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FRACTIONAL POROUS MEDIUM AND MEAN FIELD
EQUATIONS IN BESOV SPACES

XUHUAN ZHOU, WEILIANG XIAO, JIECHENG CHEN

ABSTRACT. In this article, we consider the evolution model
Ou — V- (uVPu) =0, Pu=(-A)"%u, 0<s<1,z€ R?, ¢ > 0.

We show that when s € [1/2,1), @ > d + 1, d > 2, the equation has a unique
local in time solution for any initial data in B{' . Moreover, in the critical
case s = 1, the solution exists in By ,, 2 <p < o0, a > d/p, d > 3.

1. INTRODUCTION

Let 0 < s < 1, we consider the evolution equation
Ou—V - (uVPu) =0, Pu=(—A)"%u, u(z,0)=muo(x). (1.1)

where z € R?, ¢ > 0. u = u(z,t) is a real-valued function, representing the density
or concentration. P represents the pressure.

When 0 < s < 1, we refer the equation as a fractional porous medium equation.
It was first introduced by Caffarelli and Vézquez [2]. They proved the existence
of a weak solution when ug is a bounded function and has exponential decay at
infinity. Caffarelli, Soria, and Vazquez [I] studied its regularity theory of the weak
solution with uy € L' N L and the continuity of bounded solutions.

When s = 1, the equation leads to a mean field equation

uy =V - (uVPu), Pu=(—-A)"tu, u(z,0)=uo(z). (1.2)

Equation that was first studied by Lin and Zhang [7]. They proved the existence
and uniqueness of positive L solution in two dimensions. When d > 3, Vazquez
and Serfaty [I1] studied the existence and uniqueness of the weak solution in L>
spaces for by taking the limit s — 1 in the weak solutions of . Since
papers in literature only addressed the weak solution of (1.2), in this article we
show that the strong solution exists in B ., a > 0.

In this article, we are interested in finding the strong solutions of in the
Besov spaces By .. We will show that when d > 2, s € [1/2,1), a > d + 1,
equation has a unique local in time solution for any initial data in B{'_.
When s = 1, the solution extends to B ., & > d/p, 2 < p < 0o, d > 3. The idea
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of our proof is inspired by the methods used in [3, 12], where the authors studied
the quasi-geostrophic equation. In our proof, we construct two commutators, give
three estimates of them, and construct a function sequence fitting our equation.

The rest of this article is divided in four parts. Section 2 recalls the definition and
some properties of the Besov spaces, the Bernstein inequality involving both integer
and fractional derivatives, as well as some properties of the fractional Laplacian.
In Section 3 we prove three estimates about the constructed commutators and a
priori estimate of the solution. Section 4 proves the existence and uniqueness of the
fractional porous medium equation. Section 5 is devoted to the mean field equation.
The main results are the following two theorems.

Theorem 1.1. Letd > 2,s € [1/2,1],« > d+ 1. Assume that the initial data ug €
Bf . Then we can find T = T(|luo| B __), such that a unique solution u to (L.1)) on
[0, T xR% exists. And the solution belongs to C1([0,T}; Bf‘;’fs_g)ﬂL“([O, TY; Bf’oo),
and € [a+2s — 2, q].

Theorem 1.2. Let d > 3, > d/p when 2 < p < co. Assume that the initial data
ug € By . Then we can ﬁnd T = T(||u0|\33<x), such that a unique solution u to

the given mean field equation on [0,T] x R? exists. And the solution belongs
to C'([0,T); By ..) N L= ([0, T] o) BE(d/p,@), 2 < p < oo

2. PRELIMINARIES

In this section, we recall the definition of the Besov space. We start with a
dyadic decomposition of R%.
Suppose x € C5°(RY), ¢ € C§°(RY\ {0}) satisfying

4
suppx C {£ e R?: [¢] < 3
.3 8
supp¢ C {£ €R :*<I£|<§},

) +) 6276 =1, ¢eR’,

>0
D 62776 =1, ¢eRN\{0}.
JEZ

Define the operators

Aju =62 D)u =2 [ h@iy)u(e ~ y)dy,
, , A (2.1)
> Avf=x(27D)u= 2Jd/g(2jy)U(fE —y)dy,

k<j—1

where g = x¥ and h = ¢V are the inverse Fourier transform of y and ¢, respectively.
It can be easily verified that with our choice of ¢,

