then Bt € WPPO(RaC7T7p17p2)'
Therefore, uy € WPP,(R,C,r, p1, p2). O

Similarly as [3l Theorem 3.9], we have the following composition theorem for
weighted pseudo periodic function of class r.

Theorem 2.15. Assume that p1,p2 € Uso,v > 0,f € WPP,(R XY, X,r, p1,p2)
and there exists a function Ly : R — [0,+00) satisfying

(A1) [[f(t,u) — f(t,v)|| < Lg(t)||lu—wvl|, for allt € R, u,v € Y;
. T
(AQ) lim SUPr_, 00 m f—T (Sque[t_T,t] Lf(6)>p2(t)dt < 0oy

. T .
(A3) limp_ mf—T (supae[t_m] Lf(G))g(t)pg(t)dt = 0 for each function
5 € WPPO<R7R7P17P2>-
Then f(7h’()) € WPPw(RaXaraplapZ) th’ S WPPU.)(RaKTapl?pQ)'

Remark 2.16. Note that (A2) and (A83) are verified by many functions. Concrete
examples include constant functions, and functions in WPP,(R,R,r, p1, p2).

2.2. Weighted Stepanov-like pseudo periodic of class r. In this subsection,
we introduce the new class of functions called weighted SP-pseudo anti-periodic
of class r, weighted SP-pseudo periodic functions of class r, and investigate the
properties of these functions.

Let p € [1,00). The space BSP(R, X) of all Stepanov bounded functions, with
the exponent p, consists of all measurable functions f : R — X such that f* €
L>=(R, L*(]0,1]; X)), where f? is the Bochner transform of f defined by f°(t,s) :=
flt+s),teR, se€0,1]. BSP(R,X) is a Banach space with the norm [I7]

t+1 1/p
Ifllsr =17 wwman =sup ([ I 1par) .
teR t

It is clear that LP(R, X) C BSP(R, X) C L¥ (R, X) and BSP(R,X) C BSI(R, X)
forp>qg>1.
For p1, p2 € Us, define the weighted ergodic space in BSP(R, X)

SPWPP(R, X, 7, p1, p2) := {f € BS'(R,X) ¢ Jim s

<[ g ([ o) a0}

Definition 2.17. Let p1,p2 € Uy. A function f € BSP(R,X) is said to be
weighted Stepanov-like pseudo anti-periodic of class r (or weighted SP-pseudo anti-
periodic of class r) if there exists ¢ € SPWPPy(R, X, r, p1, p2) such that the func-
tion g = f — ¢ satisfies g(t + w) + g(t) = 0 a.e. ¢ € R. The collection of such
functions is denoted by SPW PP,,.,(R, X, 7, p1, p2)

Definition 2.18. Let p1,ps € Us. A function f € BSP(R, X) is said to be
weighted Stepanov-like pseudo periodic of class r (or weighted SP-pseudo periodic of
class r) if there exists p € SPWPPy(R, X, r, p1, p2) such that the function g = f—¢
satisfies g(t + w) — g(t) = 0 a. e. t € R. Denote by SPWPPF, (R, X,r, p1, p2) the
collection of such functions.

Next, we show some properties of the space SPW PP, (R, X, r, p1, p2). Similarly
results hold for SPWPP,.,(R, X, 7, p1, p2).
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Lemma 2.19. Let p1,ps € Up, then
WPPW(RaXaTaphpQ) C SPWPPUJ(Rvaraplap2)‘

PTOOf' It f € WPPw(RaXaraphpQ)a let f = fl +f2a where fl € Pw(RaX)v f2 €
WPPy(R, X, r, p1,p2). Then |[f2(-)]] € WPPy(R,RT,r, p1,p2). By Lemma
lf2()]|P € WPPy(R,RT, 7, p1, p2). Note that || fa(-+0)||P € WPPy(R,Rt,r, p1, p2)
for each o € [0, 1], then

