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SIGNED RADIAL SOLUTIONS FOR A WEIGHTED
p-SUPERLINEAR PROBLEM

SIGIFREDO HERRON, EMER LOPERA

ABSTRACT. We study the existence of one-signed radial solutions for weighted
semipositone problems where A;, operator is involved and the nonlinearity is
p-superlinear at infinity and has only two zeros. We establish the existence of
at least two one-signed solutions when the weight is small enough.

1. INTRODUCTION

Let us consider the existence of one-signed radial solutions for the boundary-
value problem
—Apu = K([[z])f(u), « € Bi(0)
u=0, [z =1,
where B;(0) C RY is the unit ball and 2 < p < N.
The existence of one-signed radial solutions to (|1.1]) is equivalent to the existence
of one-signed solutions to the ordinary differential equation
N -1
[op (' (M) + ——pp(w/(r)) + K(r) f(u(r)) =0, 0<r<1
w'(0)=0, wu(l)=0,

where ¢, : R — R is defined as ¢,(s) = |s|P72s, s # 0, ¢,(0) = 0.

We assume that nonlinearity f satisfies the following hypotheses:

(F1) f : R\ {0} — R is differentiable, f/'(¢) > 0 for all t < vy < 0 and all
t > ug > 0, where vy and ug are the only zeros of f.

(F2) f(07) :=lim;_,o- f(t) is a positive number and f(07) := lim,_,o+ f(¢) is a
negative number.

(F3) limjq| oo ZE = +o0.

(F4) There exist constants k € (0,1) and § > N — p such that for all § > 6

: pp(a)\ ¥ N-—p

lim 0F (ka) — ——af(a)) = +oo,

Jdim ey )" (07 0k0) = = Fas(@)
where F(t) = f(f f(s)ds.

For the weight K, hereafter we will assume that

(1.1)

(1.2)
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(K1) K € C([0,1],R") and K is differentiable in (0,1).
(K2) r— N + TK((:)) > 6, is non-increasing in (0,1) and lim,_q+ 2 ((:)) exists in
R.

A function satisfying the statements (K1) and (K2) will be called an admissible
weight.

The aim of this article is to prove that under hypotheses (F1)—-(F4) for the
nonlinearity and (K1)—(K2) for the weight, problem has at least two solutions,
provided that the weight is small enough. Moreover, one of them is positive and
the other one is negative. In order to prove the existence of positive solution, we
modify our nonlinearity in the following way

f@ ift>0
[T =< fot) ift=0
0 if t <0.

Similar modifications vanishing the positive part of f give us a negative solution.

The case p = 2 was studied by Castro and Shivaji in [2]. Recently, Hakimi
and Zertiti, [6], following the ideas in [2] obtained existence of positive solutions
for a more general nonlinearity than Castro and Shivaji. Both works considered
a constant weight in the semilinear case. We emphasize that in this work we deal
with the case 2 < p < N and a nonconstant weight. Therefore, it is a generalization
of the previous results.

There are several studies related to radial solutions involving p-Laplacian prob-
lems and a lot of techniques have been used. Most of them are interested in the
existence, nonexistence, and multiplicity of positive radial solutions. For instance,
in [7] the authors considered the equation of problem with f(u) = u?,q > p—1,
in exterior domains. They employed a global continuation theorem and fixed point
index theory based on a weighted space as the underlying space. By using this
approach they obtained multiplicity of positive solutions depending on a certain
real parameter . A one dimensional weighted p-Laplacian problem is presented in
[8]. Sharp conditions for the existence of solutions with prescribed numbers of zeros
in terms of the ratio f(s)/sP~! at zero and at infinity were established there. Their
technique was based on the shooting method together with the qualitative theory
for half-linear differential equations. Other results can be found in [ [3] [4] [5 9]
and some references therein.

Our main tool for solving problem is the shooting method. Hence, we start
considering the auxiliary initial value problem

E%(“'(T)) +K(r)f(u(r)) =0, 0<r<1

w'(0) =0, u(0)=a.

