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LYAPUNOV FUNCTIONS FOR GENERAL NONUNIFORM
TRICHOTOMY WITH DIFFERENT GROWTH RATES

YONGXIN JIANG, FANG-FANG LIAO

ABSTRACT. In this article, we consider non-autonomous linear equations =’ =
A(t)x that may exhibit stable, unstable and central behaviors in different direc-
tions. We give a complete characterization of nonuniform (u, ) trichotomies
in terms of strict Lyapunov functions. In particular, we obtain an inverse theo-
rem giving explicitly Lyapunov functions for each given trichotomy. The main
novelty of our work is that we consider a very general type of nonuniform ex-
ponential trichotomy, which admits different growth rates in the uniform and
nonuniform parts.

1. INTRODUCTION

We consider the non-autonomous linear equation
¥ = A(t)x (1.1)

where A : Rf — B(X) is a continuous function with values in the space of bounded
linear operators in a Banach space X. Our main aim is to characterize the existence
of nonuniform (u,v) trichotomies behavior for the solutions of equation in
terms of strict Lyapunov functions.

We consider a very general type of nonuniform trichotomies, which generalizes
the classical notion of exponential trichotomies in various ways: besides introduc-
ing a nonuniform term, we consider arbitrary rates that in particular may not be
exponential, as well as different growth rates in the uniform and nonuniform parts.
This includes for example the classical notion of uniform exponential trichotomies,
as well as the notions of nonuniform exponential trichotomies and p-nonuniform
exponential trichotomy.

Exponential trichotomy is the most complex asymptotic property of dynamical
systems arising from the central manifold theory. The conception of trichotomy
was first introduced by Sacker and Sell [22]. They described SS-trichotomy for
linear differential systems by linear skew-product flows. Later, Elaydi and Hajek
[T, 12] gave the notions of exponential trichotomy for differential systems and
for nonlinear differential systems, respectively. These notions are stronger notions
than SS-trichotomy. Recently, Barreira and Valls [6] considered a general concept
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of nonuniform exponential trichotomy, from which can see exponential trichotomy
as a special case of the nonuniform exponential trichotomy. Jiang [I7] consider
a general case of nonuniform (u,v) trichotomy for an arbitrary non-autonomous
linear dynamics, and establish the robustness of the nonuniform (u, v) trichotomy in
Banach spaces, based on [I] for nonuniform (p, ) dichotomy. In [I0], they proposed
a p-nonuniform exponential trichotomy and considered the Lyapunov functions for
the trichotomy.

The importance of Lyapunov functions is well-established, particularly in the
study of the stability of trajectories both under linear and nonlinear perturba-
tions. This study dates back to the seminal work of Lyapunov in his 1892 thesis
[19]. Among the first accounts of the theory we have the works by LaSalle and
Lefschetz [20], Hahn [16], and Bhatia and Szeg6 [14]. According to [I5], the con-
nection between Lyapunov functions and uniform exponential dichotomies was first
considered by Mazel’ in [2I]. For recent works, we refer the reader to [, [3]-[5],
[13], for nonuniform dichotomies [2], [7]-[10], [18], for the corresponding characteri-
zation of nonuniform exponential contractions, dichotomies and trichotomies using
Lyapunov functions. From there, we follow some of the ideas in the proofs of this
articles. We give a complete characterization of nonuniform (u,v) trichotomies in
terms of strict Lyapunov functions. In particular, we obtain an inverse theorem
giving explicitly Lyapunov functions for each given trichotomy.

The remaining part of this paper is organized as follows. In Section 2, we intro-
duce some basic definitions. In Section 3, we establish a criterion for the existence
of partially hyperbolic behavior in terms of pairs of strict Lyapunov functions. A
characterization of nonuniform (u,v) trichotomies in terms of quadratic Lyapunov
functions is presented in Section 4.

2. PRELIMINARIES

Let X be a Banach space and denote by B(X) the space of bounded linear
operators acting on X. Given a continuous function A : Ry — B(X), we assume
that each solution of is global and denote the evolution operator associated
with by T(t,s), i.e., the linear operator such that

T(t,s)x(s) = z(t), t,s>0,
where x(t) is any solution of (1.1)). Clearly, T'(¢,t) = Id and
T, )T (r,s)=T(t,s), t,1,5>0.

