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GROWTH OF SOLUTIONS OF LINEAR DIFFERENTIAL
EQUATIONS WITH ANALYTIC COEFFICIENTS OF [p,¢q-ORDER
IN THE UNIT DISC

HUI HU, XIU-MIN ZHENG

ABSTRACT. In this article, we study the growth of solutions of homogeneous
linear differential equation in which the coefficients are analytic functions of
[p, g]-order in the unit disc. We obtain results about the (lower) [p, g]-order of
the solutions, and the (lower) [p, g]-convergence exponent for the sequence of
distinct zeros of f(z) — p(2).

1. INTRODUCTION

We study the growth of solutions of the following two equations, for n > 2,
FO 4+ A1 () fOTY o Ar(2)f + Ao(2) f =0, (1.1)
and
O+ Ap 1 (2) fO7D ok A (2) )+ Ao(2) f = F(2), (1.2)
where A, (2),...,A1(2), Ao(z) (£ 0) and F(z)(# 0) are meromorphic functions in
the complex plane C or in the unit disc A = {z € C: |z| < 1}.

As is well known, the theory of meromorphic solutions of linear differential equa-
tions and in C becomes mature and the results are fruitful, but the theory
of meromorphic solutions of equations and in A is not as developed as
the one in C. The reason may be that the properties of meromorphic functions
in C or A are of some differences, which result in that some important tools in C
are ineffective in A. However, we also discover that for meromorphic solutions of
equations and in A, there are many similar properties as the ones of
meromorphic solutions of equations and in C. For example, it is well
known that when the coefficients are entire functions, the solutions of equations
and are entire functions. Similarly, when the coefficients are analytic
functions in A, the solutions of equations and are analytic functions in
A, and there are exactly n linearly independent solutions of equation (see
e.g. [8]). Hence, it is interesting to investigate meromorphic solutions of linear

differential equations (1.1f) and (1.2]) in A.
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Typically, Heittokangas [§] investigated meromorphic solutions of linear differ-
ential equations and in A by introducing the definition of the function
spaces and his results also gave some important tools for further investigations on
the theory of meromorphic solutions of equations and in A. After that,
many papers (see e.g. [2, [ [, 5] @, [16]) focused on this topic. We proceed in this
way in this paper, inspired by the relative case in C; that is, we try to find some
results similar to the one in Liu-Tu-Shi [I5], which is stated as follows.

Theorem 1.1 ([I5]). Let Ao(z),...,An—1(2) be entire functions satisfying

max{op, q(A4;) :j=1,...,n— 1} < o q(Ag) < 00,
maX{T[p’q] (A]) 1 O0[p,q] (AJ) = O[p,q] (Ao) > 0,] 7é 0} < Tp,q] (Ao)

Then every nontrivial solution f(z) of (L1) satisfies op,q1,4(f) = Opp,q(Ao)-

Liu-Tu-Shi [I5] used the [p, g]-type of Ag(z) to dominate the [p, g]-types of other
coefficients, and got the result about op,11 4(f). Thus, the following questions arise
naturally: (1) Whether the results similar to Theorem can be obtained in A7
(2) If we use the lower [p, ¢]-type of Ap(z) to dominate other coefficients, what can
be said about ji,41,4(f)? (3) Can we find some other conditions to dominate other
coeflicients? In this paper, we give some answers to the above questions.

Before we give our main results in the next section, it is necessary to introduce
some notation. In this paper, we assume that the readers are familiar with the
standard notation and the fundamental results of the Nevanlinna’s theory in C
and A (see e.g. [7, 8 13, 14]). Moreover, in [IT} 12], Juneja and his co-authors
investigated some properties of entire functions of [p, g]-order, and obtained some
results. In [I5], in order to keep accordance with the general definition of an
entire function f(z) of iterated p-order, Liu-Tu-Shi gave a minor modification to
the original definition of [p, g]-order given in [II], 12]. Further, in [2 [3], Belaidi
defined [p, ¢]-order of analytic and meromorphic functions in A. For conveniences,
we list the following concepts (see e.g. [2, Bl [10]).

