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SOLUTIONS TO QUASI-LINEAR DIFFERENTIAL EQUATIONS
WITH ITERATED DEVIATING ARGUMENTS

RAJIB HALOI

ABSTRACT. We establish sufficient conditions for the existence and unique-
ness of solutions to quasi-linear differential equations with iterated deviating
arguments, complex Banach space. The results are obtained by using the
semigroup theory for parabolic equations and fixed point theorems. The main
results are illustrated by an example.

1. INTRODUCTION

Let (X,]| - ||) be a complex Banach space. For each ¢, 0 < ¢t < T < oo and
x € X, let A(t,z) : D(A(t,z)) C X — X be a linear operator on X. We study the
following problem in X:

Al = £ ult) ulwstu®)), >0

dt
u(0) = ug,

where u : Ry — X, up € X, wi(t,u(t)) = hi(t,ulha(t,. .., ulhm(t,u(t))...))),
iRy xXxX —Xand h;j : Ry xX — R4, j=1,2,3,...,m are continuous
functions. The non-linear functions f and h; satisfy appropriate conditions in terms
of their arguments (see Section [2)).

The class of quasi-linear differential equations is one of the most important classes
that arise in the study of gas dynamics, continuum mechanics, traffic flow models,
nonlinear acoustics, and groundwater flows, to mention only a few of their appli-
cation in real world problems (see [2, 5], [16]). Thus the theory of quasi-linear
differential equations and their generalizations become as one of the most rapid
developing areas in applied mathematics. In this article we consider one such gen-
eralization. We establish the existence and uniqueness theory for a class quasi-linear
differential equation to a class quasi-linear differential equation with iterated devi-
ating arguments. The main results of this article are new and complement to the
existing ones that generalize some results of [7, [8,28]. Different sufficient conditions
for the existence and uniqueness of a solution to quasi-linear differential equations
can be found in [II, B 8 16} 17, 18, 22| 26]. Further, we refer to [4, [7, [14] I3] for a

(1.1)
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nice introductions to the theory of differential equations with deviating arguments
and references cited therein for more details.

The plentiful applications of differential equations with deviating arguments has
motivated the rapid development of the theory of differential equations with devi-
ating arguments and their generalization in the recent years (see [7} [8] [, 10} 111 [19]
27, 28, 291 [30]). Stevié [28] has proved some sufficient conditions for the existence
of a bounded solution on the whole real line for the system

u'(t) = Au(t) + G(t, u(t), u(vi(1), v/ (9(1)),

where v1(t) = fi(t,x(fa(t, ..., z(fr(t,z(t)),...))), A = diag(A1, Ag) is an n X n real
constant matrix with A; and As matrices of dimensions p X p and g X g, respectively,
p+g=n,and G: RxR"xR"xR* - R", f; :RxR" =R, j=1,2,3,...,k and
g : R — R. The results are obtained when G(-, x,y, z) satisfies Lipschitz condition
in z,y,2; f;(-,x) satisfies Lipschitz condition in = and A satisfies some stability
condition [2§].

Recently, Kumar et al [I9] established sufficient conditions for the existence of
piecewise continuous mild solutions in a Banach space X to the problem

d

Srul®) + Au(t) = g(t,u(t), ulvi (t,u®)), el =[0,T], t#ty,
Auli—y, = I(u(t,)), k=1,2,...,m, (1.2)
u(0) = uo,

where

ot u(t) = filt ulfalts. .. u(f(t u(®))) . .)))
and —A is the infinitesimal generator of an analytic semigroup of bounded linear op-
erators. The functions g and f; satisfy appropriate conditions. I, (k=1,2,...,m)
are bounded functions for 0 =ty < t1 <,...,< ty < tms1 = To, and Auli—y, =
u(th) —u(ty), u(ty) and u(t)) represent the left and right hand limits of u(t) at
t = 1y, respectively. For more details, we refer the reader to [19].