First we introduce the notion of nonuniform (u,v) trichotomy. We say that an
increasing function p : R — [1,400) is a growth rate if

w(0)=1 and tliin w(t) = +oo.

Definition 2.1. Given growth rates p and v, we say that (|1.1)) admits a nonuniform
(u, v) trichotomy in I if there exist projections P(t), Q(t), R(t) for each t € I such
that

T(t,7)P(r)=P®)T(t,7), T, 7)Q(T) =Q#)T(t,7), T(t,7)R(T) = R(t)T(t,(Tz)l)
and .
Pt)+ Q)+ R(t)=1d (2.2)
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for every t, 7 € I, and there exist constants
0<n<a, 0<&<pB, €620, D>1 (2.3)

such that for every ¢t,7 € I with ¢ > 7, we have

7t Pl < D(45) o) .
(e, nr) < D(ES) A (o),
and
el < D(45) ), -
(e, ) R < D(H) v o).
When ¢ = 0, we say that admits a uniform (p,v) trichotomy.
Setting t = 7 in and we obtain
P(t) < DvA(1).Q() < DvA (1), B(t) < Dve (1) (26)

for every t € I. We refer the reader to [17] for an example with a nonuniform (u, )
trichotomy which can not be uniform.

Now, we introduce the notion of Lyapunov function. Let A : Rf — M, be
a continuous function, where M), is the set of p x p matrices. Given a function
V :RP — R, we consider the cones

CU(V) = {0} UV=H0, +00), C*(V) = {0} UV} (~00,0).

Definition 2.2. We say that a continuous function V' : Rar XRP — R is a Lyapunov
function for (1.1)) if there exist integers r,,rs € NU {0} with r, + s = p such that
the following properties hold:

(1) r, and 7, are respectively the maximal dimensions of the linear subspaces
inside the cones C*(V;) and C*(V;), for every ¢t € RY;
(2) for every z € RP and ¢t > 7 we have

T(t,7)C(Vz) € C(V), T(7,t)C*(V) C C*(Vz),
where V; = V(t,-)

In view of the compactness of the closed unit ball in R?, if (V})¢cg is a Lyapunov
function for (T.1)), then for each 7 € RY the sets

T

H3 = 0,y T(r,7)C*(V,) € C3(V5) (2.8)

HY =0,y T(7,7)CH(V;) € Co(V5), (2.7)

contain subspaces respectively of dimensions r, and rs. We note that for every
t, T € Rg ,

T(t,7)H! =H{ and T(t,7)H:=H; (2.9)
Next, we introduce the notion of strict Lyapunov functions. Given growth rates p
and v, we denote by V' the Lyapunov function.
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Definition 2.3. Given A > o > 0 and v > 0, we say that V is a (\,o)-strict
Lyapunov function if there exist C' > 0 and § > 0 such that
V()| < Cv°(t)||]| (2.10)
for each t € Ry and = € R?, the following properties hold:
(1) if z € HY then

,Lt(t) ) log(A+0)

Vt, T(t,7)z) > (— Virz), t> (2.11)

(2) if x € H? then

)\ log(A—0)
il )) Vir,z), t>T; (2.12)

V(t,T(t,7)e)| < (m

(3) if x € H* U H? then
V(r,z)| 2 v (7)|=]|/C. (2.13)

3. CRITERION FOR NONUNIFORM HYPERBOLIC BEHAVIOR

For each 7 € R{ , we set

log || T'(t
() — limsup BT

totoo  logp(t) 3.1)

Lemma 3.1. Let u > v be growth rates with p(t)/u(r) > v(t)/v(r) for everyt > 7.
If there exist a (X, 0)-strict Lyapunov function V' for (1.1)) with
A+0)/(A—0) > et (3.2)

then for each t,T € RS‘:

(1) the sets H* and H? in (2.7) and (2.8)) are linear subspaces respectively of
dimensions r,, and rs, with