(en(a' ()] + w3

It can be shown (see appendix) that this problem has a unique solution, usually
denoted by u(-, a, K), which depends continuously on the initial data a.
We have the following equivalent integral formulas to problem (|1.3):

u(s) = a— /0 Oy (H*N /O tN’lK(t)f(u(t))dt>dr, 0<s<1, (1.4)

op(u')(r) = =N /0'“ tNTLK () f(u(t)dt, 0<r<1. (1.5)
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Our main result reads as follows.

Theorem 1.1. Under hypotheses (F1)—(F4) and (K1)—(K2), there exists a positive
number Ao such that if |Kl|lcs < Ao, then problem has at least two radial
solutions. Moreover, one of them is positive, decreasing and has negative radial
derivative in |z|| = 1. The second solution is negative, increasing and has positive
radial derivative in ||z| = 1.

This paper is organized in the following way: In Section [2| we present some facts
which are useful for showing Theorem Next, in Section [3] we prove the main
result and we exhibit some examples of functions f and K satisfying conditions
(F1)—(F4) and (K1)—(K2). Finally, for convenience of the reader, we present in
the appendix a Pozohaev type identity and some proofs about the existence and

uniqueness of (1.3]).

2. PRELIMINARY RESULTS

For the rest of this article, we consider problem ([1.2)) with nonlinearity f* instead
of f. Let uy € (ug, +00) be the unique zero of F'* where FT(t) := fot ft(s)ds. Fix
an admissible weight K and set

n:= min K(r); X:= max K(r),

relf0,1] rel0,1]
. K'(r) K'(1)
0p := N =N
oi= min AN+ =N ey
K'(r)

d1 := max {N+r
rel0,1]

R~

For fixed o > uy /k, there exists to = to(a) € (0,1) such that u(tg, o, K) = ko and
ka < u(t,o,K) < a for all t € [0,tg), where u(-,a, K) is the unique solution of
problem ([1.3]). Moreover, tq satisfies the estimate (2.1) which, in particular, shows
that to(c) — 0 as a — +oo. Indeed, as f* is increasing on [ug, +0o0), then for

t e [O,to]
NTUK () (ka) <EVTIR () [ (u(t, o, K)) < VIR () [ (a).
Hence,

N / N () £ (@)t < pp(ul(t 0, b)) < —r1 Y / TN £ (ha)t,
0 0

which in turn, implies that

for all ¢ € [0,t9]. Here p’ denotes the conjugate of p. After integration on [0,tq] we
obtain

AN f* (ko) th
- ! i < _— < —_ / —_.
Pp (A N )p, Sak—1) < —pp (77 N )p,
These inequalities yield the following estimate for ¢
ppla) /P < ppla) /P
_ to < —_ 2.1
Cl(Aﬁ(a)) =0 *Cl(m“r(ka)) ’ 21)

where C := (p/(1 — k)NP'~1)1/7" > 0.
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2.1. Pohozaev Identity. In this subsection, we present a Pohozaev identity as
well as some consequences. The proof of this identity is quite standard but it is
presented in the appendix for the sake of completeness. Let us define the Energy

associated to problem (1.3)) by
't o, K)[P oy
Et oK) = F t,a, K)).
(1 1) = eIl 4 Pt 0,10)

Also, we define
N —
H (1,0, K) = K (OB (1,0, K) + =iy (10, K)ult, 0, K).

Suppose that u(-, a, K) is a solution of . Then, a Pohozaev type identity takes
place

tNTTH(t, 0, K) — sV YH(s, o, K)

_ ! N-1 K'(r)\ o+ N-p,.

—/S T K(r)[(]\f—i—TK(r))F (u) ’ f (u)u]dr,
for 0 < s <t < 1. We shall use this version of Pohozaev identity as follows. For
s =0 and t = ty, we get

(2.2)

N—p

t " H(tg, a, K) = /to rNTLK (1) [(N + TKI(T>)F+(u) f+(u)u} dr.

