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INVARIANT REGIONS AND GLOBAL SOLUTIONS FOR
REACTION-DIFFUSION SYSTEMS WITH A TRIDIAGONAL
SYMMETRIC TOEPLITZ MATRIX OF DIFFUSION
COEFFICIENTS

SALEM ABDELMALEK

ABSTRACT. In this article we construct the invariant regions for m-component
reaction-diffusion systems with a tridiagonal symmetric Toeplitz matrix of dif-
fusion coeflicients and with nonhomogeneous boundary conditions. We estab-
lish the existence of global solutions, and use Lyapunov functional methods.
The nonlinear reaction term is assumed to be of polynomial growth.

1. INTRODUCTION

In recent years, the existence of global solutions for nonlinear parabolic systems
has received considerable attention. Among valuable works is the one by Morgan
[12], where where all the components satisfy the same boundary conditions (Neu-
mann or Dirichlet), and the reaction terms are polynomially bounded and satisfy
certain inequalities. Hollis, later, completed the work of Morgan and established
global existence in the presence of mixed boundary conditions subject to certain
structure requirements of the system. In 2007, Abdelmalek and Kouachi [I] show
that solutions of m-component reaction-diffusion systems with a diagonal diffusion
matrix exist globally (for m > 2) and reaction terms of polynomial growth. In
the case of 2 x 2-systems, Haraux and Youkana [3] using a judicious Lyapunov
functional, succeeded in considering sub-exponential non-linearities. Kouachi and
Youkana [I0] generalized the results of Haraux and Youkana [3] to the triangular
case. Then, Kanel and Kirane [8][9] proved the global existence for a full matrix of
diffusion coefficients under certain restrictions.

The results obtained in this work prove the existence of global solutions with
nonhomogeneous Neumann, Dirichlet, or Robin conditions. The reaction terms are
again assumed to be of polynomial growth and satisfy a mere single inequality. The
diffusion matrix is a tri-diagonal symmetric Toeplitz matrix.
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In this article, we use the following notation and assumptions: we denote by
m > 2 the number of equations of the system (i.e. an m-component system):

0
i~ odus —bAuy = f1(U),
%—bAue 1 — alAuy — bAugyy = fo(U), £=2,...,m—1, (1.1)
um,
o b1 — = f(U),

with the boundary conditions
aug+ (1 —a)dpyug = Fe, £=1,...,m, on 9Q x {t > 0}, (1.2)
and the initial data
ug(0,2) = ud(x), £=1,...,m, onQ, (1.3)

where

(i) for nonhomogeneous Robin boundary conditions, we use 0 < o < 1, Gy € R,

{=1,....,m

(ii) for homogeneous Neumann boundary conditions, we use a = 8y = 0, £ =
1,...,m;

(iii) for homogeneous Dirichlet boundary conditions, we use 1 —a = 5y = 0,
{=1,...,m

Here €2 is an open bounded domain of class C! in R" with boundary 952, 8% denotes
the outward normal derivative on 09, and U = (u¢)j>,. The constants a and b are
supposed to be strictly positive and satisfy the condition

7r
2b . 1.4
o8 <a (1.4)

The initial data are assumed to be in the regions:

m m+1—0)kn
ZQ’BZ{(ul,..., JeR Zuksm ] >0,
( Ok (1.5)
m+1— T
le g, S —<0, € },
;uk in 1 <0,2€3
with
1—-0krw
Zﬂk&n%zo, 66»87
1-2)k
Zﬁksm (m + +1Z) WSO, zZ €3,
where

£N3=0, LU3={12,...,m}.