Definition 1.2. Let p, ¢ be integers such that p > ¢ > 1, and f(z) be a meromor-
phic function in A. The [p, g]-order and the lower [p, g]-order of f(z) are defined
respectively by

: log, T'(r, f) g T(r, f)
Tlp.q)(f) = lim sup I:gil’ Hip,q (f) = lim inf bizT'
T q 1—r q 1—r

For an analytic function f(z) in A, we also define

10g++1 M(’I’, f) 10g++1 M(T, f)
o f) =limsup —2———= f) =liminf —2"————=.
M. [p.q)(f) - log, 10 M [p.g) (f) S 0g, T

Definition 1.3. Let p, ¢ be integers such that p > ¢ > 1, a € C|J{oo}, and f(2)
be a meromorphic function in A. The [p, g]-convergence exponents of the sequence
of a-points and the sequence of distinct a-points of f(z) are defined respectively by

log; N(r,-+) _ log’ N(r, ++)
. > f— . P > f—
)\[p’q](f B a) - hT—>SlElp logq 1ir ] 7 )\[p7q](f - a) - h:I_l)Sll}p logq 1iT ] '
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The lower [p, g]-convergence exponents of the sequence of a-points and the sequence
of distinct a-points of f(z) are defined respectively by

log, N(r, 725)

Alp,q(f —a) = liminf

r—17 logq lir ’

_ log; N(r, ++)
R T ' f—a

Apa(f @) = Iminf =g =

Furthermore, we obtain the definitions of Ap, o1 (f —©), Ap,q (f =), Alp.q(f—) and

X[zx al (f—p) in A, when the constant a in Deﬁnitonis replaced by a meromorphic
function (z) in A.

Definition 1.4. Let p, ¢ be integers such that p > ¢ > 1, and f(z) be a meromor-
phic function of [p, g]-order ¢(0 < o < 00) and lower [p, g]-order u(0 < p < o0) in
A. The [p, q]-type and the lower [p, g]-type of f(z) are defined respectively by
log! | T(r, log!, T'(r,

Ep—1 (r, f) (f) = lim inf Ep—1 (r, f)

Tip.q (f) = limsup ; :
[p q] r—1- (1qu71 1ir)0' r—1- (IOgQ*l ﬁ)“

For an analytic function f(z) in A, we also define

log, M(r, [) o logy M(r, f)
] 1, I pg(f) =liminf ] — e

r—1- (log, 1 1) r—1= (logg_1 7=)

Different from the case in C, we have the following results for the case in A.

Tlp.ql

Proposition 1.5 ([2]). Let p,q be integers such that p > q > 1, and f(z) be an
analytic function of [p,q]-order in A. The following two statements hold:

(i) If p=gq, then U[p,q](f) < UM,[p,q](f) < Olp,q (f) +1.
(11) pr > q, then U[p,q](f) = UM,[p,q](f)'

Similarly, we can get the following proposition.

Proposition 1.6. Let p, g be integers such that p > q > 1, and f(z) be an analytic
function of lower [p, q|-order in A. The following two statements hold:

(1) If p=q, then pg q(f) < piar,p,g () < ppp,q (f) +1;
(ii) If p > q, then ppp g (f) = tar,p.q (f)-

2. MAIN RESULTS

In this paper, we consider the case that the coefficients are analytic functions
in A, and obtain two main results on the growth of solutions of equation .
Moreover, we get the results about the [p, ¢]-convergence exponent and the lower
[p, g]-convergence exponent of the sequence of distinct zeros of f(z) — ¢(2).

Theorem 2.1. Let p,q be integers such that p > q¢ > 2, and An—_1(2), ..., A1(2),
Ao(z) (# 0) be analytic functions in A with 0 < pp = ppp (Ao) < 0pp.q(Ao) < 00.
Assume that max{op, (A;)|7 =1,...,n— 1} < pppq(Ao) and that

max{7(,q (4;)00p,q (Aj) = 1i[p,q(A0),J # 0} < T, 4(A0) =7 < oo. If f(z) (£0)
is a solution of , then we have

A[}H»l,q](f - 90) = :u’[p+1.,q](f> = M[p,q](AO)
= Tlp,q] (AO) = U[p+1,q](f) = )‘[p-l—l,q] (.f - Qo)a
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where @(z) (# 0) is an analytic function in A with op1,.q(¢) < pip,q(Ao)-