1 T
lim 7/ sup ||f2(0 +o)||P t)dt = 0.
T—oo (T, p1) J_r (Ge[tfr,t] I72( )l )p2( )

by Lebesgue’s dominated convergence theorem, one has

1 1 T
- su 0+0o)|P t)dt)do — 0, T — oo,
‘A(uﬁmﬂ/;(%wgﬂm( m)m())

ie.,
1 T 1
— p2(t) / sup || f2(0+ o) pda)dt—>0, T — oo,
(T, p1) /—T ( ( 0 O€ft—mrt] ( |
which means that
1 T 1
—_ p2(t) sup (/ fo(0+ 0o pda)dtHO, T — oo;
(T, p1) /—T 2( )Ge[tfr,t] 0 I )l
ie.,
1 T
_— p2(t) sup (h 9>dt—>0, T — o0,
(T, p1) /—T 2 )Oe[t—r,t] 2(0)
5o he € WPPy(R,RT, 7, p1, pa), where

1
@@yi/nﬁu+amwm teR.
0
By Lemma hé/p € WPPy(R,RT, 7, p1, p2); ie.,
1 /T /1 1/p
—_ p2(t) sup f2(0 + 0)||Pdo dt -0, T — oo,
w(T,p1) J -7 ( )ee[t—r,t} ( 0 I72( )l )
which means that fo € SPWPPy(R, X, r, p1,p2), then f € SPWPP,(R, X,r, p1, p2)-
The proof is complete. |

Theorem 2.20. Assume p1,p2 € Uso, [ = f1+ fo € SPWPP,(RXY,X,r, p1,p2)
with fo € SPWPP(R x Y, X,r,p1,p2), filt + w,u) — fi(t,u) =0 a. e t €R,
u € X, and there exists a function Ly : R — [0, +00) satisfying:

1/
(A1) ( :H Ilf(s,u) — f(s,v)||pds> ! < Li(t)|lu—v|, forallt e R, u,v €Y;

- T
(A2’) limsupg_, o m I (supge[tq)t] Lf(ﬁ))pg(t)dt < 00;

N1 T .
(A3) limp— 0o mf_T (supee[t_m] Lf(H))f(t)pg(t)dt = 0 for each function
gb € WPPO(Rv Lp([o’ 1]7R)7p17p2);
(A4’) f1 4s uniform continuous on bounded set K' C'Y for anyt € R.
Then f(v h()) € SpWPPw(Ra Xv Ty pl,pQ) th € SpWPPw(Ra KTa Pl,P2)-
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The proof of the above theorem is similar to the proof of [20, Theorem 3.2] and
it is omitted here. It is not difficult to see that Theorem Theorem hold
for WPP,qp(R, X, 7, p1, p2), SSWPP,qp,(R, X, 1, p1, p2) respectively.

3. NEUTRAL FUNCTIONAL DIFFERENTIAL EQUATIONS

As an application, the main goal of this section is to establish sufficient criteria
for the existence, uniqueness of the weighted pseudo periodic solution to a class of
neutral functional differential equations of the form

%[u(t) + f(t,ur)] = Au(t) + g(t, ue), teR, (3.1)

where A is the infinitesimal generator of a semigroup of linear operators on X,
ug € C is defined by ui(0) = u(t + 0) for 8 € [—r,0], where r is a nonnegative
constant.

First, we recall the definition of the so called exponential dichotomy of a semi-

group.

Definition 3.1. [I6] A semigroup (T'(¢));>0 is said to be exponential dichotomy
if there exist projection P and constants M,d > 0 such that each T'(¢) commutes
with P, KerP is invariant with respect to T'(t), T(t) : Im@Q — Im@ is invertible
and

|T(t)Pz|| < Me°|z|| fort >0, (3.2)

I1T(t)Qx| < Me®t|z|| fort <O, (3.3)
where Q := I — P and T'(t) := (T(—t))~! for t <0.