Hence, we can see that there are 2™ regions. The subsequent work is similar for all
of these regions as will be shown at the end of the paper. Let us now examine the
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first region and then comment on the remaining cases. The chosen region is the
case where L = {1,2,...,m} and 3 = (: we have
Ok

m 1_
Yeo= {(u(l),...,ugl) eR™: Zugsin(m—i_—ﬂ-

>0,lel 1.6
— m—+1 - } (1.6)

with
(m+1—0knm
—> .
Eﬁ (3, sin 1 >0, £k

The aim is now to study the existence of global solutions for the reaction-diffusion
system (|1.1)) in this region. To achieve this aim, we need to diagonalize the diffusion
matrix, see formula (4.1). First, let us define the reaction diffusion functions as

" . (m+4+1—-20knm
F e W) = U - 1.7
p(wr, w2, W) ka( ) sin mt1 (1.7)
where
(m+1—0kr
. 1.8
Z ug, sin ~—— 1 (1.8)
The defined functions that satlsfy the following three conditions:
(A1) The functions Fy are continuously differentiable on R for all £ = 1,...,m,
and satisfy Fp(wi,...,we—1,0,Wpt1,..., W) > 0, for all wy, > 0, £ =
1,....,m;

(A2) The functions Fy are of polynomial growth (see Hollis and Morgan [5]),
which means that for all  =1,...,m with integer N > 1,

m N
\E, (W) < (1 n ZW) on (0, +00)™; (1.9)
=1
(A3) The inequality
m—1 m
> DeFUW) + Frn(W) < Cao(1+ Y we), (1.10)
=1 =1

holds for all w, > 0, £ =1,...,m, and all constants Dy >Dp b=1,....m
where Dy, £ = 1,...,m are positive constants sufficiently large. Note that
C1 and Cs are positive and uniformly bounded functions defined on R’

2. PRELIMINARY OBSERVATIONS AND NOTATION

The usual norms in spaces LP(2), L>°(Q) and C(€Q2) are denoted respectively by

1
lully = 757 [ |w(@)[Pdz,  lullec = ess,sup,cq |u(@)],  [lullc g = max u(z)].
‘Q| Q ) e

(2.1)

It is well-known that to prove the existence of global solutions to a reaction-
diffusion system (see Henry [4]), it suffices to derive a uniform estimate of the
associated reaction term on [0; Tiax) in the space LP(Q) for some p > n/2. Our
aim is to construct polynomial Lyapunov functionals allowing us to obtain LP-
bounds on the components, which leads to global existence. Since the reaction
terms are continuously differentiable on R, it follows that for any initial data in
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C(9Q), it is easy to check directly their Lipschitz continuity on bounded subsets of
the domain of a fractional power of the operator

MA O .0
0 A A L 0

o=—| . - (2.2)
0 0 ... AmA

Under these assumptions, the local existence result is well known (see Friedman [2]
and Pazy [13]).

Assumption (A1) contains smoothness and quasi-positivity conditions that guar-
antee local existence and nonnegativity of solutions as long as they exist, via the
maximum principle (see Smoller [I5]). Assumption (A3) is the usual polynomial
growth condition necessary to obtain uniform bounds from p-dependent L esti-
mates. (see Abdelmalek and Kouachi [1], and Hollis and Morgan [6]).

3. SOME PROPERTIES OF THE DIFFUSION MATRIX

Lemma 3.1. Considering the reaction-diffusion system in (1.1), the resulting m x
m diffusion matriz is given by

a b 0 0 0
b a b 0 0
A=|0 b a (3.1)
o --- 0 b a b
o --- 0 0 b a

This matriz is said to be positive definite if the condition in (1.4)) is satisfied.

Proof. The proof of this lemma can be found in [7]. Note that if the matrix is

positive definite, it follows that det A > 0. O
Lemma 3.2. The eigenvalues (Mg < Ap—1; £ =2,...,m) of A are positive and are
given by
Ao = 2b 3.2
c=a+ COS(m+1)’ (3.2)
with the corresponding eigenvectors
. A . 2Ur . ombr N\t
vg:(sm ,sin ,...,smi),
m+1 m—+1 m—+1
for £ =1,....m. Hence, we conclude that A is diagonalizable. For simplicity, we
write
- 1-7
A =Amti—¢=a+ 2bcos(u), (=1,...,m; (3.3)

m+1
thus Ag < Mpy1, £=2,...,m.