AjAkf = 0, Zf |j - k‘l > 2, Aj(Sk_lfAkf) = O, if |j - k’| > 5. (22)

Definition 2.1. For any « € R, and p, q € [1, 0c], the homogeneous Besov spaces
B;, , are defined as

to={f € Z®Y |y, < oo}
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Here,
Jjag q 1/
1y, = [ D24 718, | ) where g < oo,
jez
When g = 0o
1l g = sup 2 A; fllLe-
p,00 jez

Z/(R%) denotes the dual space of Z(R%) = {f € S(R?) : 87 f(0) = 0,V € N?} and
can be identified by the quotient space of &’ /P with the polynomials space P.

Definition 2.2. For any a € R, and p, g € [1, 00|, the inhomogeneous Besov space
By , is defined as
={f € S'®RY) : [|fllzg, < o0}

Here,

S Jjag q 1/

1£llsg, = (3 2°A 1L ) "+ 1So(H)le,  when g < oo,

720

When ¢ = 00
£l = S,glg?“IIAijILP + [So(f)lIzr-
J>

Let us state some basic properties of the Besov spaces.

Proposition 2.3. Let se R, 1 <p< oo, 1 <qg<o0.
(i) If >0, then By, = By N L7, and |[flzg, = [ fllgs + [ fllzr;
(ii) If aq < o, then Bp2 C By If1<q1 < g2 < o0, then B* < B* and

o o pP,q1 pP,q2
Bia € Bpgss
(i) If > &, then By, — L. Ifp1 <ps, a1 — & > ap — L then BS , —
Bgzz q2’ Bg,min(p,Q) ‘_) H - Bp,max (p, 2)’

(iv) Ifa >0, p =1, then HuvHBgm < Cllufl=llvllBg . + Cllullpg . vl

We now turn to Bernstein’s inequalities. When the Fourier transform of a func-
tion is supported on a ball or an annulus, the LP-norms of the derivatives of the
function can be bounded in terms of the LP-norms of the function itself. And it also
exists when one replaces the derivatives by the fractional derivatives (see [6, [I4]).

Proposition 2.4. Let 1 <p<g<oo,v€ N (1) Ifa >0 and supp f C {¢e
4. |¢| < K27} for some K > 0 and integer j, then

I(=2)* D7 fl|a < C2CHIDHIG=D ] £ 1.

(2) If o € R and supp f C {€ € R?: K127 < |¢| < K27} for some K1, Ka > 0
and integer j, then

27 at Y +id(5—3) I fllLe < [(=A)*DVf||1a < 52j(2a+\7\)+jd(%*§)||f||Lp,
where C' and C are positive constants independent of j.
Next we state two pointwise inequalities which were proved in [B] [13].

Proposition 2.5. Let 0 < a < 1, f € C*(RY) decay sufficiently fast at infinity.
Then for any x € R?,

2f(2)(=2)*f(2) = (=L)*f*(w).
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Proposition 2.6. Let 0 < a <1, p; = % >0, po = %’ > 1 be rational num-

bers with 11,1y odd, and kily + kaly even. Then for any f € C?(R?) that decays
sufficiently fast at infinity, and for any x € RY,

(p1 + p2) fP1 () (—A)* fP2(x) > po(—A)* fP17P2 ().
3. A PRIORI ESTIMATE

Proposition 3.1. Let « > 0, s € (0,1), p € [1,00] be given. Assume r > d/p.
Then there exists some constant C such that

290[A, 0;(=A) " uldpv]| e < Cllvll gros lull gasa—2 + Cllull graz—2e vl g ., (3.1)
where the brackets [,] represents the commutator, namely
[AJ‘, 82‘(—A)_su]ai’u = Aj (@(—A)_bu)&v) — 8i(—A)_suAj (al’l))
Proof. Using Bony’s para-product decomposition, we have
[Aj,0;(—A) *u]0jv = L1 + Lo + L3 + Ly + Ls,
where
D ASk-1(9(—A) " u) Ag(Div)] = Sk-1(0i(—A) T u)Ak(A;(9v)),
|k—j|<4
D A[Sk-1(00) AR(i(=A) *u),
|k—j|<4
Y A (AROi(-A) ) Ak (i),
k>5—2