RP = H' @ H?, (3.3)
T(t,7)HS = Hf, T(t,7)H" = H":

xf(z) >log(A\+0) -0 forxze HY,
X7 (z) <log(A — o)+ forae H};

(3) for each t > 7 we have

t) —log(A+0)
(7)) < o2 (P (¢ :
I < (5) 0 (3.7)
t) log(A—0o )+~
T el < o2 (M) S+ (7). .
IT i) = c(55) VI (r) (3.8)
Proof. 1t follows from ([2.13)) that (2.7) and (2.8)) can be replaced by
HY CcC(V;) and H; cC C*(V;). (3.9)

Indeed, if z € H*\{0}, then by (2.13)) we have V(r,2) > 0. This establishes the
first inclusion in (3.9). A similar argument establishes the second one. By (3.9)), the
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function V' (r,-) is positive in H*\{0} and negative in H2\{0}. For each x € H?, it
follows from (2.12)) and (2.13)) that for every ¢t > 7 we have
IT(t, 7)a|| < CvY @OV (L, T(t, 7))l

<c (;‘((?))log(k_a)ynt)|v<7, 2)|

<o(40)" o),

(3.10)

Thus, (3.6 holds.
For each «x € H", it follows from (2.10)) and (2.11]) that for every ¢ > 7 we have

og o 5
e nal = (45)" vt o)
(3.11)
(t) s =3(0)
> (m) |V (r, z)|.

Thus, (3.5) holds. For each 7 € Rg , let D¥ C H! be any r,-dimensional subspace,
and let D2 C H? be any rs-dimensional subspace. By (3.9)), we have H*NH? = {0},
and hence D¥ N D2 = {0}. So we have R? = H¥ @& H:. We want to show that

H!=D; and H!=D:.
If there exists x € H2\ D2, then we write z = y + 2z with y € D? and z € D*\{0}.
By (3.2) we have
log(/\ +0) =34 >log(A— o) +1.

Hence, it follows from ) and . that

X () = maX{XT (1), X7 (2)} = X7 (2) = log(A + 0) — 4,

which contradicts to (3.6). This implies that H = D? for each 7 € Rf. We can
show in a similar manner that H* = D for each 7 € R{. By (2-10)) and (3.10)), for
every x € H? and t > 7 we have

=

2w o)

p(t) \lea=a) (v () \7 5y
<Cl—= — 7 3.12
<c(um) Gm) Pk (3.12)
M(t) log(A—o)+~ 5
cl|—= K .
(i) ARG e
Moreover, by (2.13) and (3.11)), for every 2 € H* and t > 7 we have

M>log()\+a) ‘5( )
u(T)

1Tt 7)al <

=

|7t )l = ( V(ra)

( 1(t) )10g(x\+o')l/ V(1 )” |

| \/

Og(HU) (3.13)
o ( AN =0 1)

v(7)

: (L)log s @)

IV
QY=
A
7;

Y%
|
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Hence, it gives

O (3.14)

17t 7)) < (2
()
for every x € H and ¢t > 7. This completes the proof. ([

Now we establish a criterion for the existence of partially hyperbolic behavior in
terms of pairs of strict Lyapunov functions. Without loss of generality we consider
the same constants ¢ and « for the two functions in each pair.

Theorem 3.2. Let \y > Ay > 0. If there exist a (A1, 01)-strict Lyapunov function
V and a (Mg, 02)-strict Lyapunov function W for (1.1)) with

N4 0:) /(N — ) > e i=1,2 (3.15)
)\1 - /\2 Z |O'1 — O'2|7 (316)

then for each t,7 € RY, the following statements hold.
(1) The sets

Fi=HXV), F'=HAW), Fi=H(W)NHV) — (3.17)
are linear subspaces, with

RPF=F'@®F @ Fr, (3.18)

T(t,7)FY=F* T(1)F:=F T(t,1)F=Ff (3.19)