Theorem 2.2. Let p,q be integers such that p > q > 1, and Ap—1(2), ..., A1(2),
Ao(z) (#0) be analytic functions in A with 0 < p = ppp, (Ao) < 0pp,q(Ao) < 00.
Assume that max{op, q(A;)7 =1,...,n =1} < ppp q(Ao) and that

limsup,_,;- Z;:ll m(r, A;)/m(r,Ao) < 1. If f(2) (#0) is a solution of (1.1), then
we have

z[p+1,q] (f=¢) = Hip+1,q] (f) = Hip,q] (Ao) < Olp.q] (Ao) = Olp+1,q9] (f)= X[p+1,q] (f—¢),
where ¢(z) (# 0) is an analytic function in A with o, 1,q(¢) < pip,q(Ao)-
Remark 2.3. In Theorems 2.1] and 2:2] we just consider the case p > ¢ to make

sure the Lemmas 3.8 and hold. Moreover, ¢ > 2 in Theorem is necessary
for using Lemma [3.10)

3. PRELIMINARY LEMMAS

Lemma 3.1 ([9]). Let A;(z), j =0,...,n —1 be analytic functions in Dr (Dg =
{z € C||z| < R}), where 0 < R < o0, and f(z) be a solution of (LI)) in Dg,
1<p<oo. Then for all 0 <r < R,

n—1 27 T
mp(r,f)”sc(Z/o /0 |Aj(sew>|n%dsde+1),
=0

where C = C(n) > 0 is a constant depending on p, and on the initial values of f(z)
at the point zp, where Aj(zg) # 0 for some j =0,...,n — 1.

Lemma 3.2 ([8,[16]). Let f(z) be a meromorphic function in A, and k € N. Then

m(r, f;ck)) = S(T7 f)7

where S(r, f) = O(log™ T(r, f) + log 1), possibly outside a set Ey C [0,1) with
fEl ld_TT < o0. If f(2) is of finite order (namely, finite iterated 1-order), then
(k) 1
mir 1) = Oflog =)
Lemma 3.3 ([2]). Let p,q be integers such thatp > q > 1, k > 1 be an integer and
[(2) be a meromorphic function in A such that op, 4 (f) = 0 < co. Then

£ 1
mlr, =) = 0oy {(o +)log, 7—1)
holds for any e > 0 and all r — 17 outside a set E5 C [0,1) with sz % < o0

Lemma 3.4 ([1]). Let g : (0,1) — R and h : (0,1) — R be monotone increasing
functions such that g(r) < h(r) holds outside an exceptional set Es C [0,1) with
fEs Ar < 0o. Then there exists a constant d € (0,1) such that if s(r) = 1—d(1—r),

T

then g(r) < h(s(r)) for all v € [0,1).

Lemma 3.5. Let p,q be integers such that p > q¢ > 1 and A,_1(2), ..., A1(z),
Ao(2) (£0), F(z) (£ 0) be meromorphic functions in A. If f(z) is a meromorphic

solution of (1.2)) satisfying
max{o[p,q](F),U[p,q](Aj)|j =0,...,n— 1} < 0[p7q](f) =0 < 00,
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then Ap,q)(f) = Mp,a) (f) = 01p,q) (f)-
Proof. By , we have

1 1/ fm fr=1
= )

7 A ()7 +~~~+A0(z)>. (3.1)

If f(z) has a zero at zp € A of order y(> n) and A,_1(2),...,A1(2), Ao(z) are all
analytic at zg, then F(z) has a zero at zp of order at least v — n. Hence, we have

n—1
1 — 1 1
N(r,5) <nN(r, )+ N(r, ) + > _ N(r, 4,). (3.2)
7 7 T
By (3.1)), we have
1 1. = n F6)
m(r, =) < m(r,—)—l—Zm(r, Aj) +Zm(r,7) +0(1). (3.3)
f P4 2™y
Lemma [3.3| gives
iz 1 )
m(T,T) :O<6pr_1{(0'+5)10gq17_r}>7 ] = 1,...,77,, (34)
holds for any € > 0 and all » — 1~ outside a set E C [0,1) with sz 1d_rr < 00.
Therefore, by (3.2)-(3.4) and the first fundamental theorem,
1 o 1 n—1
T(r, f) =T(r, )+ O(1) <nN(r, ) + T, F) + > T(r,4;)
j=0 (3.5)