To study (3.1), we make the following assumptions:

(H1) The operator A : D(A) C X — X is the infinitesimal generator of semi-
group (T'(t))i>0 which has an exponential dichotomy.

(H2) f € WPP,(R xC,X,r,p1,p2), f is D(A)-valued, there exists a positive
constant Ly such that

|f(t, 1) — f(t¥2)lipay < Lyllr — alle, forallt € R, o €C, i=1,2.

(H3) g € WPP,(R x C,X,r, p1,p2) and there exists a continuous function L, :
R — R* such that

lg(t, 1) — g(t, )| < Lg(t)llr — ¢2lle, forallt e R, ¢; €C, i=1,2.

(H3) g = g1 + g2 € SPWPP,(R x C,X,r,p1,p2) with go € SPWPPy(R x
C,X,r,p1,p2), 1t +w, ) —g(t,) =0 a.e. t € R, ¢ € C, satisfying
(i) g1 is uniform continuous on bounded set K C C for any ¢ € R.
(ii) there exists a positive constant Ly such that

t+1 1/p
(/ lg(t, 1) —g(t,wg)des) < Lylls —talle, forallt € Rgh; €C,i=1,2.
t

. T.ps T,
(H4) p1,p2 € Up, infrsg ZETﬁg = 0o > 0 and supy~ % < o0.
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Definition 3.2 ([6]). A continuous function w is said to be a mild solution of
(3.1) provided that the function s — AT (¢t — s)Pf(s,us) is integrable on (—oo,t),
s — AT(t — s)Qf(s,us) is integrable on (¢, 00) for ¢t € R and

UG)—-aﬂuuo—:/t

— 00

AT(t — s)Pf(s,us)ds + /OO AT(t — $)Qf (s, us)ds
¢

+ /75 T(t —s)Pg(s,us)ds — /OO T(t—s)Qg(s,us)ds, teR.

Lemma 3.3. Assume that (H1), (H2), (H4) hold, if w € WPP,(R, X,r, p1,p2),
then

(M f)(t) = /_t AT (t — 8)Pf(s,us)ds € WPP,(R, X, r, p1, p2).

(A2 f)(t) = /too AT(t — 8)Qf(s,us)ds € WPP,(R, X,r, p1, p2).

Proof. By Lemma/2.14]and Theorem [2.15] f(s,us) := h(s) € WPP,(R, X,r, p1, p2)
and h is D(A)-valued. Let h(s) = hi(s) + ha(s) where h; € P,(R,X) and hs €
WPPy(R, X, 7, p1,p2). Then
¢ ¢
(A f)(t) = / AT (t — s)Phy(s)ds + / AT (t — s)Pha(s)ds
= (Anha)(8) + (Ar2ha) (1),

where

(Anhn)(o) = [

— 00

t t

AT(t — s)Phy(s)ds, (Ai2h9)(t) = / AT(t — s)Phs(s)ds,
for t € R. From hy € P, (R, X),

t+w
(Aihy)(t + w) = / AT(t+ w — 5)Phy(s)ds = (Ar1ha)(8);
then A11h1 S PW(R7X)
Next, we show that Ajohe € WPPy(R, X, r, p1, p2); that is,
T

lim 7/ sup A12ho) (6 t)dt = 0.
T—oco u(T,p1) J_p (Oe[tfr,t] [|(Ar2h2)( )||>p2( )

In fact, for T > 0, one has
1 T
— sup A12ho) (0 tdt
(T, p1) /—T (GE[t—r,t] [(Arzhz)( )||)p2( )
1 T )
:‘7‘7/T(Sm>H[WATW—@MM$wmmwm

w(T,p1) J- 0€(t—r,t]

wT.p1) J 0€t—r,t]