0 K(r)
Since f* and F'* are nonnegative and increasing functions on the interval [u1, o),
then for all r € [0, ¢o],
K'(r)
K(r)

(N T )F+(u) _ %uf'%u) > §oF (u) — ?wﬂu)

N —
> 6oF T (ka) — paf+(a).
p
In consequence,

N1 H(to, 0, K) > L
0 ( 0, @, ) =N
From this and ([2.1) we find that

NV H(ty, 0, K) > ncr (6OF+(ka)—N?)aﬁ(a))((pp(a))]\l/p. (2.3)

(50F+(ka) - ¥a f+(a))tg¥ ‘

~ NAN/P fH(a)
We claim that for each number § > 6, there is a positive constant Bg, such that
N —
SF*(s) — Jstr(s) > —B;s, forall seR. (2.4)
p
In fact, (F4) guarantees existence of Cs > 0 satisfying

SF*(s) — ?sfr(s) > §F* (ks) — ?gﬂs) >0,

for all s > Cs and all s < 0. On the other hand, if we set M := sup,e(o,c,1 [FF(5)],
then
N — s N —
5P (5) = S Lap (o) = [ (a5t - S L) e
0

> —M(;/Os (5+¥)dt
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Nf
= ~Mss(0 + = &)

>~ M;Cy (5 + ?) —: _Bs,

Now, replacing tg by s in Pohozaev identity (2.2), and using the estimate (2.4))
with §p and §; we obtain
tNTTH(t, o, K)

A

K'(r) +(u _N-p
k)" W

Lp_ pf+(u)u] dr

rN_lK(r) [(N—i—r f+(u)u} dr
K'(r)
K(r)

+ /B PN () [(N + 7o P (u)

N —
ztév_lH(thayK)—i_/ _7p

PN () [0 (u)
A

f*(u)u}dT
+ /B PR () [5@%@-% 7+ (uyu] dr

> tév_lH(to, a, K) — Bs, / rN1K (r)dr — B, / rNTUK (r)dr
A B
ABs,
T
Here A := {r € [to,t] : F*(u(r,a, K) > 0)} and B := {r € [to,t] : F"(u(r,a,K) <
0)}. Then we reach the estimate

>t H(tg, o, K) — 2

_ N —
N UH (0, K) > ) H ko, 0, K) — 2AMy O (1+ N—p) (2.5)
p

where we have used the fact that §; = N (it is remarkable that §; does not depend
on K).

3. MAIN RESULT

In this section we shall prove our main theorem. Before, we will establish three
preliminary Lemmas.

Lemma 3.1. There exists a positive real number Ay with the following property. For
every admissible weight K, with || K|lcc = A < Ag, there is a real number a > uq [k,
such that for all o > a and all t € [0,1], |u(t, a, K)|P + |u/(t, o, K)|P > 0.

Proof. Given a weight K with the properties (K1) and (K2), there is a > uy/k
such that for all « > «

N-p Pp() \N/P
F+ k R + P
(80 (ko) = = Faf ) (F£5)
From ([2.3) and (2.5) we have, for t > tg
_ N —
NTUH(E o, K) > tY " H (to, o0, K) — 2AM;, Cs, (1 + Tp)
p

Y

1
.

nCf 1< N-p
> - - — .
> vy~ MO (1+ ¥ ) (3.1)
_(_CF N-p
7/\<N5\(pr)/p 72MNCN(1+ Np ))
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Now, there exists Ay > 0 such that
oY
NMN=p)/p

N-p
Np
for every A € (0,)2). We fix a weight K so that ||K]||s := A < Ag. Thus, from
(3.1) and we have H(t,o, K) > 0 for t € [tg,1]. Then, for all ¢t € [to,1],
lu(t, o, K) P + |u/ (¢, o, K)|P > 0. Clearly, |u(t,a, K)|P + |u/(t, o, K)|P > 0 holds for
te [O,to]. U

—2MNCN(1 +

) >0, (3.2)

Lemma 3.2. There exists a real number Ay € (0, A2] with the following property.
For every admissible weight K, with A < A1, we have u(t,a, K) > ug for all t €
[0,1]. Here, « is a number obtained in the preceding Lemma.

Proof. Given a weight K, set
t1 :=sup{t € [0,1] : u(r,a, K) > ug for all r € (0,1)}.