+ O(eXPp—1{(U +¢€) log, ﬁ})

holds for all  — 17,7 € Ea. Set p = max{o, ¢ (F),0pp,q(45)7 = 0,...,n — 1},
then for r — 17, we have

n—1

S T(r, Ay) + T(r, F) < (n+ 1) exp, {(p + ¢) log, %}. (3.6)
j=0

Thus, by (3.5) and (3.6, for all r — 17, r € E5, we have

— 1 1
< — -
T(r. ) < 0¥ (r, 5) + (0 D expy{(p-+ <) log, 7=
+0( exp, 1 {(0+2)los L}) (3.7)
p—1 91—7
1 1
< nN(r, ?) + exp,{(p + 2¢) log, m}-
Hence, by Lemma and (3.7)), for all » — 17, we have
— 1 1
< - I _ .
T(r. 1) < nN(s(r), )+ exp, {(p-+ 26) log, 5, (38)

where s(r) = 1 —d(1 —r), d € (0,1). If X, g(f) < 0p,q(f) = o, then for any
£ (0 < 3e <o —max{Ap,q(f), p}) and all » — 17, we have

T(r, f) < nexpp{(X[pyq](f) +e) log, 1_;5(7_)} + epr{(p + 2¢) log, 1—;8(1")}
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1
< (n+1)exp,{(oc—¢)log, m},
which results in a contradiction that o = oy, 4(f) < 0 — . Therefore, we have
A[p,q} (f) > G[p7q](f) = ¢. Since /\[p,q](f) < )‘[p,q] (f) < O'[p7q](f), the result holds. [

Lemma 3.6. Let p,q be integers such that p > q > 1 and Ap—1(2), ..., A1(2),
Ao(2) (£0), F(z) (#0) be meromorphic functions in A. If f(z) is a meromorphic

solution of satisfying
max{a[p,q] (F)va[p,q] (A)lF=0,....,n—1} < ﬂ[p,q](f) < J[p,q](f) < 00,
then we have X[p’q](f) = A[p}q] (f) = bp.q(f)

Proof. Since max{o, ¢ (F),00p.q(A45)7 = 0,...,n — 1} < pppq(f), we have that
forr — 17,

T(TvF) :O(T(Ta f))v T(T7Aj) :O(T(Taf)), j=0,...,n—1 (39)
By and (3.9), we have
(1= o(D)T(r. 1) < 0¥ (r, 5) + O exp, 1{(@ppa(5) +)log, 7=} (310

forany e > 0 and r — 17, r € E5, where F5 C [0, 1) satisfies sz 1dfr < 00. Hence,
by Lemma and (3.10)), for all » — 17, we have

(1= o()T (1) € nN(s(r). 7) + O ex0y 1 (0 (1) + 2) oz, 7= }).

where s(r) =1 —d(1 —r), d € (0,1). Hence, we have X[pﬂ](f) > Pp,q (f). Since
A[p,q] (H < Amq](f) < ;L[pﬂ](f), the result holds. O

Lemma 3.7. Let p,q be integers such that p > q > 1 and f(z) be an analytic
function in A with py, (f) = p < 0o. Then for any given € > 0, there exists a set
E, C[0,1) with fE4 ld_rr = o0, such that

log,, T(r, f)

= N[p,q] (f) - r—1-,reEy logq ﬁ

9

and 1
T(r, f) < exp,{(p+¢)log, 17_7“},7” € By, r—17.
Moreover, if p > q > 1, then we also have

1
M(Taf) <6pr+1{(ﬂ+€)10gq 17_7‘}7 T€E4a r—1".

Proof. We use a similar proof as [I7, Lemma 6]. By the definition of lower [p, ¢|-
order, there exists a sequence {r,}°2; tending to 1~ such that 1 — d(1 —r,) <
rnt1(0 < d < 1) (such a sequence {r,}>2, is called an exponential sequence, see
[6]), and

IOg;_ T(rn, f)

lim = .
m—»l 1= log, 1_1r Hipal ()
Then for any r € [l — 1=/= r,], we have

log, T(r.f) _ logy T(ra. f) log,

logq 1; logq 1%% logq ﬁ ’
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1 1
O8q T=rp, —>17Tn_)1_' Let E4:U