Proof. Recall that the diffusion matrix is positive definite, hence its eigenvalues are
necessarily positive. For an eigenpair (A, X), the components in (A—AI)X = 0 are

brg—1+ (@ —Nzg +bxgy; =0, k=1,...,m,
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with x¢g = z,,4+1 = 0, or equivalently,
a— A

Thto + (T

We seek solutions in the form xj, = &r* for constants ¢ and r. This leads to the
quadratic equation

Yopt1 + 2 =0, k=0,...,m—1.

r2+(a )r—|—1:0,
-2

with roots r1 and r2. The general solution of zj49 + (“b

B ar’f—l—ﬁrk, if 71 # ro,
ap® + BkpF, if ry =1y = p,

VZr41 + K =0 1is

where o and ( are arbitrary constants.

For the eigenvalue problem at hand, r; and r. must be distinct -otherwise x; =
ap® + Bkp*, and 29 = 2,41 = 0 implies that each x;, = 0, which is impossible
because X is an eigenvector. Hence, xj, = ar’f + Brk, and xy = Tm+1 = 0 yields

O=a+p T1\m+1 -0 1 2ine
= (— = — = 1 = — — em+1;
{ 0=arf™ 4 gryvt! (7"2) a T2 7

2i7l

therefore, 1 = roem+1 for some 1 < £ < m. This coupled with

2 a—A rirg =1,
1= — — =
e N R B Py
leads to r; = e,ﬁ:fl’ ry = e—#’fl’ and
i d i h T
A= b(em+1 “mtT) — 2 )
a+b(em+ +e )=a+ cos(m+1)

The eigenvalues of A can, therefore, be given by
L
A =a+ 2bcos(m7_7;1), fort=1,...,m.

Since these A\;’s are all distinct (cos@ is a strictly decreasing function of € on
(0,7), and b # 0), A is necessarily diagonalizable.

Finally, the /! component of any eigenvector associated with )\, satisfies z =
arf + Br with a + 8 = 0, thus

T = a(e% — 67%) = 2iasin (mlj— 177).

Setting o = 1/(2i) yields a particular eigenvector associated with A\, given by

. Ur . 20w o ombr (\?
vg = (sm(m+ 1),s1n(m+ 1), e ,sm(m+ 1)) .
Because the \’s are distinct, {v1,vs,..., v}, is a complete linearly independent
set, 8o (v1|va|...|vm) is the diagonal form of A.

Now, let us prove that
A< X1, £=2,...,m.
We have ¢ > ¢ — 1, whereupon
L {—1
T ( )
m—+1 m+1

)



6 SALEM ABDELMALEK EJDE-2014/247

The function cos 6 is strictly decreasing in 6 on (0,7), thus we have

™ -
COS( 1) < Ccos (TH)
Finally, multiplying both sides of the inequality by 2b and adding a yields

(-1
) < a+2bCOS (TH

)\g:a+2bcos( )z)\g,l.

m—+1

4. MAIN RESULTS

Proposition 4.1. The eigenvectors of the diffusion matriz associated with the

eigenvalues Ny are defined as vy = (U1, g2, ..., Vem) " . They satisfy the equations:
P _

%7>\€Aw€:F€(wlaw2a"'7wm)7 (41)

awg + (1 —a)0ywe = p; on 92 x {t > 0}, (4.2)

where the reaction term Fy, and wy are given in (L.8)) and (1.7)), respectively.

Note that condition (|1.4)) guarantees the parabolicity of the proposed reaction-
diffusion system in (|1.1)—(1.3), which implies it is equivalent to (4.1)—(4.2) in the

region

(m+1—0k

m S : ™
Seo={(u],...,u),) €R :w?:Zugsm ] >0, e L}

with

This implies that the components w, are necessarily positive.