(2) for each t > T we have

—(log(A2+02)—7)
IT@TY*M?HSC2Cf%> ] T,
u(r
s 2 /’L(t (log(A1—o1)+7) Sy (320)
It FZ|| < C (W> ),
and
(log(A2—02)+7)
i < ()T
T
—1| e 2 /'l‘(t) —(log(A1+01)—7) Sy (321)

Proof. According to Lemma[3.1] it is easy to prove Part 2. Using a similar argument
as in [10], it can be obtained for every 7 € Ry that

HE(V) € HE(W), HE(W) C H3(V),
HW)NHX(V)e H(V)® HX (W) = RP.
So Part 1 holds. This completes the proof. |

Now we consider the particular case of differentiable Lyapunov functions. Set

Vit,x) = iV(t +h, T(t + h, 7)x)|h=0

dh
ov ov

Proposition 3.3. Let V and p be C! functions.
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(1) For each x € HY, property (2.11)) is equivalent to

V(t, T(t, 1)) > V(E Tt 7)7) ‘; ((f)) m(A+0), > (3.22)

(2) For each x € HE, property (2.12)) is equivalent to

V(t, T(t, 1)) > V(L T(t, 7)) ’:L ((f; m(A—0), > (3.23)

Proof. Let x € HY, by (3.19) we have T(¢,7)x € H} for every t € Rj. We assume
that (2.11) holds. If ¢ > 7 and h > 0 then

In(A+o0)
RNy 4 1, ),

V(t+h Tt +h1)z) > ( o

and
lim V(t+h T+ h,7)x)—V(t,T(t,1)x)
h—0+t h

M(H_h))ln()nLa)

> V(T 7)) Tim (i -

= T)X ,U/(t) n g
= V(7)) S I+ o).

Similarly, If A < 0 is such that ¢t + h > 7, then

/J/(t + h) )ln()\+a)

V(t+hT(t+h7)o) < ( 5

V(t, T(t,7)x),

and
. Vit+hTE+h,T
lim
h—0— h
#(t+h))1"()‘+g) _

B
S~—"

— V(ta T(ta T)‘T)

>V(t,T(t, 1)) hh%l, ( -

K (1)
p(7)
This establishes (3.22). Now we assume that (3.22)) holds. Given x € H*\{0}, it
follows from (2.13)) that V (7, z) > 0, and thus, by (2.9)), V (¢, T(t, 7)) > 0 for every
t € Rf. Thus, we can rewrite (3.22) in the form

()

=V(¢t,T(t 1)) In(A+ o).

V(t7 T(t,7)x)

> 1
VT = ot Ot
which implies that
V(tTtT LV (s, T(s,7) )d w(t)
1 —.
TV V(s,T(s,7)x) A+0) wu(T)

Hence, (2.11) holds. Part 2 is true. O
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4. QUADRATIC LYAPUNOV FUNCTIONS

In this section, we give a complete characterization of nonuniform (u,v) tri-
chotomies by using quadratic Lyapunov functions. For each t € R{, let S(t) and
T'(t) be symmetric invertible p x p matrices. We consider the functions

G(t,z) = (S(t)z,z), V(t,z)=—signG(t,z)V/|G(t, )|, (4.1)
H(t,x) = (T(t)x,z), W(t,x)=—sign H(t,x)\/|H(t, z)|. (4.2)
Any Lyapunov functions V' and W as in and are called quadratic Lya-

punov functions. Notice that when ¢ — S(t) is differentiable we have

V(t,z) = %—‘t/(t, r) + %(t’ z)A(t)z

= (S (t)x,z) + 2(S(t)z, A(t)z)

with similar identities for W. We present in two theorems a characterization of
nonuniform (u,v) trichotomies in terms of quadratic Lyapunov functions.