We observe that to belongs to the previous set. Since fT is nonnegative on the
interval [ug, 00), we see from (L.5)), that

op(u'(t,a, K)) = —t'=N /t rNTIR (r) f (u(r))dr <0, for all t € [0, 1]
0

Therefore, u is decreasing on [0,¢1]. Besides, for all ¢ € [0, t1],

o (t, 0, )| < £V / PN () £ (a0, K))dr

t
S;\er(u(O,g,K))tl*N/ rNldr
0

N+
M),
- N
< )\er(Q)
- N
Hence _—
AT ()
!
< @ | ———=).
W' (0, K)| < o (M)
Now, fix A1 < min{)As, %@app(g —ug)}, then pp (A1) < wp/(%@)(g —up). It

follows that if A < A1, we have |u'(r, o, K)| < a—uq for allt € [0,¢]. An application
of the mean value theorem, allows us to choose a real number & € (0, 1) such that

U(thg, K) - U(O,Q, K) = u,(faga K)tl Z _(Q_ UO)tL

If we assume that ¢; < 1, then u(t1,a, K) > ug, contradicting the definition of ¢;.
This completes the proof. (Il

Lemma 3.3. For a given admissible weight K with A < )1, there exists a; > «
such that u(t,oq, K) < 0 for some t € [0,1].

Proof. We argue by contradiction. Suppose that there exists a suitable weight K,
such that for all & > o« and all ¢t € [0, 1], u(¢t, o, K) > 0. Without lost of generality
we can assume that u(t,a, K) > 0 for all ¢ € [0,1). Let ¢ = #(a) be the supremum
of the set

V={t€10,1] : u(-,a, K) is decreasing on [0, t]}.
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V is a nonempty set because it contains ty. On the other hand, in view of the
inequalities , and hypothesis (F4), we can fix a real number «; such
that for all @ > «a; and all t € [0,1], tN"'H(t,a,K) > 0. Now, we claim that
w'(t,a, K) # 0 for all t € (0,1]. For if v/(¢1,, K) = 0 for some ¢; € (0,1] then
the differential equation in would imply that f*(u(t;,«, K)) = 0. Hence
u(ty, a, K) = ug, but

0<ty 'H(t,o, K) =t K(t1)F* (u(t1, 0, K)) = t) K (t1)F T (ug) < 0,

which is a contradiction. We have stated that if &« > «; then £ = 1. Let v be a
positive solution to problem

VI ik 1
(pp(v") + " ep(V) = —ppp(v), 0<r<p:= I (33
v(0)=1, V(0)=0, v(p)=0, v(r)>0 for0<r<p.

Notice that v'(p) < 0, since

P
ool (o) = =" [V w)dr <0,
0
Hypothesis (F3) is now used to assure the existence of g > uy/k such that
(=)
ep()

From the corresponding integral formulas for the solutions u and v (cf. (1.5)) and
(13.3)) we have

> u/X,  for all z > ap. (3.4)

[ op(u)) p(v) = =N K (r) £ (W) (v), (3.5)

[ o (V)] p(u) = —WNf p(v ) p(W)- (3.6)

Let t; be the supremum of the set A := {t € [0,p] : v'u(r) < v/v(r) for all r €
(t, p|}, which is a nonempty set due to the fact that 0 < —v u(p) +u'v(p). Certainly
v'u(ty) = w'v(ty). (3.7)

We claim that there exists a real number ¢ on the interval [¢1, p] that satisfies the
inequality u(t, o, K) < ag. The proof of this claim will be carried out arguing by
contradiction. Assume that u(t,a, K) > g for all ¢ € [t1, p]. Integrating by parts
(3.5) and , subtracting the resulting equations and taking into account ,
we see that

P
o)) = (= 1) [P (ol ol
t1
8 ()
—|—/ PN — K(r wp(uv)dr.
AR (R Gl ) XD
Since |u'v|(t) < |uv’|(¢t) for all ¢ € (t1,p) and p — 2 > 0, then

[u'o[P72(t) — Juv/[P73(t) < 0.