L4stk 1(A(8;0)) Ag (0i(—A) ~*u),

L5 = Z Aj/ j ﬂ}))Aj// (81(—A)_SU)

l37=3"1<1
We shall estimate the above terms separately. First observe
= > 2 [ - ) [Sia(@-2) w)
[k—j|<4
= Sk-1(0:(=A) ") (@) | Ax(A;(0:v)) () dy.
By Young’s inequality and Bernstein’s inequality,
Lilr <€ Y 2190(-2) ulli 14, @i} o [ yllhw)] dy
|k—jl<4
< C2772||(=A) " *ul| = | Ajv]| e
< A ollzolul g2
Similarly,
|Lallzr < C20=2 o]l o | Agull o < C2 o] sl o 22
We can also estimate,

ILsllze < C D7 NARGH(=A)"*u) o ]| V0| L

k>j—2
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<0290 Y 2R 2 Al o]
k>j—2 ’

< 0277 |ul| gat1-2s

U“Bﬁ,é'

To estimate Ly, by the definition of S; and A;, we can observe that only k satisfying
k > j survive. Thus

[Lallze <Y ClIVOl L 250729 | A | o

k>j
—jo (G—k)ex
< 0279 37 2079 ol g g
k>j
—ja
< 02 ol gyl g2

Since ApAj =0, for |j — k| > 2, we have
1ol < ClIVell =202 Ajull o < C27 ol sl o 2.
Collecting the estimates above, we obtain
2792, 95(=A) " u]dp]| e

< CP| Al wollul gyrz-ze + 22 o] g Al o + [full gy ol

< [ollag Il gpsz-2e + Nl a2 ol g

This completes the proof. O

Proposition 3.2. Let a, s,p,r be as in Proposition|3.1. Then there exists a con-
stant C' such that

2918, 0,(~A) " uldholl e < Cllolly _llull s 22 + Cllull gy a2 ol (3.2)
When p = oo, this inequality becomes: for any r > 0,

2[4, 0:(=A) " uldwl L~ < Clv]

By, o lull pata-2s + Cllull grea—es|lvl By, -

(3.3)

Proof. We want to give a new estimate of the commutator in Proposition [3.1}
Following the above proof, the estimate of L; unchanged, we give different bounds
for Lo, L3, Ly, Ls. First,

L= 3 2 [ 1o~ ) (Ser0i0) () Ak(O(-A) *u)(w) dy

k—j|<4
= > 2 [ ah@ o - )2 (Sr0)(0) AO(-A) ) dy
[k—j|<4
= Y 2 [ H - ) (S 0O (-8) ) 0)dy
[k—j|<4

So we obtain
[ Lallr < C2272* (|03l + [|B]l L) vl Los | Ajul 2o

< CQ—””“”Bﬁ_ﬁ*ZS

U||B;,Oo~
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Similarly,

ILslle <C de/aih(2j($—y))2jAk(3i(—A)’SU)(y)Akv(y) dy

k>j—2
=24 [~ ) A0 (- ) 1) ) Arol) dy,
Hence we obtain,

[LsllLr <C ) (2URFD 4 o0 =R)aygkat2=29) 1y | o || Ay o
)

—ja
< C277%uf| gosz-2: vl -
Also,
ILalle <> C27|A0]| 2072 || Agu| o
k>j
< o9-ia Z 9(j—Fk)(at+1) gk(a+2—2s) ||”||B;_oo | Apul|ze
k>j '

< €29 oll gy _ [l gz

Finally,

I1Zs]|zr < CllA [ L2772 | Ajull e < C277|0ll By _[lull ggtz-2e-
Collecting the estimates above, we can obtain
218, 8(~A) uldll e < O A0l ol a2 + olly . lul o sz-2:
< ||U||Bg,oo||u||B;fg§*25 + HUHB;L?*QSHU”B;,OO~
This completes the proof. ([

Proposition 3.3. Let « > 0, s € (0,1), p € [1,00]. Assume r > %, Then there
exists a constant C' such that

299 [, v} (=AY ull o < Clloll gyl gy a2 + Clull sz [ollsz _,  (3.4)
where the brackets [,] represents the commutator,
[Aj, 0] (=A) 7w = A (0(=A)""u) — 0l ((=A)'u). (3.5)