Proposition 4.2. System (4.1)-(4.2) admits a unique classical solution (w1, ws,
ey W) on (0, Tnax) X Q.

m
If Tax < 00 then | lim - ; lwe(,)]los = 00, (4.3)
where Tax (|0 oos [[WI]|0os - - -, |, ]|eo) denotes the eventual blow-up time.

Before we present the main result of this paper, let us define

K =K | xK'—[H"? r=3,...1, (4.4)
where
. k=r—2 o(r—k—2)
oy = IS%SI((ae,ﬁ)llel:ﬁ}r) kl:[l (det[k)) R N
o -1 ) m—1 R -1
Kl2 =N H ai(PkJrl) H ei(Pk+2) [H 9]3 _ A%l}
k=1 k=l k=1

positive value
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-1 m
le Y /5\25\193(131“)2 H gl(cpk+2)2+(pk+1)2 H oi(mm)z [Q%Azz _ Aleu].
k=2 k=l

positive value
The expression det ((agx)esi,..r+1) denotes the determinant of r square symmet-
1<t,m<1 k#l=1,...7r
ric matrix obtained from (ag . )1<¢ x<m by removing the (r + 1)*®, (r 4+ 2)t% ..
rows and the r** (r + 1) ... (I — 1) columns. where det[1],...,det[m] are the
minors of the matrix (agx)1<s,x<m-. The elements of the matrix are:

lth

VI o
g = “; I Gl e RGOS 98';;'"1)”“). (4.5)

3o Xt
where Ay in (3.2)—(3.3). Note that Ay, = 2\7& for all ¢,k = 1,. and

Op; € =1,...,(m — 1) are positive constants.

Theorem 4.3. Suppose that the functions Fy, £ = 1,...,m, are of polynomial
growth and satisfy condition for some positive constants Dy, ¢ =1,.

sufficiently large. Let (w1 (t, "), wg(t Vs wp(t, ) be the solution of (4.1 . .
and
P = / Hy (0i(t2), ws(t,2), ., wm(t 2))da, (4.6)
Q
where
H,, (wi,...,wn)
p77l

2
Pm 1 p1gP1 p(m 1) wb2—P1 Pm —Pm—1
E E cy . Cpoyt 9(m 1)w1 5 T ,
Pm—1=0 p1=0
!

m. Also suppose that the following

with py, a positive integer and CP* =
condition is satisfied

Kl>0, 1=2,...,m, (4.7)
where K} was defined in . Then, the functional L is uniformly bounded on the
interval [0, T*], T* < Tax.

Corollary 4.4. Under the assumptions of Theorem all solutions of (4.1])—(4.2)
with positive initial data in L>°(2) are in L>°(0,T*; LP(Q2)) for some p > 1.

Proposition 4.5. Under the assumptions of Theorem[{.3, and assuming the condi-
tion (1.4)) is satisfied, all solutions of (4.1)—(4.2) with positive initial data in L>° ()
are global for some p > %

5. PROOFS OF MAIN RESULTS
For the proof of Theorem we first need to define some preparatory Lemmas.
Lemma 5.1. With Hp_ being the homogeneous polynomial defined by (4.6, dif-
ferentiating in wy yields

Pm—1
O Hyp = > zcg:;;; O gl ot

Pm—1=0 p1=0 (5.1)

« wfl wgz—legs—Pz o w"(’rpim_l)_pm—l .
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Similarly for £ =2,...,m — 1, we have
Pm—1 P2 2 p? ( 1)2 ( +1)2
— Pm— P (e—1) p(pe+ P(m—1)
OwHp, =pm > > CEroiCogp g, o g
Pm—1=0 p1=0
X wtwhTPrks TP .wggmfl)fpmfl.
(5.2)
Finally, differentiating in w,, yields
Pm—1 P2 5 5 p2
_ m— D1 D (m—1)
O Hp, =pm Y o > COmy L CR2CROT 05 .00
Pm—1=0 p1=0 (53)
x whwh? TP TP qpPm =D =Pmo1
Lemma 5.2. The second partial derivative of H,,  in w; is
Pm—2 p3 P2
6wan = Pm(pm — 1) Z Z Z 01177:::12 : "011;21
Pm—1=0  pa=0p1=0 (5.4)