Theorem 4.1. Assume that (1.1) admits a nonuniform (u,v) trichotomy. Then
there exist symmetric invertible p x p matrices S(t) and T(t) for t € R such that:

(1) t+— S(t) and t — T(t) are of class C', and
log ISl

lim sup < 00, 4.3
tﬂﬂ:oo log v ( ) (43)
. log [|7(2)]|

1 4.4
SUp = D) < 00; (4.4)

(2) there exist K1 > Ko > 0 and Ly > Ly > 0 such that for every t € R{ and
z € RP we have

: DAt o) — L1 if G(t,x) >0,
G(t,x) < “,(” ’ “, () (4.5)
() 1 2 .
— K28 Gt 2) - $EY 2l if Gt,x) <0,
LQMH(t x) — 1 )HxHQ if H(t,z) > 0
: u(t) ) 2 u(h) , ,
H(t7 1’) S W (t) 14 (%) 9 (46)
Lilig H(tx) = 355 l2|® i H(t,2) <0.

Proof. Take g1 € (0, (e —1)/2). Let T'1(t) = Q(t) @ R(t). Consider the matrices

_ [ 7. O)*P(r)*P(T)T(T () \2leen) ' (7)
50 = [ Tty Py PEOTE (BT

_/_ T(Tvt)*PI(T)*Fl(T)T(T,t)(ll'lj((j_)))_Q(n—i_gl)/;j((:))dT

Similarly, Take g2 € (0, (8 — £)/2), and let I'y(t) = P(t) ® R(¢). Consider also the
matrices

(4.7)

T(t) = / T T (DT t)(w)

()
_[ T(T,t)*Q(T)*Q(T)T(T,t)(llj((i))) (B—02) M’((T))dT

—2(&+02) i/ (7)

(4.8)
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The matrices S(¢) and T(t) are symmetric and invertible for each t € Rf. We

define the functions G and H by (4.1)) and (4.2). By (2.4) and (2.5, since p is an
increasing function we have

Gl [ oo (L)) E ey

)
f o 1(0)\ 2+ (7)
+ [ e orieeE(45) TS

< D [ (BE) T ar

Fa? ) [ ; () G

L2 2.2 1L2 2.2 /“L(t) 2en
= —||x||“v°e(t + —|x I/Et(lf lim (7) )

5D2 2 92
< —lx I/et.

Since 5 5

aT(T, t) = -T(r,t)A(t) and &T(T, ) = —A@)"T(r,t)*,

one can easily verify that S(t) and T(t) are of class C! in t. Moreover, since S(t)
is symmetric we obtain

|G(t,$)| 5L2 2e¢
b -~ Ll — .
[S@)| iio =l = 2o v=(t) (4.9)

and (4.3) holds. Similar arguments apply to T'(t) to obtain (4.4). Furthermore,
taking derivatives in (4.7]) we obtain

$'(t) = —p(t) P -Y)

p(t)

_/t‘”A(t)*T(T’t)* ( (;) o 91>u((:

_ /t MT(T,t)*P(T)*P(T)T(T t)A(t)(M((t)))Qa Ql)‘; ((T))dT

—2(@—@1)'[;/((;)) /tOOT(T,t) P(r)*P(r)T(r, )(’/i((?)z(agl)*::((;)dr

-0 T )

+ /_ ; AT (7, )T (1) T ()T, t)(/’j((j)))m“”’i f))

+ [ T e A (A8 L)

+ (77—‘,—@1)/;/((5)) /_; T(r, )Ty (r) Ty (1) T (7, t)(u((?))z(w”‘:((:))df
= [P PO + 110 Ty (0120 — Ay 5() - 504w
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gt g B [ ()Y e ()
oot [ 16y Py P (BT
0N (1) \~2r+en 1 (7)
20+ 0 | T T T T (45 S
Thus, we have
S(0)+ AW)S(0) + SOAW) + [P0 P) + Ta (0 Ta 0] 7
= ol — o [T by P p(r)\Home) p'(r)
= —2a=o)l [ ety Py PEOTE (KT
p [ p(t) y 2000 (1)
w2+ el [T Ty (45) TS
PRIl i (AT Y )
= —2a- o)t [ @oP@)yTroPo (ST
oy plt) y 2000 (1)
w2+ o0l [ @y TeEn @ (H5) AT .
Since .
2(P(1)* P(E) + 1) Ta(8))a,2) > (1P + [T (1)al)? )
> (P() + Tyl = o], |
we have ) ) )
P(t)" P(t) + T1(t) T1(t) = S1d (4.12)