(3.8)

In consequence, the first term of (3.8]) is nonpositive. On the other hand, from
(13.4) we see that

< [T ()
o A‘PP(U)

<0.
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Hence, the second term of (3.8) is also nonpositive. This is impossible since v'u(p) <
0. This proves the claim. Therefore, u(ts, a, K) = ag for some t2 € (0, p). Since
a > ug and u is decreasing, the estimate

u(t, o, K) < ap, for all t € [tg, 1] (3.9
holds. Because F7T is increasing on [ug,00) and u(t,a, K) > ak > wy for all
t € [0,to] then

E(t,a,K) > Ft(u(t,a, K)) > FT(ka).
On the other hand, for t € (o, 1], since u(t)u’(t) < 0, then
tNKt)E(t,a, K) > tN 1 H(t, o, K)

2 s (o ) - S Lagt(a) (ﬁ((z))) ’
—2AMNCy (1 + NN_pp>'

Thus, K(t)E(t,a, K) — +00 as @ — +00, uniformly in ¢ € [0,1]. Set @ > o such
that
K@#)E(t,a, K) > AF " (ag) + ()P ' for all t € [0, 1].
Relation (3.9) implies F*(ag) — F T (u(t, o, K)) > 0 for all ¢ in [ta, 1], thus
[u/(t,o, K)| > p'ag, for all t € [ta,1].
1

Define 7 = t3 4+ 7 and observe that (t3,7) € (0,1). The mean value theorem
applied to w on the interval [to, 7], leads to the equation

1
u(r, @, K) = u(ty, 0, K) = U’(f,a,K)F

for some £ € (to,7). On the other hand, u(ts, a, K) = ag and u’(f,a,K)i < —ayp,
thus u(7, a, K) < 0, which is absurd. O
Proposition 3.4. Under hypotheses (F1)—(F4) and (K1)—(K2), there exists a posi-
tive number Ao such that if || K||co < Ao then problem (1.1) has at least one positive
decreasing radial solution, with radial negative derivative in ||x| = 1.

Proof. Set A\g = A1 from Lemma and o given by Lemma According to
Lemma there exists a; > a with its corresponding solution being negative in
some point on [0,1]. Let & be the supremum of the set A defined as

{a € la,an] s u(t,a, K) >0 for all ¢t € [0,1]}.

This supremum makes sense because of « belongs to A (which is implied by Lemma
. Due to the continuous dependence of u on «, A is closed. Thus, & belongs to
A and therefore u(t, &, K) > 0, for all ¢ € [0,1]. Moreover, & < «;. Now, we will
see that u(-, &, K) is a solution needed.

(i) u(t,&, K) > 0 for all t € [0,1). Arguing by contradiction, if u(r,&, K) =0
for some 7 € (0,1), then by Lemma u'(1,&, K) # 0. Hence, there exists a
71 € (0,1), such that u(m, &, K) < 0. This is not possible.

(i) u(l,a, K) = 0. Ifu(l,&, K) > 0, then u(-, &, K) > 0 on the compact set [0, 1].
For the continuous dependence in the initial data, there is some o, & < a < aq,
such that u(-, a, K) > 0 on [0, 1]. This contradicts the definition of a&.

(iii) w'(1,&, K) < 0. Due to the previous steps, v'(1,a, K) < 0. Now, the fact
that v'(1,&, K) is nonzero follows from Lemma [3.1}
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(iv) The proof that u(-, o, K) is decreasing is contained in the proof of Lemma
0.
Therefore the proposition is proved. O

Proof of theorem[I.1l The existence of the positive solution is a consequence of
previous proposition. Let

—f(=t) ift>0
f7@#) =< —f(07) ift=0
0 if t < 0.

A straightforward application of the Proposition with f~ gives us a negative
solution with the desired properties. ([l

Now, we exhibit some examples of functions f and K satisfying conditions (F1)—

(F4) and (K1)—(K2). Let f(t) = t2—t1=1—1 fort > 0 and f(t) = 1+(—t)7" 1 —(—t)4

for t <0, where ]l < g <p<qg+1<p* = NN—Q) and K any positive constant

weight. Choosing W < 6 < N we can find k € (0,1) such that

9 fat1 - N — p

q+1 p

from which follows (F4). If we consider the same nonlinearity f with 1 < ¢ < p <
g+1< % and K (r) = ee™", where € > 0 is fixed and we choose Wp)etl) o
0 < N —1, we can find k € (0,1) such that holds, from which follows (F4).
Since N + 7"];((:)) =N-—r>N—12>0, we obtain (K2). Other example is given
by f(t) = t?lnt — 1 for for ¢ > 0 and f(t) = 1 — (—¢)?In(—t) for ¢ < 0, where
2<p<qg+1<p*and K any positive constant weight. Reasoning as before we
can show conditions (F1)—(F4) and (K1)-(K2). Assuming p < ¢+ 1 < (]V]\]—7_13p7
before K(r) =ee™", where € > 0 is fixed, is an admissible weight.