Proof. This proposition is proved similarly to Proposition We start the proof
by writing
[Aj’v](_A)l_su =L+ + I3+ 14+ Is,
where
I = Z Aj(Sk—lvAk(—A)lisu) — Sk—lvAk(Aj(—A)lisu)’
[k—jl<4

L= Y Aj(Sk-1(=A)"""u)Agw),

|k—j|<4

I3: Z Aj(Ak’U)&k(-A)l_su),
k>j—2

I4 = Z Sk_l(Aj(—A)l_su)Akv,
k
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Is = Z Aj/UAj//(Ak(—A)lisu).
l7'—5"1<1
Similar to the proof for Proposition [3.1} first we observe that
Il =13 2% [ @@= 9)(Si10) - Siorvle) Au(-2)"*0)(y)dy o

|[k—j|<4
< TVl e | A (=AY " ull e [ [yl|A(y)| dy
<C 27|Vl A (=A) ! ull lyllh(y)| d
[k—j|<4
< C27722079||Vy| e | Ajul| o
< PO A ull o ol gy

Also we obtain

12llze < Cll(=A) " ullz [A50llze < Cllul grz-2 [ A;0]| e,
sz <C Y 1 Ak0]2o2* 2| Al o
k>j—2
< 0277 Y 20 Ragke | Ay 1 2K A | oo
k>j—2
< 0279 lo] g [l gy sz-ec-
Similarly, we estimate
Hallze < C Y I(=A) " ull = || Agv]| o
k>j
< 02793 20 (A | o 25| Ao o
k>j
< CQija‘|u||B;#;g_25 UHB?,&’
1sllze < Cll(=A) " ull=[|A0llze < Cllull griz-2:]|A;0] e

Collecting the estimates above, we obtain
20%|[Ag, 0] (=A) Pl e < C2OTI Al | o 0]
+ C2ja”uHB;’t§*25

< Clv]

+1
Byl

Ajvllze + Cllvllsg  Nlull g2

s [l gaaae + Cllollz _[lull gy
This completes the proof. O

Proposition 3.4. Let s € [1/2,1], p = k/l be a rational number with k even, | odd,
and a > % + 1. Assume that u(z,t) € By . is a solution of (L.1)) with ug € By

P,

fort €10, T). Then, when u(z,t) > 0, we can find some C = C(p, @), that for any
t<T,

t
Jull ... < Clluollzg.. exp{C |l _dr). (3.6)
0
Proof. Applying A; on , we obtain
OrAju =Y [A;,0;(—A) " uldu + V(—A) " uld;(Vu)
— (4, u](—A)I*Su - uAj((—A)lfsu.
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Multiplying both sides by pA,u|A;uP~2 and integrating over R?, the equation
becomes

d
@ agul,
_ Z/iju|Aju\p_2[Aj,ai(—A)_su]aiu—|—/iju|Aju|p_2V(—A)_suAj(Vu)

— /iju|Aju\p_2[Aj,u}(—A)l_Su— /iju|Aju\p_2uAj((—A)l_su
=Ji+Jo+J3+ J4.
From Propositions [3.1] and [3:3] we obtain the estimates
Ti < C27Aullry lull g Nlull asa—2e < C277 | Agull7y lullB,
ia —1 —ja -1
Jo < €29 Agulls gl -2 < C2 P Al fuly
It is easy to see that
Ja= [ VA 0VIa; ) = [ (A ulaupds
s -1
< O (=8l g 10l < Cllull oAl [ Agul 1o

< CQ—”H”HB;&*S

ullBe _1A;ull75 "
Using the fact that © > 0 and Propositions and we estimate
I <= [ olAgulr P u-a) AP < - [u-a) A
== [CAr AP £ CI-A)ul 1Al

< CQ—ﬂH“HBﬁﬁ.}*S

—1
ullsg AUl

Combining the above four estimates, we set %||ul|zo < Cllul|%. . Since u > 0,
p,o0 p,o0
it follows

d d
%HUHLP = %/updx :p/upflutdx

—p [V @VA) 0 = - 1) [ Ve (V-8) )
— (-1 [w(-a)")

-1
< Cllulizs llul

ps [l a2
This implies

d

g lullsg . < Cllullsg llullsg .,

which with the Gronwall’s inequality yield (3.6]). ([l

4. PROOF OF THEOREM [I.1]

From the definition of Riesz potentials (—A)™*u = ¢(n, s)|z|~9T2%xu, 0 < 25 < d.
So when d > 2, 3 <'s < 1, we define Peu = c(n, s)(|z| "% s 0.) xu = (=A) (0,

u) = (—A) u, ue = o *u . Here o € C2°, is nonnegative, radially symmetric
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and decreasing, [0 = 1, o = e %0 (z/€). Then we construct a sequence {u(™},
defined recursively by solving the following equations

u(l) = SQ(Uo)
oY = V. (VY (Pau™M)) (4.1)
™ (2,0) = udtt = S, qup.