T

sup / M=% Aho(0 — ) |ds ) pa(t)dt
0

(
) /—T (GG[t—r,t]
[,

T )
sup [ Mema(6 - 9)payds )t
oct—r,t] JO

<
<

(T

1

(T, pr
1

(T, p1)

w -T
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< / Me_‘ssCDT(s)ds,
0

where

1 T
® 827/ sup |[ha(0 — s t)dt.
() (T, pr) J_r (ee[t_m] 122 )||[D(A)]>p2()

Since p1, p2 € Ur, by Lemma we have hao(- — s) € WPPy(R, [D(A)],r, p1,p2)
for each s € R; hence limy_.o, ®r(s) = 0 for all s € R. Then Aj2hy belongs to
WPPy(R, X, 7, p1,p2) by using the Lebesgue dominated convergence theorem, so
A1f € WPPW(R, X, T, pl,pg).

The proof of Asf is similar to that of A;f, one makes use of rather than
(3.2). This completes the proof. O

Lemma 3.4. Assume that (H1), (H4) hold, if ¢ € SPW PP, (R, X, r, p1,p2), then

(T19)(t) = / T(t—s)Pp(s)ds € WPP,(R, X, p1,p2),

Wﬂww:lmTu—@QM@wewwaﬂ&Xnmmﬂ

Proof. By ¢ € SPWPP,(R,X,r, p1,p2), we let ¢(s)
SPWPPy(R, X, r,p1,p2) and ¢1(t + w) — ¢1(t) =0 a.
t

(T16)() = / T(t—s5) Py (s)ds+ / T(t—5)Pos(s)ds = (Tran)(£)+(T1ada) (£).

— 00 —00

= ¢1(8) + ¢2(s), where ¢, €
e. t € R, then

First, we show that I'io¢0 € WPPy(R, X, 7, p1,p2). Counsider the integrals

t—n-+1
Yi(t) = /t T(t — 5)Poo(s)ds.

—n

Fix n € N and t € R, we have

n

Volt 1) = Vol < [ IT()P(0alt + = 5) = dnlt = s)) s

t—n—+1
<M l[¢2(s + h) — ¢2(s)l|ds

t—n

t—n+1 1/p
SM([ n@w+m—@@ww) .

-n
In view of ¢ € L} (R, X), we get
t—n+1

lim [¢2(s + h) — ¢2(s)[[Pds = 0,
h—0 t—m

which yields limp, o ||Y5 (¢t + k) — Y, (¢)|| = 0. This means that Y,,(¢) is continuous.
By Hoélder’s inequality, one has

Wﬁw;/|mw%m—wm
n—1

Me™0* —s)|d

< [ Mot - 9)as

SMENWD/ lbat — 5)llds
n—1
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t—m+1
<MD [ (o) ds
t

—-n
t—nm-+1

<m0 ([ n(sras)

—n

< Me™?" | gn |50

Since

> M gyl go <

=7 _6_5H¢2HSP < +o00,

n=1
it follows that Y > | ¥,,(¢) converges uniformly on R. Let Y () = > 7, Y, (¢) for
t € R. Then
¢

Y(t) = (F12¢2)(t) = / T(t — S)P¢2(S)d$, t e R.

It is obvious that Y'(t) € BC(R, X). So, we only need to show that
T

1
lim 7/ t sup ||Y(8)] )dt = 0. 3.4
Jim s | >(9€Ml Iyl (3.4)

In fact, by Hélder inequality,

Yol < [ Mot - 9)ds

__ pt—n+1
<M [¢2(s) | ds

t—n

<w( [ horpas)”,

—n

for some constant M > 0; then

1 T
—_— t su Y, (0)] )dt
oy / ol )(Qe[t_% I¥.0)1)

]/\Z /T /9n+1 1/p
< — t sup b2(s)||Pds dt,
s 2O ([ heairas) )

and hence Y, € WPPy(R, X,r, p1,p2) since ¢ € SPWPPy(R, X,r, p1,p2). By
Lemma (3.4) holds, whence 'y € WPPy (R, X, 7, p1, p2).
From ¢ (t +w) — ¢1(t) = 0 a.e. t € R, one has

t+w
T111)(t +w) = / T(t+w—s)Poi(s)ds = (F'1141)(t), ae. teR.