, (3.10)

as

4. APPENDIX

This section we establish the Pohozaev identity as well as the existence of local
solution to problem (|1.3]).

Proposition 4.1 (Pohozaev Identity). Assume that u(t, o, K) is a solution of the
initial value problem (1.3]), then for all0 < s <t <1,

tNTTH(t o, K) — sV H (s, 0, K)

t K'(r) N-p (4.1)
= [ PNTIK(r)|(N Fu) — —— dr.
/S r (r) [( +r K0 ) (u) , (u)u} r
Proof. 1t is easy to see that our ordinary differential equation can be written as
[Py (u)) = =N TUK () f(u). (4.2)

Multiplying (4.2) by v and integrating on [s, t], by parts, we obtain

¢ ¢
tN o, (u)u — sV Lo, (v )u :/ Nl (u)u' dr —/ PNV () f(u)u dr

S

Then . .
/ PN |Pdr = b(s,t) + / rNTUK () f (w)u dr, (4.3)
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where b(s,t) = tN Lo, (v (t))u(t) — sV Lo, (u/(s))u(s). Now, multiplying (4.2) by
ru’ and integrating by parts, we have

tN o, (u)u' —sN o, (u')u' = / TN_lgop(u’)(ru”—i—u’)dr—/ rN K (r)f(u)u'dr. (4.4)

S

From (4.2)), we realize that
p—N ,, K[

pp(u)(ru” + ') = Ju?
p

— p_lrf(u)u’.

Then, from (4.4)), it follows that
t t t
- N K
a(s,t) — / erlpi\u’\pdr - / rNﬂf(u)u'dr = 7/ rNK () f(u)u'dr,
s p—= 1 s p 1 s
where a(s,t) == tN o, (u/(t))u' (t) — sV, (v (s))u/(s). Therefore,
N-p ! N—1,/ ’ ! N l
a(s,t) + - r T |Pdr = —p' [ Y K(r) f(u)u'dr.
This equation and (4.3)) imply that
N — t t
a(s,t) + - 1p(b($,t) + / erlK(r)f(u)udr) = —p’/ rN K (r) f(u)u'dr.
Now, integrating by parts the right hand side of the last equation we obtain

als.0)+ = —Lb(s,1)

_p-N [
p—l s

+p'/ rNTYNK(r) + 7K' (r))F(u)dr.

rNTUK () f(u)udr — p' (tN K () F(u) — sV K (s)F(u))

Taking into account the definitions of a(s,t) and b(s,t), we can see that

—1
+ ' (VK () F(u) — sV K (s)F(u))

N —
N/ [P — Nl P+ pfp(tN_lcpp(u')u — N7, (u)u)

= /: N1 {ﬂ]{(r)f(u)u + Z%(NK(T) + TK'(T))F(u)}dr.

p—1
Consequently,
P2Vt + Sy falyut p K (O F (W)
— N1 (s|u’|p + %@p(u’)u + p’sK(s)F(u))}
= / TN (r) [(N + T‘Ili_((:))>F(u) - N; pf(u)u} dr.
However,

Np_ p‘Pp(“/)u)

S + PR @) + 2 Loy

L o)
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N — N —
— N1 [tK(t)E(t) v J%(u’)u} e [SK(S)E(S) n J(pp(u’)u} .
p p
Hence (4.1)) holds. O
Proposition 4.2. Let p > 2, a > 4uy/3 and K be a suitable weight. There exists
a positive real number € such that (1.3) has a unique solution u(-, o, K) on the
interval [0, €].