When ¢ > 1, we have P —
08¢ T—7

n1 is some sufficiently large positive integer, then for any given € > 0, we have

log ™" T(r, f) ] log" T(rn, f)
P " lim pil — M[nq](f)’

1—ry,

e nl[l—— ry], where

r—1-,rek, logq 71ir rp—1— logq

1
T(r, f) < exp,{(p+¢)log, —— - } re By, r—17

L= Z/ i > o o

n=niy

If p > g > 1, then by the standard inequality
1+ 3r T 147

10 1) < log M, f) < 0 (AT )
(see e.g. [13] p. 26]), we have
o T S) ol M)
r—1-,reB;  log, T r—1-,reBs  log, T
Therefore,
M(r, f) < exp,1{(p+¢)log, %—r}’ reby, r—17.
(]
Lemma 3.8. Let p,q be integers such that p > q > 1, and A,—1(2), ..., A1(2),

Ao(2) (£ 0) be analytic functions in A such that max{op (AT # s} < pipq(As)
< oo. If f(2)(£0) is a solution of (L.1)), then we have i1, q](f) < Hip,q)(As).

Proof. If pup q1(f) < 00, then gy pq,4(f) = 0 < ppp, g1 (As). So, we assume gy, o1 (f) =
oo. By Lemma we have

n—1 2 r
T — c A;(se) |77 dsdf + 1
(r, f) = m(r, ) < @/ /O|]<se )75 dsdf + 1)

n—1
<2rC() rM(r, 4;) + 1),
j=0

(3.11)

where C' = C(n) > 0 is a constant depending on the initial values of f(z) at the
point zp, where A;(zg) # 0 for some j = 0,...,n — 1. Set b = max{oy, 4 (4;)j #
s} = max{oy,[p,q(A;)|j # s}, then we have

1 .
M(r, 4;) < exppya {(b+e)log, —}, j#s, (3.12)

for any ¢ > 0 and r — 1-. By Lemma there exists a set F4 C [0,1) with
[z, 1% = oo such that

1 _
M(Tv AS) S expp+1{(ﬁb[p,q] (As) + 5) logq 17_7“}7 re E4, r—1". (313)

By (3.11)-(3.13)), for r € E4, r — 17, we have

T(r, f) < O(exppﬂ{(u[p)q] (As) + 2¢) log, i}) (3.14)
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By (BT and Proposition [} we have iasfp11.0(f) = Hpsr.a () < fipl (As) =
1 [p.q) (As)- O

Lemma 3.9. Let p,q be integers such that p > q > 1, and A,_1(z), ..., A1(2),
Ao(z) (# 0) be analytic functions in A. Assume that max{op, (A;)lj =1,...,n

1} < pppg)(Ao) = 1 (0 < p < 00) and max{ry, g (A7)] 07p.q)(A5) = piip.q)(Ao): 5 #
0} < 1, q(A0) =7 (0 <7 <o0). If f(2)(#0) is a solution of (L3), then we have

Hip+1,q] (f) = Hip,q] (Ao).
Proof. Suppose that f(z) is a nonzero solution of (1.1)). By (1.1)), we get

_ () f () f'(z)
—Ap(z) = e +An,1(z)w+~~+A1(z) o) (3.15)
By , we have
n-l n F@
T(r,Ap) =m(r, Ag) < Z m(r Zm(r, T)
j=1 j=1
Hence, by Lemma we have
n—1
T(r, Ao) < 3 mir, A7)+ O(1og" T(r, f) +log ), (3.16)

1

<.
Il

for r ¢ E1, where E; C [0,

=

1) satisfies [ 4 < oo, Set

)|U[pq (AJ) < ,U[p7q](A0) =u,j=1...,n— 1}.