Given two p X p matrices A and B, we say that A > B if (Az,z) > (Bz,z) for
every © € RP. Furthermore, if x(t) is a solution of (I.1)), then we obain

%G(t,w(t)) (S"(O)2(t), x(t)) + (S()2' (1), x (1)) + (S()x(t), 2’ (1))
= ((5"(t) + A(t)"S(t) + S()A(E)2(t), x(1)).

o= [ I, (j)““ il
- [ rmanr(4S )2“*“ :dT

If G(t,z(t)) > 0, then by (4.10)), (4.12)) and (4.13), since n+ 01 < o — g1 and p is

an increasing function, we obtain

(4.13)

‘We note that

GG(a0) < e
e i [T irenrar (U D
+20- o™ [ e onop(48) D,
sleOPL G 200 - o) 2 DG, a(0)
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Thus, we can take K1 = 2(a — 1) > 0. On the other hand, if G(¢,z(¢)) < 0, then

by (4.10), (4.12) and (4.13) again, since n 4+ 91 < o — g1 and p is an increasing
function, we obtain

%G(t,x(t))
Sl 2+ 28 [T (AT L g
w2t o) S0 [ jrmon o (A2) T Dy,
= S 2+ 02 0,0,
Take Ky = 2(n + 01) > 0. Furthermore, we have

Ki— Ky =2(a—n—201) > 0.

Proceeding in a similar manner with 7'(t) we deduce that

T'(t) + A@)"T(t) + T(H)A(t) + [T2(t) T2 () + Q)" Q(1)]

u(t)
i) / : plt) \ 2002 ()
—2(B—0p T(r,t)Q(t)) T (1,t)Q(t) | —= d
(B-e)y | _TEoROITEoRM(F5) S
Note that inequalities (4.6)) hold with L; = 2(3 — 02) > 0 and Ly = 2(€ + g2) > 0.
Moreover, by the choice of p5 we have
Ll—L2=2(ﬂ—£—2Q2) > 0.
This completes the proof. O

—2(e+ o) [T @m0 T a0 (A7)
)

Theorem 4.2. Assume that there exist constants 7, a,k > 0 such that
IT(t,s)| < kve(t) whenever |t —s| < . (4.14)

Also assume that u, v is of class C', and that there exist symmetric invertible p X p
matrices S(t) and T(t) for t € Ry, satisfying conditions 1 and 2 in Theorem
with K1 — Ky > 2a and L, — Lg > 2a. Then admits a nonuniform (u,v)
trichotomy with

a:%—a, ﬂ—%—a, EZ%-HI, T]=£+a~ (4.15)
Proof. We start with some auxiliary results. Set
II={0}U{z e RP: G(t,T(t,7)x) > 0 for every t > 7},
={0}U{x e R?: G(t,T(t,7)x) <O for every t > 7}.

Lemma 4.3. If x € I? then

G(t,T(t, 7)) < (l’j((i)))KIG(r, z), t>T, (4.16)
and if x € I'* then
G(t, T(t,7)z)| > (%)_Kﬂa(ﬂ ), t>m (4.17)
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Proof. Given z € I*\{0}, since G(¢,T(t,7)x) > 0 for every t > 7, it follows from

that .
G(t,T(t,7)x) W (t)
G(t,T(t,1)x) u(t)’

A
|
=

This implies that

Gt T(t 7)) fHls)
In TG < —Kl/T ds = —K1(In p(t) — In p(71)).

Hence, (4.16) holds. Similarly, given z € I*\{0}, since G(t,T(t,7)x) < 0 for every
t > 7, it follows from (4.5) that

Gt,T(t,m)x) _
G T — 2 ut)’

This implies that

G(t,T(t,7)x) /t W (s)
— L > - = — — .
In | Giro) | > —K> ) ds Ko(ln p(t) — In (7))
Thus, (4.17)) holds. O

Lemma 4.4. If x € I'* U I? then there holds

1 - —2a
(G(7,2)| = 5 max{y, (1 - e ) /Ko }v=2(7) 2]

Proof. Set x(t) = T'(t,7)z. It follows from (4.5)) that if € I?, then it holds
d L)