Proof. Fore > 0and R = a/4,set Y := {u € C([0,¢] : R) : |Ju— || < R}. Define
T:Y =Y by
(Tu)(s) == o — / O (rl—N/ tN_lK(t)f(u(t))dt)dr, 0<s<e.
0 0

This was suggested by . T is well defined if € i s small enough, since f is
Lipschitz continuous on [3a/4, 5a/4]. Now, we will see that T is a contraction. Let
u,v be elements of Y and s € [0,¢]. Applying the mean value theorem we obtain
the estimate

(Tu)(s) = (To)(s)
< [ent ew ([ K@) — g ([ K@@t ar

<@ - 1)/08 SDp/(Tl_N)|§r|p/_2</OTtN_lK(t)f(u) —f(v)|dt>dr7

where &, is a value between the two positive numbers [tV ~1K(t)f(u)dt and
Jo tNTIK(t) f(v)dt. Assume, without loss of generality that [ tN~1K(t)f(u)dt <
&-. Then, we have £ f(3a)rN < .. Because of p' —2 <0,
—2 N NS —2

&7 < [ f(ga)]p :

Thus,
[(Tu)(s) = (Tw)(s)] < Callu - v||oo/ e < Lallu—v]lo
0

where L, < 1 and C, is a suitable constant. Hence, T is a contraction. Thereupon
T has a unique fixed point, which is the unique local solution of the IVP (1.3). O

Now, our goal is to extend this solution to the interval [0, 1].

Lemma 4.3. Suppose that u(-, a, K) is a solution of , restricted to an interval
[0,¢). Assume that limsup,_,.- |u(t,a, K)| < oco. Then, there exist a positive
number € and a function (-, a, K) : [0,e + &) — R, that solves the IVP and such
that lj,) = u.

Proof. Let {ty}» C [0,e) be an increasing sequence such that ¢, — e. Then, for
n < m we have

tm
(s 0, K) — (b, 0, )| < /
t

n

T G /O tN’lK(t)f(u)dtﬂdr

t’VYL
< AC op (r)dr < Clty, — tnl,
tn
for some constant C'. Here, we have used that |u(:,«, K)| is bounded on [0, ¢),
according to the hypothesis, limsup,_,.— |u(t, @, K)| < 0o. This chain of inequalities
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shows that {u(t,, «, K)}, is a Cauchy sequence. Thus, we can define u(e, o, K) :=
lim,, o0 u(tn, o, K). On the other hand

N Loy (! (b, @, K)) — tN o (U (b, @, K))| < /ttm [N (8) f(w)dt|

n

S M‘tm - tn|7

where M is a suitable constant. Hence, {tY ~1p,(u/(t,, o, K))},, is convergent and
so is {u/(tn, o, K)},. Then, we can write u'(g, a, K) := limy, 00 ¥/ (tn, a, K). Now,
we consider the problem

N -1

T@p(a’(r)) +K(r)f(u) =0, e<r<e+é
u'(e) =u(e), u(e) = u(e),

for small €. Proceeding in the same manner as we did with the former IVP, we can

establish the existence and uniqueness of solution of this problem in the interval

[0, 4 &). Due to the uniqueness property, | ) = u. (]

[en (@' (r)) +

Lemma 4.4. The local solution to the IVP can be extended to [0, 1].

Proof. We argue by contradiction. As a consequence of the previous Lemma, if
u(+, o, K) cannot be extended, then it blows up. Therefore, there exists a sequence
{tn}n such that lim, ., u(t,,a, K) = +o0o. By the mean value theorem, without
loss of generality, we can assume that lim,, o v/(t,, @, K) = +00. From the energy
we obtain that

0 u'(t,a, K)| /N —1 K'(t
@E(t’a’K) - p(’tK(t) ! (p— 1 p+tK((t))) =0
Then
E(t,a,K) < E0,0,K) = F(a).
This is a contradiction since lim,, oo u(ty, a, K) = 400. O

Remark 4.5. The continuous dependence of u(-,«, K) whit respect to « is a
consequence of the estimate

|u(t,a1,K) - u(taa27K)| < |O‘1 - O‘Q‘ + L(XHU(':O‘MK) - u("O‘Q?K)‘IOO’
for all ¢ € [0,1]. Thus
(1 - La)”u('aahK) - u('va%K)”oo < |O¢1 - 012|.
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