2)? m-1)+2)? _ oy
><9§p1+) ...98:_1)1) )w’flwgz pl...w%’m 2)=pm-1

Similarly, we obtain

Pm—2 P2
awan = pm(pm - 1) Z T Z 05:::12 ce 0521

Pm—1=0 p1=0

2 2 2 2 2
P71 nP3 Pe—1 n(pe+2) (Pm-1)*2)" p1 po—p1 (Pm—2)—Pm—1
X 071057 ...0,°7°0, .0 w coowpk .

(m—1) 1 Wy 55)
foralll=2....m—1,
Pm—2 p2
QuewnHn = Pm(pm = 1) D ==Y Opry... OB
Pm—1=0 p1=0 (5 6)
el I T (e A
x witwh 7P w,(,’;’”_Q)_p’"‘l
for all1 <4 <k <m. Finally, the second derivative in wy, is
Pm—2 P2 5 2
Ouz Hy = pm(pm —1) > ==Y CProh . CRIOY ...efg‘;;;
P00 (5.7)

P1,,P2—P1 (Pm—2)—Pm—1
wytws coowbm m=t,

Lemma 5.3 ([1]). Let A be the m-square symmetric matriz defined by A = (aq.),
with 1 < ¢,k < m, then

o(m—k—2)
b)

k=m—2
K = det[m] H (det[k]) m > 2,
k=1

(5.8)
K3 = det[2],
where

K\, = KK (HY?, 1=3,...,m,
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k=1-2 o(l—k—2)
Hrln: det ((ag,{g?gm’ l+1) H (det ) , 1=3,....m—1,

1<l,k<m K#EM—1,.

2 2 12
K, = a110mm — (alm) , HY = ai1a2m — a12a1m.

Proof of Theorem[{.3 The aim is to prove that L(t) is uniformly bounded on the
interval [0, T*],T* < Tmax- Let us start by differentiating L with respect to ¢:

/@H dxf/Z g pmaa’ll;/ T

/ Z Ow, Hp,, ()\gA’wg + Fy)dx

Q5
/ ZA@W H,, Awgdz + / Zawﬂpm Fyda
Q=1 Q=
=1+J,
where
I= Z)\MWH Awgdz, (5.9)
Q=1
/ ZaWHpm Fydz. (5.10)
Q=1
Using Green’s formula, we can divide I into two parts I; and I where
I = Z Ao, Hy, Opwide, (5.11)
=
)\Z + )\/{
I = — [(( o, H ) )T]Td , 12
2 /Q 2 8 wtWeTTPm 1<t,k<m v (5 )

fOI'pl :Oa"'aanpQZOa"'vp?) <o Pm—1 :Oa"'7pm_2and
= (Vwy, Vws, ..., V).
Applying Lemmas [5.1] and [5.2] yields

Ao+ e
awmwszm
2 1<l,k<m
Pm—2
_ g 1 V4 ,—2)—DPm—
- ) S S e o ((ansien Jul e,
Pm—1=0 p1=0

(5.13)
where (agy)1<e,x<m is the matrix defined in formula (4.5)).
Now, the proof of positivity for I is reduced to proving that there exists a positive
constant Cy independent of ¢ € [0, Tiax) such that

I <Cy forallte |0, Tax), (5.14)

and that
I, <0, (5.15)

for several boundary conditions. First, let us prove the formula in (5.14):
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(i) If 0 < @ < 1, then using the boundary conditions (|1.2)) we obtain

L = / Z )‘Zawszm (Ve — owe)dz,
0

Q=

— (e —
where 0 = - and v, =

,...m. Since

Z O Hy, (v — owy) = Py (W) = Qu (W),

where P,_; and @Q,, are polynomials with positive coefficients and degrees n — 1
and n, respectively, and since the solution is positive, it follows that
limsup H(W) = —o0, (5.16)
2o0L lwe]—4o0
which proves that H is uniformly bounded on R and consequently .