—G(t,z(t) < —<[z@)]? ==

G(ta(t) < 5 leIPL

Since y is a growth rate, given 7 € R{, we take t > 7 such that In u(t) = In u(7) +v

(with 7 as in (£.14)). Then
Glt,0(0) ~ G = [ s, < =5 [ o))

=3 [ 1zt
— 2l (3)8
ZHAHﬂnMPMﬂd

e Lrm2e(r) i (s) S
slal? [ g
oy ) ol 2(n ()~ ()

Yoo
= — L) el

'(8) 4o
uis)

It follows from (4.14) that

G(t,z(t)) — G(r,x)

A

So we have

G(r,z) > G(r,z) — G(t,z(t)) > #V”“(T)Hx”?

On the other hand, it follows from (4.5)) that if x € I*, then it has

ZWM@Gde=MMQK2G@M®HJQi$G@x®D
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o
<5 H OO,

Hence, given 7 € R{ and ¢ < 7 such that In u(7) = In u(t) + v , using (#.14) again
we obtain

2 2 1 0 o [T 1 (s) 5
()G ) = WG a(0) < —ggr (el [ I (s
1

=~ O ) = (O

Since G(t,z(t)) < 0 and G(7,z) < 0, we have

W D)[G(ry)| 2 = 5 v (D) () = w1 0) o

Glr)| 2 g2 (r) [1 = (L) ] o2

= 22K, w(T)
1 —2a -K 2
= —gry O — e ol
This completes the proof. O

Now we set
JP={0u{z eRP: H(t,T(t,7)x) > 0 for every ¢t > 7},
Jr={0tu{zr eRP: H(t,T(t,7)x) < 0 for every t > 7}.

Proceeding in a similar manner to that in the proofs of Lemmas and we
obtain the following statements.

Lemma 4.5. If x € J?, then

H(t, T(t,7)z) < (Z((g)LzH(T, z), t>7, (4.18)
and if x € J*, then
\H(t,T(t,7)z)| > (;‘((g)“m(r,xn, t> 7. (4.19)

Lemma 4.6. Ifz € J*U JZ, then
1
[H(r,2)] > 5 maxty, (1= =5)/ Lyhu () .
Lemma 4.7. The function V in (4.1) is a (A1, 01) strict Lyapunov function for
(1) with

e~ K1/2 4 o—K2/2 e~ K2/2 _ o—K1/2

)\1: 9 ’ g1 = 2

Proof. By (4.3]), for each 6 > 0 there exists d > 0 such that
ISl < dv’ (1),

for every t € RS‘ . So we have
|G(t,2)] < dv(t)]|]|*.

That is,
[V (t,2)| < Va2 (#)|]?,
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and (2.10) holds. Furthermore, by Lemma [4.4] for z € I* UI$ = H* U HS we have
1 - —a

V(r )| > Emax{% (1= e[ Lo} 20 (7) | (4.20)
and (2.13)) holds. Finally, by Lemma if v € I = H? then

p(t) \ ~K/2
Vi, T(t < [ —=
vieTe Dol < (G5)
That is, (2.12) holds with A\; — oy = e=%1/2. Moreover, if € I* = H* then
p(t) \ ~K=/2
V(t,T(t > (| —=
(4 7(07)) 2 (15)

That is, ([2.11)) holds with A\; + o7 = e~ %2/2. This completes the proof. O

Virz)|, t>r.

Vir,z), t>r

In an analogous manner we can prove the following result.

Lemma 4.8. The function W in {4.2)) is a (A2, 09) strict Lyapunov function for
T with

eL1/2 4 oLa/2 el1/2 _ oLa/2
T2 T
Since V and W is a strict Lyapunov function, by Lemma there exist sub-
spaces H{*(V) and HJ(V), H*(W) and H7 (W) such that R? = H*(V) & HZ (V),
RP = H*(W) @ Hi (W) for each t € Rf. We consider the associated projections
Py(t):RP — H}(V), Qv(t):RP — H(V),
Py (t) :RP — H (W), Qwl(t): RP — H(W).