Since u(™) solves the linear system, we can always find the sequence. Similarly to
the proof of Proposition taking A; on (4.1]), we obtain

O A ul"™) =N (A, 0;(=A) T ul 0 £ 70, (—A) T ulM A (9u" )

— A, ™I (=A) ul — YA ((=A) T ulM).
(4.2)

)
Multiplying both sides by ‘A’u integrating over R%, we denote each corre-

A u D]

sponding part in the right side by Ji, Jj, J5, J;. Now we obtain the estimates

Ji < C277u | g ut™ | posaac,

Ty < €2 0D g _ [0 o1, -
where we used the fact that HUEH)HB?EJS < ||“(")||Bﬁ;1*25- Also, we have
Ty = [ V8o u) v (A W)
= / (—A) ™A u | de (4.4)
< C2 T D g s,
and
T hr TAAUNICISIE
B Wu(mmj (A7) (4.5)
= |ijZE:iB|Vu(”H)Aj(V(A)Sugn))

< 0279 ™ | o [

On the other hand,

d n u(n+1) n+1 n —s,,(n
%/m( +1>|da:=/|u(n+1)|u§ gy — /V~(|u( DT (—A) S uM) = 0,

Collecting the estimates above, when s > 1/2, we obtain

d
RTINS S DT ()| pa MW gact1-2s
gl sy < Ol Vllsg lut™ llpeti-2 (4.6)

< Ollu™ Vg _Nu™l5g -
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Now from Gronwall’s inequality we obtain

t
n n+1 n
[V 5 < lu$™ Vg exp{C / [u™ || _)dr}

¢
< Clluglg. exp{C [ " 15 _)dr).

0
with €' independent of n. Defining X7 := C([0,77]; BY ), we have

lu Vs < Clluoll sy, exp(CT u™x,)-

Thus, by the standard induction argument we find

sup [[ut™|pg < 2C|uollmg _, (4.7)
0<t<Ty ’ '
for all n > 1, if exp(2CTo||uollBg ) < 2; namely, Tp < WM Using
Proposition 3.2 and (4.4), (4.5)), we see
d n n n
D) s < O™ e (48)
Thus, from the uniform estimate (4.7), we have
9 (n
sup || = u™|| gatas—2 < Cllug||%e . (4.9)
o<t<T, Ot 1,00 1,00

Let Yr := C([0,T7; Bf";fs*z). We will prove that the sequence {u(™} is Cauchy in
Yy, for some Ty € (0,Tp). Considering the difference u("+1) — 4"

at(u(n+1) — u(n))

= Vu"tD . Y(=A) "ty
+ u(n)(iA)lfsugnfl)

= V(@ = ) V() ul) V- @A) @l — uf ),

() D (AN o) gy g (—A) o)

€ €

with initial datum (u(®*t") —w(™)(z,0) = A, {1up. Proceeding as in the proof of
(4.6), we obtain the estimate

IV @V (=8)7 (@ —ul* ) otz < Olfu™ — ul™ V|| g |[u™] 5.

1,

Proceeding as in the proof of (4.8)), we obtain the estimate
[V - ((u™ ) — u(n))v(—A)*sugn))||Bﬁﬁ5,2 < C||um+) —“(")||Bi;23*2||“(")||8?,oo .