— 00

Hence I'1¢p € WPP,(R, X, r, p1, p2).
The proof of I'y¢ is similar to that of I'1¢, one uses (3.3)) rather than (3.2). This
completes the proof. O

Theorem 3.5. Assume that (H1)—(H4) hold and g satisfy the conditions (A2)—
(A3), if

2M Ly b s = s(t—s)
9= (Lf—|— + M sup e Ly(s)ds+ M sup t e Lg(s)ds) <1,

o teR J o0 teR
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then (3.1) has a unique mild solution of W PP, type.
Proof. Define F : WPP,(R, X,r, p1,p2) = WPP,(R, X,r, p1,p2) as

(Fu)(t) = —f(t,ue) — /_ AT (t — s)Pf(s,us)ds + /too AT(t — $)Qf (s, us)ds

+ /t T(t — s)Pg(s,us)ds — /too T(t—s)Qg(s,us)ds, teR.

- (3.5)
If u € WPP,(R,X,7,p1,p2), then uy € WPP,(R,C,r,p1,p2) by Lemma [2.14}
therefore by Theorem [2.15]

g(S,Us) € WPPUJ(R’X’raplva) C SPWPPUJ(R7X7T7p1ap2)'

By Lemmas [3.3] and it is not difficult to see that F is well defined.
For any u,v € WPP,(R, X,r, p1, p2), we have

[(Fa)t) — (Fo) @
< ftt) = 7wl + [ AT = )P ,u) — £,
+ [T = 90U sy - 15,0 s
b [ AT 9 Plats,n) ~ gls, 0l
+ [T = Qe .) = gl v)lds
<me—uﬂo+MLﬁ/;64“ﬂW%—ka%

(o)
+MLf/ S(t— 3)||u5—us||cds+M/ S(t=s)p, g(8)|lus — us||cds

+M/ o)ltts — uslcds

2ML !
< (Lf + L4 Msup/ e 0= (s5)ds
0 teR

o
+ Msup/ 65(t_3)Lg(s)dS) llu— ||
teR Ji

< Ou—wvll,

then F is a contraction since ¥ < 1. By the Banach contraction mapping principle,
F has a unique fixed point in WPP,,(R, X, r, p1, p2), which is the unique W PP,

solution to (3.1)). O

In (H3), if Ly(t) = Ly, It is not difficult to see that g satisfy the conditions
(A2)—(A3) and 9 = Ly +2M(L; + L) /6.
Theorem 3.6. Assume that (H1), (H2), (H3’), (H4) hold. If

2M L 2ML
Q= (L ! g) 1,
1+ 5 +1—e*5 <

then (3.1) has a unique mild solution of W PP, type.
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Proof. Define the operator F as in (3.5). Let u € WPP, (R, X, 7, p1, p2), then it is
not difficult to see that g(s,us) € SPWPP,, (R, X, r, p1,p2) by Theorem so I’
is well defined by Lemma and Lemma

Let u,v € WPP,(R, X, r, p1, p2), one has

[(Fu) (@) = (Fo)@)]l

< Lyllus — velle + MLy / €5y — v |ods

o0 t
MLy / =, — vy leds + M / =) g(s, us) — g(s, ;)| ds
t — 00
Y / (s, us) — g(s,v,)||ds
t
t
< Lf||ut —vtlle + MLf/ e_‘s(t_“")HuS — vglleds
— 00
MLy / S uy — v, leds + M / S Nlg(t — s,ur) — glt — s, v_0)|ds
0

01 [ =)~ glt = vl

2M Ly
< (be+ )||ufv||+MZ/ et — s.1—) — g(t — 5. 01— |ds

+M Z / et — s,up—s) — gt — s,v_)||ds

k=—o0

A

t—k /
< (£g+ 2550 ol + MZe*‘”“( | et = gtsoipas)

t—k+1 1/p
M Z ([ o) = ats.vPas)