If 0pp,q1(A)) < ppp,q(Ao) = p, then for any (0 < 2¢ < min{y —b,7 — 71}) and all
r — 17, we have

IL

b = max{op, q(

m(r,Aj) = T(r, Aj) < exp,{(b+¢)log, —— T ! } < exp,{(p—¢)log, i} (3.17)

Set 7 = max{T[pvq] (Aj)|0[p,q] (AJ) = Kp,q] (Ap),7 # 0}, then ry < 7. If J[pﬂ](Aj) =
Pip,q) (Ao) = i, Tpp,g(Aj) < 11 < 7, then for r — 17 and the above ¢, we have

m(r,A;) =T(r, A;) < exp,_; {(11 +¢)(log, , : i T)“}. (3.18)

By the definition of lower [p, ¢]-type, for r — 17, we have

T(r,Ag) > exp,_; {(t —¢)(log, , = ! )“} (3.19)

By substituting (3.17)-(3.19)) into (3.16[), we have

exp,_; { (7 —2¢)(log,_, . i ¥} <O@log™ T(r, f)), r&FEy, r—1". (3.20)

Then, by Lemma and (3.20)), for all » — 17, we have

)"} < O(log™ T'(s(r), £)),

where s(r) =1 —d(1 —r), d € (0,1). Hence, we have pipp11,4(f) > pip,q(A0). O

1
exppfl {(T - 25) (logqfl 1—
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Lemma 3.10. Let p,q be integers such that p > q > 2 and f(z) be an analytic
function in A with 0 < oy, 4 (f) < 00. Then for any given € > 0, there exists a set

E5 C [0,1) with fEs AT = 0o such that

r

10g+71 T(T, f)
= = 1. P *
T = Tp.q(f) T_>1_H)1}6E5 (log,_; )owald)

Proof. By the definition of [p, g]-type, there exists a sequence {r,}52; tending to
1~ satisfying 1 — d(1 — ) < 7,+1(0 < d < 1) such that

log;f 1 T(Tm )

T = 11m
palf) = lim_ (log,_; ) te0 (D

Then for any r € [r,,1 —d(1 —r,)], we have

IOg;Jar 1 T(rnv f) (logq 11—r, )U[p x| (f) log;{_l T(?“7 f)
(logq 11—, )U[p al (f) IOg 1—r (logq71 ﬁ)g[p,q](f) ’
When g > 2, we have
lo 1
Ll—;n =1, o, — 1.
log,_1 1=

Let Es = U,_, [rn,1 — d(1 — r,)], where n; is some sufficiently large positive

integer, then we have

log;,r 1T( f) lim

im 1Og;—1 T(Tn, f)
r—1-,reBs (log, | 1)t al) S0 (log,_1

Yowa ) Tip.a) ()

1
1-r

and

1—d(1—ry)
/ 1—r Z/ 7_210gd

n=ni n=ni

O

Lemma 3.11. Let p,q be integers such that p > q¢ > 1. If A,_1(2), , A1(2),
Ao(2) (£ 0) are analytic functions of [p, q]-order in A, then every solution f(z)(# 0)

of (L.1) satisfies oppi1,4(f) < max{op, q(4;)|7 =0,...,n—1}.

Proof. Set b = max{op, (A4;)|7 =0,...,n— 1} = max{onpq(4;)| =0,...,n—
1}. Then we have

1
M(r,Aj) < exp, 1{(b+¢)log, ﬁ}’ (3.21)

for any given € > 0 and r — 17. By (3.11)) and (3.21)), for the above ¢ > 0 and

r — 17, we have

T(r,f) =m(r, ) < O(exp,,1{(b+2¢)log, %}) (3.22)

Therefore, 0,41, (f) < max{op, g(A4;)7 =0,...,n—1}. O
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4. PROOFS OF MAIN THEOREMS

Proof of Theorem[2.1. By Lemma we have o114 (f) < 0pp,q(Ao). Set b =

max{op, g (47)[07.q)(A;) < 0ppg)(Ao)}. I 0 41(A)) < pripg)(Ao) < Tppq(Ao) or
O1p,ql(A5) < lpp.q(Ao) < Oppg(Ao), then for any given (0 < 2e < o7y, 41(Ao) — b)
and r — 17, we have

1
m(r,A;) =T(r, A;) < exp, {(b +e) log, ﬁ}
1 (4.1)
< exp, {(a[p’q] (Ap) —¢) log, E}

Set 71 = maX{T[lMl] (Aj)| J[p,q](Aj) = Hip,q] (Ao),j # 0}. If Olp,d] (Aj) = Uip,q] (Ap) =
Op,q(Ao), then we have 71 < 7 < 77, 41(Ao). Therefore,

m(r,A;) =T(r, A;) < exp,_1 {(Tl + zs)(logik1 )U[p,qJ(Ao)} (4.2)