Then we obtain

d n n n n n
a||u( +1) _ o, ( )HBﬁj;fS*Q < Cllu™tD — )||B§";§S*2||“( )”Bﬁm

+ Cllu™ = u " gozeafu™ |z,
and

(D — ™) (a, 0) o s2:-2

= ||An+1u0Hij;jS*2 = sup 2j(a+2872)\|AjAn+1uo||Ll
’ J

<O sup 2 Al
n<j<n+2
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< 02" || gg __.
The above inequalities and Gronwall’s inequality imply that
™ () = w1

< ||(u(n+1) — u("))(m, 0)”3?,1—025_2 eXp(C”uO”Bf"m)

at2s—2
BY &

(4.10)

B;‘,w(t _ S))Hu(n) — u(”‘l)IIBlaws—z(S)dS

t
+ [ exw(Clus|
0
<2772 4 ™ —u Yy, (exp C'Ty — 1),
where Ty € [0, 7o}, and the constant C" = C'(||ug|pe ). Thus, if C'(exp Ty — 1) <
1, we can deduce that u(™ converges to u € LOO([O,Tﬂ;BﬁjOZS_Q) in Yp,. By
the well-known interpolation inequality in the Besov spaces we have u” — w in
L ([0, T1]; Bﬁoo) for all § € [+ 2s — 2, a]. Moreover, the estimate (4.8]) allows us
to conclude that u € C1([0, T}]; Bfi;z‘q”). Letting € — 0,n — oo, we find that u is

a solution to (1.1)) in Blﬂm.

Next we prove that the solution is unique. Suppose that u, v in L>([0, T} ]; Bfm)
are two solutions of (|1.1)) associated with the initial condition wug, vg. Then u — v
satisfies the equation

u—v=V-[(u—v)V(=A)"%u] + V- [oV(=A)"*(u —v)],
(u —v)(x,0) = up — vo.
Working similarly with , we can obtain
=)Dl s < MPC (= ) (2,0) s _
+ M|ju — v||c([0’Tl];Bﬁoo)(exp C'"Ty - 1),
for M = M(||(u0\|nyoc, HUOHBf,oo)' If M(expC"T1—1) < 1, then we get the unique-
ness of solutions in C([0,71]; Bfoo). The proof is complete.

5. PROOF OF THEOREM

When d > 3, we know (—A)"tu = ¢(n, s)|z| "2 xu. Let Pou = c(n,s)(Jz| 2%
o )*xu = (—A)"Y(oxu) = (—A)"tu,, where o is defined in the beginning of Section
4. Consider the successive approximation sequence {u(")} satisfying

ut) = Sy (ug)
) = V. (u" IV (Pau™)) = Vu D . ¥ (=A)Tu™ — (DM (5.1)
u™ Y (,0) = ud ™t = S, 4 oup.
Appling A; on (5.1)),
OpAu D =N [A;,0i(—A) " u™]ou" Y
+ V(=A) " uMVA; (D) — A (u Dy ™),
When p > 2, multiplying both sides of by pAju™ DA ;u|P=2 and inte-

grating over R%, we obtain

d N n 1) (o ~1, ()17, (n
A, = 37 / AU AP, 8,(~A) ul)gum D

(5.2)
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—|—/iju(”H)|Aju(”+1)|p72V(—A)71u£”)VAj(u("ﬂ))

’/ pAuTIA ;TP A (D) = Y 4 T 4 T

By Holder’s inequality,
7 < Ol AU I A, 0(=A) T ul™ ]9 | 1.
From the proof of Proposition (iv),
5 < AN ™ e 1A D ) o 4+ D o [ Aju ) o],
Also we obtain
3 = [ V8 v )
= [uP1au " I pds < [u o A
Now we obtain
A 1y < [, 4(-2) D

+ Cllul™]| oo [ A;u ™ | o + Cllu D oo | Aju™ || Lo
When, a > d/p,

d n n n
ﬁ\lu( “)llsgm < Cllu™ V| pa_[u™ | ps
Letting p — o0,
d ~1. (n n
%"Aju(n+l)“L°° < C[[A;,0:(—=A) ulM]oul | Lo
+ Cllu™)]| poe [| A0 | oo + ClIA; (D[ oo

So for any o > 0,
d n n n
Sl gy < Ol g u™ sy

It is easy to prove that when p =1,
(n+1)
(n+1)) 7, _ u (n+1)
7 / |u |de = / ] dz
= /V (V| (2] "2 5 o) x ™) = 0.