< (Lf+2MLf+ML Ze_5k+M Z )|u—v||

)
k=—o0
2M L 2ML

< (L + S+ 5 ) -l

) 1-—
< Olfu— vl
By the Banach contraction mapping principle, F has a unique fixed point in
WPP,(R, X,r, p1,p2), which is the unique W PP,, solution to (3.1). O

Remark 3.7. It is easy to see that similar results of Theorem and Theo-
rem hold for WPP,,q,(R, X, 7, p1, p2) mild solution, that is has a unique
W PP, mild solution, in this case, f € WPP,.,(R x C,X,r, p1,p2) in (H2),
g € WPP,qp(R x C,X,r,p1,p2) in (H3), g € SPWPP,,,,(R x C,X,7,p1,p2) in
(H3).

4. EXAMPLES

In this section, we provide some examples to illustrate our main results.
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Example 4.1. Consider the partial differential equation

% {“(t’ €) + /_0 /Oﬂ b(s,m, E)u(t + s, n)dnds]

- %u(t,ﬁ) + ao(t)u(t, ) +/ ar(s)ult +s5,€)ds, (t,€) € R x [0, 7], (4.1)

—-Tr

u(t,0) = u(t,7) =0,

where ag € WPP,(R,R,r, p1,p2), p1 = €', p2 = 1+ 12 and the following conditions
hold: ,

The functions b(-), %b(’rﬂ’], ), i = 1,2 are (Lebesgue) measurable, b(7,7,0) =
b(t,n,m) = 0 for every (1,7n) and

Ny = maux{/oﬂ/_or/o7r (aagib(T,n,C))andeC,:i:O,1,2} < 0.

Under these conditions, let X = (L2([0, 7], R), || - ||z2) and define the operator A
on X by Au = u” with

D(A)={ue X :u'" € X,u(0) = u(r) = 0}.

It is well known that A is the infinitesimal generator of a semigroup (7'(t)):>0 on
X such that ||T(¢)]| < et for every t > 0.
Define the functions f,g: R x C — X by

0 T
F(t0)(€) = /_ /0 b(s, 1, ) (s, 7) dn ds,

0

9 0)() = ao(t)(0,€) + / ax (s)0(s. €) ds,

-
then (4.1) can be rewritten as an abstract system of the form (3.1)), where u(t) =
u(t, ). By a straightforward estimation that uses (i), one can show that f is D(A)-
valued, and the following hold:

IAF(t, )l < (Vi)' teR,

0 1/2
late. ) < laoll+772( [ ateas) ", ter.

-r

See [3 5] for more details. The next result is a consequence of Theorem [3.5

Theorem 4.2. Under the previous assumptions, (4.1)) as a unique weighted pseudo
periodic solution whenever

0 1/2
3m+2||ao||+2r1/2</ af(s)ds) <1

o
Example 4.3. Consider the following scalar reaction-diffusion equation with delay

gu(t x) = 6—2u(t x) + g(t,u(t —r,x))
) - 81‘2 ) g ) ) )

u(t,0) = u(t,m) =0,
u(r,x) = p(r,z), 7€][-r0], z€]l0,n],

where ¢ = g1 + g2 € SPWPP,(R x C,R,r, p1,p2) with g1 € P,(R x C,R), g2 €
SPW PPy (R x C,R, 7, p1,p2), p1 = €', pa = 1+ 2.

(4.2)
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By Theorem [3.6] one has the following result.

Theorem 4.4. Assume that there exists a positive constant Ly such that for i =
1,2,

t+1 1/p
([ lateon) =gtvmras) ™ < Lylin = vale. forailt R, v ec.

Then there exists a unique W PP,, solution of [4.2)) if 2Ly <1 —e™ L.
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