Ay =

Lemma 4.9. There exists K > 0 such that for each t € R{ we have
1Py ()] = Qv )l < KEv**@)IS®)]],
12w (Ol = [Qw ()] < Kv** )| T(®)]-

Proof. We prove only the statement for the Lyapunov function V. The proof for
W is completely analogous. We note that

V(t, Py(t)x)* = (S(t) Py (t)z, Py (t)x), (4.21)
V(t,Qv(t)z)® = —(S(t)Qv (t)z, Qv (t)z). (4.22)
Given z € RP we write x = y + z with
y=Py(t)r € H(V) and z=Qv(t)xr € H (V).
Now take b(t) > 0, and set
VE(ty) = =V(ty)® +b0)yl* = (SO, y) + b(t)lly]*.
By (4.20]), there exists K > 0 such that
Vit y) < —Kv* (O)lyll* + b@)llyl* = (b(t) — Kv™>(1)) lly]I*.
Similarly, for each t € R we set
Vi(t,2) = V(t,2)* = b(t)l|2]* = —(S(t)z, 2) — b(t)]|I|*.

By (4.20), we have
V(¢ 2) > (Kv=2(t) = b(1)) 1]
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We conclude that if b(t) < Kv=2%(t), then
~V(t.y)® +b()lly|* <0, Vit 2)* —b(1)]2]* > 0.

Thus, from and it follows that

—(S(&)Py (t)z, Py (t)z) + b(t)| Py (H)z||* < 0,

—(S(6)Qv (t)z, Qv (t)x) — b(t)||Qv (t)z]* > 0.
Since S(t) is symmetric, subtracting the two inequalities we obtain

0> b(t)||Py (t)z|* + b(t)||Qv (t)z*
— (S() Py (t)z, Py (t)z) + (S(t)Qv (t)z, Qv (1))
= 0(t)||Pv (t)z || + b)) Qv (t)z||* + (S(t)z, ) — 2(S(t) Py (t)z, x).

Hence, we have

MOIIPy ()2 = 505 SO + b0 |Q (B2 + g5 Sl

= bo(t) | Py (D)) + b0 Qv ()al? + 5D i ty0 2y — a(5(0) Py ()2 2

26(1)
IS ()
SO
and
1Py (0 = s SOl + Qv + g st < 10

This implies

1P (all? = | Py (1) — 2o S + 5 S (1)

B0 B0
< 1P (B = eSOl + g | S(0)e]
1
< o 1S+ 1Sl
V2
< s st

Similarly, we obtain
1
Qv ()] < Qv (t)z — %00 St)zl + 3 (i )IIS( )|
1S ()]l

IN

25 3

150+ s

2 |1S(t)al.

=

(t

Taking b(t) = %V_%(t) we obtain the desired statement.

\_/

Note that by taking ¢ sufficiently small we have

A1+ o1 — o(K1=K2)/2 o a+d/2.
)\1 — 01

15
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Aatoa o(Li=L2)/2 o ja+6/2.
)\2 — 09

Moreover, we can easily verify that As — A\ > |02 — o1]. This allows us to apply
Theorem (with V and W interchanged). If we set

P(r) = Py (r) : R — F5 = H(W),
Q(r)=Qv(T):R— FY=HXV),
R(r)=Py(r1)®Qw(r) :R— F¢=H:(V)NHX(W).

The subspaces F?, F¥ and F¥¢ satisfy the properties in Theorem@ Moreover, for
every t > 7 we have

1T, T)P(T)II 1T, m) | EZ P,
17t )7 QI < |7t n)HEX QI
IT(t, T)R(DI < T m)F7| R,
1Tt 7) " R()|| < 1T (8 7) THEEIIR(T)]-
Hence, by property 2 in Theorem [3.2] and Lemma there exist constants as in

IA A

ol

(2.3) satisfying (2.4) and (2.5). In other words, (1.1)) admits a nonuniform (u,v)
trichotomy. By (3.20)), (3.21), and Lemma we can take the constants «, 3,£,7n

in

2.3) as in (4.1

5)). This completes the proof. ([
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