Noting u™+V(z,0) = ug ™ = 5,4 2u0, we know [[u(" V|1 < C.
When p > 2,

%/|U(n+l)|pdx:p/|U(n+1)|p_2u("+1)u§n+1)dg§
= p/ |u(n+1)|P—2u(n+1)V . (u(TH'l)v(_A)_lugn))
=~ 1)/V\u<"+”|” A(V(=A) L)

= (= 1) [ WD) < ORI, )
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It means

pyoo

d
D o < D ot g < g™ g
Again letting p — oo, we obtain
d
%HU(”H)HLOO < Ol pa,_Nu5e -
Collecting the estimates above, we now obtain

d d
s < Clut™ g w5y, p< o0, a> 5

d
@llu("“)llng < Cl[ul"Vpa _|[u™ s ., p=00, a>0.
For any 8 € (d/p,a), p < 0o, or 5 € (0,a), p = 0o we have

d
@"“("“)Ilgg,m < HU(HH)HBEW”u(n)”BS,mv

and
d

%Hu(nﬂ) - u(n)HBgm < fu D) — u(n)||BE,oo”u(")||B,€m

(n) _ 4, (n—1) (n)
T IR T .
The rest of the proof is similar to the proof of Theorem we omit it.

Acknowledgments. This research was supported by the National Natural Science
Foundation of China (11201103).

REFERENCES

[1] L. A. Caffarelli, F. Soria, J. L. Vézquez; Regularity of solutions of the fractional porous
medium flow, arXiv preprint arXiv:1201.6048, 2012.

[2] L. A. Caffarelli, J. L. Vazquez; Nonlinear porous medium flow with fractional potential pres-
sure, Arch.Rational Mech.Anal, 202(2011), 537-565.

[3] D. Chae; The quasi-geostrophic equation in the TriebelCLizorkin spaces, Nonlinearity,
16(2003), 479-495.

[4] Q. Chen, C. Miao, Z. Zhang; A new Bernstein’s inequality and the 2D dissipative quasi-
geostrophic equation, Communications in mathematical physics, 271(2007), 821-838.

[5] A. Cérdoba, D. Cérdoba; A maximum principle applied to quasi-geostrophic equations, Com-
munications in mathematical physics, 249(2004), 511-528.

[6] P. G. Lemari-Rieusset; Recent development in the navier-stokes problem, CRC Press, 2002.

[7] F. Lin, P. Zhang; On the hydrodynamic limit of Ginzburg-Landau wave vortices, Communi-
cations on pure and applied mathematics, 55(2002), 831-856.

[8] H. Triebel; Theory of Function Spaces. Monograph in Mathematics, Vol.78, Basel: Birkhauser
Verlag, 1983.

[9] J. L. Vézquez; The Porous Medium Equation: Mathematical Theory, Oxford Mathematical
Monographs, 2006.

[10] J. L. Vdazquez; Nonlinear diffusion with fractional Laplacian operators, Nonlinear Partial
Differential Equations. Springer Berlin Heidelberg, 2012: 271-298.

[11] J. L. Vézquez, S. Serfaty; A mean field equation as limit of nonlinear diffusions with fractional
Laplacian operators, Calculus of Variations and Partial Differential Equations, 49 (2014),
1091-1120.

[12] J. Wu; Solutions of the 2D quasi-geostrophic equation in Hélder spaces, Nonlinear
Anal,62(2005), 579-594.

[13] J. Wu; Lower bounds for an integral involving fractional Laplacians and the general-
ized Navier-Stokes equations in Besov spaces, Communications in mathematical physics,
263(2006), 803-831.



14 X. ZHOU, W. XIAO, J. CHEN EJDE-2014/199

[14] J. Wu; Ezistence and uniqueness results for the 2-D dissipative quasi-geostrophic equation,
Nonlinear Anal,67(2007), 3013-3036.

XUHUAN ZHOU
DEPARTMENT OF MATHEMATICS, ZHEJIANG UNIVERSITY, 310027 HANGZHOU, CHINA
E-mazil address: zhouxuhuan@163. com

WEILIANG XIAO
DEPARTMENT OF MATHEMATICS, ZHEJIANG UNIVERSITY, 310027 HANGZHOU, CHINA
E-mail address: xwltc1230163.com

JIECHENG CHEN
DEPARTMENT OF MATHEMATICS, ZHEJIANG NORMAL UNIVERSITY, 321004 JINHUA, CHINA
E-mail address: jcchen@zjnu.edu.cn



	1. Introduction
	2. Preliminaries
	3. A priori estimate
	4. Proof of Theorem ??
	5. Proof of Theorem ??
	Acknowledgments

	References