1—r
holds for 7 — 17 and any given ¢ (0 < 2¢ < 7j, 4/(40) — 71). By the definition
of [p, q]-type and Lemma [3.10} for all r — 17, r € Es, where F5 C [0,1) satisfies

dr  __
fEs 4 = 00, we have

1 o
T(r,Ao) > exp,_; {(7[p,q(Ao) — &) (log, ﬁ) “”“](AO)}~ (4.3)

Then by (3.16)) and (4.1)-(4.3), for all » — 17, r € E5\E; and the above ¢, where
Ey C [0,1) satisfies [, 1% < 0o, we have

exp,_1 { (T[p.q(Ao) — 2¢)(log,_; : i T)U[pw‘o)} < O(log* T(r, f)). (4.4)

By (&4), o(pi1,4(f) = 01p.q(Ao). Thus, we have o414 (f) = o[p,q(Ao).

By Lemmasand we know that every solution f(z) (£ 0) of satisfies
Hip+1,q] (f) = Hip,q] (Ao). _ B

Now, we need to prove Ay, (f — ) = ppi1,q(f) and Apr1g(f —¢) =
U[p+1,q](f)' Setting g = f — ¢, since U[p+1,q](@) < H[p,q] (A0)7 we have Olp+1,q] (g) =
f[erLq](f) = Olp,q] (Af)’ Hip+1,q] (glz Pip+1.0(f) = Hipg (Ao)s Apr1,q1(9) =
A1, (f —¢) and Ay 01(9) = Apy1,q(f — @). By substituting f =g+ ¢, f' =

g +¢, ..., f™ =g 4o in (1.1)), we obtain
9" +An 1 (2)g" P+ A+ Ao(2)g = =M™+ An 1 (2) "V 4+ Ao (2)¢]. (4.5)

If F(z) = ™ + A, 1(2)p™ Y + ... + Ay(2)¢ = 0, then by Lemma we
have fip,41,4(®) > H[p,q(Ao), which is a contradiction. Thus, F(z) # 0. Since
Tp1,0)(F) = 0p11,q(9) < Hipgl(Ao) = fip41,9 () = Bip1,6(9) < Tpr1,q(9) =
Olpt1,q)(f); by Lemmaf3 5land [@5), we have Xy 41,4)(9) = Ap41,0)(9) = Tp11.4(9) =
Tp.q)(Ao); 1€ Apy1,g(f = @) = Apr1.g(f = ¢) = 0pr1.9(f) = 0pp.q(4o). By
Lemma and ([4.5), we have Api1.q(9) = Bpt1,g(9); Le, Apiag(f — @) =
.u[p-i-l,q](f) = ,u[p,q](AO)' Therefore, A[p—‘,—l,q](f —p) = :u'[p-‘rl,q](f) = ,u'[p,q](AO) <

J[p7q] (Ao) = J[p+17q](f) = X[p-i—l,q] (f — (p) = /\[p+1,q](f — gﬁ). The pI“OOf is com-
plete. (I
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Proof of Theorem[2.3. By Lemma [3.11] we obtain o414 (f) < 0p,4(Ao). By

n—1
lim sup Z m(r, A;)/m(r, Ag) < 1, (4.6)
r—1- j=1
for r — 17, we have
n—1
> m(r, A;) < dm(r, Ag) = 6T (r, Ay), (4.7)
j=1

where ¢ € (0,1). By (3.16) and (4.7), forr — 17, r € Fy, where E; C [0, 1) satisfies

dt
fEl 13 < 0o, we have

T(r, Ay) < O(log™ T(r, f) + log %). (4.8)

By Lemma and (4.8), we have op,41,4(f) = 0ppq(Ao). Thus, opyq,q(f) =
Tlpq)(Ao).

By Lemma and (4.8), we have pp41,q(f) > pp,q(Ao). By Lemma we
have pp11,)(f) < pip,q)(Ao). Thus, ppy1q(f) = ppq (o)

Using a proof similar to the one in Theorem we obtain Ap,.q o (f —¢) =

tip+1,q)(f) = Bp,q)(Ao) < 07,4 (Ao) = Opt1,q(f) = X[p+17q](f —¢) = Apt1,9(f —
©). The proof is complete. O
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