(ii) If & = 0, then I; = 0 on [0, Tinax)-

(iii) The case of homogeneous Dirichlet conditions is trivial, since in this case
the positivity of the solution on [0, Tiax) X  implies d,w, < 0,V = 1,...m on
[0, Timax) X 082 Consequently, one obtains the same result in with Cy = 0.
Hence, the proof of is complete.

Now, we pass to the proof of : Recall the matrix (asx)1<s,x<m Which was
defined in formula . The quadratic forms (with respect to Vwg, £ =1,...,m)
associated with the matrix (asx)i<¢w<m, With p1 = 0,...,p2, p2 = 0,...,p3

<. Pm—1=0,...,pm—2, is positive definite since its minors det[1], det[2],...det[m)]
are all positive. Let us examine these minors and prove their positivity by induction.

The first minor

det[1] = A F2 gD glren 0t g

is trivial for p; =0,...,p2, p2=0,...,p3 ... Dm_1=0,...,pm — 2.

For the second minor det[2], according to Lemma [5.3 m we obtain

det[2] = K2 = A A0 D) H 92“’”2) (02 — A2,).

Using (4.7) for I = 2 we get det[2] > 0.

Similarly, for the third minor det[3], and again using Lemma we have

K3 = det[3] det[1].
Since det[1] > 0, we conclude that
sign(K3) = sign(det[3]).

Again, using (4.7) for I = 3, we obtain det[3] > 0.
To conclude the proof, let us suppose det[k] > 0 for k =1,2,...,] — 1 and show
that det[l] is necessarily positive. We have

k=1—-2
det[k] >0, k=1,...,(0—1),= [] (detk)>*" " >o0. (5.17)
k=1
From Lemma [5.3] we obtain
k=l-2 (l—k—2)
det[] (det[k]) :
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and from (5.17)), we obtain sign(K}) = sign(det[l]). Since K| > 0 according to (4.7
then det[l] > 0 and the proof of is finished. It follows from and ([5.15
that I is bounded. Now, let us prove that J in (5.10)) is bounded. Substituting the
expressions of the partial derivatives given by the second integral of
yields

pm—1
_ P —1 P1,,P1, P2—P1 Pm—1=pm—1
J—/[ g E Cpry ... Chiwy wy coowbm m
Q

Pm—1=0 p1=0

( H g(pe+1) F erzlnl—‘[lopk 1:[ Q(MH)ZFK +“ﬁ1 GﬁiFm)d:p
k=2 k=1 =K =1

Pm—1

Pm—1 p1 102 —p1 Pm—1—Pm—1
/[pm E C’p PN w4 T

Pm—1=0 p1=0

m—1 p(pe+1)? m—1 rrr—1 pps Tym—1 p(pe+1)32 m—1
0, 3 [Tz 02 0, >
/=1 k=1"k =K Py
x ( m—1 9;0; P+ m—1 910, Fe+ Fm) H 93 dx
=1 K=2 =1 =1
Ppm—1

_ Pm—1 p1 Pz —Pp1 Pm—1—DPm_1
_/[ S § o/ e T S
Q

Pm—1=0 p1=0

m—1 9(p4+1)2 m—1r—1 m—1 ,(pg+1)2 m-1
(I 5—m+ I 11 F+ Fn) [] 0/ do.
(=1 k=2 k=1 l=kK 0 (=1

Hence, using condition , we deduce that
Pm— P2 m
J < CS / Z C‘g; ) OZZ:::: 1 ’lU wgz P wglm—l—z)mfl (1—|—Z U}Z):| dx.
Pm—-1=0 p1=0 =1
To prove that the functional L is uniformly bounded on the interval [0, T*], let us
first write
Pm—1 P2 m
Z Z 0521 . Cpm71w1 wngpl .“w%n—l—pmfl(l_,_zwe)
Pm—1=0 p1=0 (=1

= Ry, (W) + 5, 1(W),

where R, (W) and S, —1(W) are two homogeneous polynomials of degrees py,
and p,, — 1, respectively. Since all of the polynomials H,, and R, are of degree
Dm, there exists a positive constant C¢ such that

/ R, (W)dz < Cg / H,, (W)da. (5.18)
Q Q

Applying Hoélder’s inequality to the following integral one obtains

Pm—1

/S m—1(W)dz < (meaSQ)ﬁ</(Spm_l(W))%dm) o
Q 0

Since for all wq,wsa,..., Wm—1 > 0 and wy,, > 0,

m Pm

(Spm—l(W))p:L71 _ (Spm—l(xhx% <oy Im—1, 1))pm'71

H,, (W) H, (z1,%2,...,2m-1,1) ’
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where for all £ € {1,2,...,m — 1}, xy = -2 and

We+1

lim (Spm—l(xlax27'"axm—lal))pm_l
Ty—+00 Hpm(lll,.’lﬁg,...,ajm,]_,l)

one asserts that there exists a positive constant C7 such that
Pm
(Spnz_l (W)) pm =1
H,, (W)

Hence, the functional L satisfies the differential inequality

< Cq, forall wy,ws,..., wy > 0. (5.19)

Pm—1

L'(t) < CgL(t) + CsL »m (1),

which for Z = L= can be written as

A simple integration gives the uniform bound of the functional L on the interval
[0, T*]. This completes the proof. a

Proof of Corollary[{.f} The proof of is an immediate consequence of Theorem [.3]
and the inequality

m

/Q (wa(tvx))pdilf < CoL(t) on [0,T7]. (5.21)

(=1
for some p > 1. O

Proof of Proposition[{.4 From Corollary there exists a positive constant Cig
such that

/Q (iwg(t,x) + 1>pdx < Cio on [0, Tmax)- (5.22)
From (1.9), we have th;t:1for all £ € {1,2,...,m},
F(W)[F < cu<w>(f:m<t,x>)” on [0, Thna) X . (5.23)
=1
Since wy, wa, . .., Wy, are in L(0,7%; LP(?)) and £ > , the solution is global. [

6. FINAL REMARKS

Recall that the eigenvectors of the diffusion matrix associated with the eigenvalue
¢ is defined as vy = (U1, V2, ..., Vem)t. It is important to note that if v, is an
eigenvector then so is (—1)7,. In the region considered in previous sections, we only
used the positive Ty. The remainder of the 2" regions can be formed using negative
versions of the eigenvectors. In each region, the reaction-diffusion system with a
diagonalized diffusion matrix is formed by multiplying each of the m equations
in by the corresponding element of either Ty or (—1)v, and then adding the
m equations together. The equations multiplied by elements of 7, form a set £,
whereas the equations multiplied by elements of (—1)v, form a set 3. Hence, we
can define the region in the form

u v, > 0,

NE

Ye3= {(u?,ug,...,ugn) cR™: w? =

=~
Il

1
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m
le L, wgz(—l) E ui@kZO, zEB}
k=1

with

m
Pg = Zﬁkv('mrklff)k Z Oa l S '27
k=1

P = (=1 Bivmri—ar =0, z€3.
k=1
Using Lemma [3:2] we obtain

S 1— 0k
Yoz = {(u?,ug,...,uo ) ER™ :w) zz:ugsinM >0,

m — m+1 -
le g, wg(l)éugsmw >0, 263},
with
pg = éﬁk sin (m :11_:16)]6” >0, (el
ﬁ&Z(—Ué;@ﬁm(mt;+fmﬂ_0, z €3,

£N3=0, LU3={12,...,m}.
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