With strong motivation from [19, 27, 28, [29], we establish the sufficient condition
for the existence as well as uniqueness of a solution for a quasi-linear functional
differential equation with iterated deviating argument in a Banach space.

We organize this article as follows. The preliminaries and assumptions on the
functions f, h; and the operator Ay = A(0,up) are provided in Section The local
existence and uniqueness of a solution to Problem have established in Section
The application of the main results are illustrated by an example at the end.

2. PRELIMINARIES AND ASSUMPTIONS

In this section, we recall some basic facts, lemmas and theorems that are useful
in the remaining sections. We make assumptions on the functions f, h; and the
operator Ag = A(0,up) that are required for the proof of the main results. The
material covered in this section can be found, in more detail, in Friedman [5] and
Tanabe [31].

Let £(X) denote the Banach algebra of all bounded linear operators on X. For
T € [0,00), let {A(t) : 0 <t < T} be a family of closed linear operators on the
Banach space X such that

(B1) the domain D(A) of A(t) is dense in X and independent of ¢;
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(B2) the resolvent R(\; A(t)) exists for all Re A < 0, for each t € [0,7T], and

c
R\ A < ——,ReA <0, tel0,T
IROSAW)] < g ReA <0, 1€ 0.7]
for some constant C' > 0 (independent of ¢ and A);
(B3) there are constants C' > 0 and p € (0, 1] with

ITA(t) = A(N)]A™ ()] < Clt =717,

for t,s,7 € [0,T], where C' and p are independent of ¢, 7 and s.

Note taht assumption (B2) implies that for each s € [0,7], —A(s) generates a
strongly continuous analytic semigroup {e~*4() : ¢ > 0} in £(X). Also the as-
sumption (B3) implies that there exists a constant C' > 0 such that

IA®A™ ()] < C, (2.1)

for all 0 < s,¢t < T. Hence, for ecach ¢, the functional y — || A(t)y| defines an
equivalent norm on D(A) = D(A(0)) and the mapping ¢ — A(t) from [0, 7] into
L(X7,X) is uniformly Hélder continuous.

The following theorem will give the existence of a solution to the homogeneous
Cauchy problem

du . *

Theorem 2.1 ([5l Lemma II. 6.1]). Let the assumptions (B1)—(B3) hold. Then
there exists a unique fundamental solution {U(t,s) : 0 <s <t <T} to (2.2).

Let CA([t*, T]; X) denote the space of all X-valued functions h(t), that are uni-
formly Holder continuous on [¢*,T] with exponent 3, where 0 < 8 < 1. Then the
solution to the problem

du

= TAQu=h(t), u(t)=uy, t>">0 (2.3)

is given by the following theorem.

Theorem 2.2 (|5, Theorem II. 3.1 |). Let the assumptions (B1)—~(B3) hold. If
h e CB([t*,T); X) and ug € X, then there exists a unique solution of ([2.3)) and the

solution
t

u(t) = U(t, t Yo + [ U(t,s)h(s)ds, t*<t<T

*

is continuously differentiable on (t*,T].

We need the following assumption to establish the existence of a local solution
to (L1)):
(H1) The operator Ag = A(0,up) is a closed linear with domain Dy dense in X
and the resolvent R(A; Ag) exists for all Re A < 0 such that

[(AT — Ag) Y| < for all A with Re A < 0 (2.4)

C
1+ A

for some positive constant C( independent of ).
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Then the negative fractional powers of the operator Ag is well defined. For o > 0,

we define
1

—a __ —tAgpa—1
Ayt = o) /0 e 7 dt.
Then Ay “ is a bijective and bounded linear operator on X. We define the positive
fractional powers of Ag by Ay = [4;*]7!. Then A§ is closed linear operator and
domain D(A§) is dense in X. If ¢ > v, then D(Ag) C D(Af). For 0 < a < 1, we
denote X, = D(A§). Then (X,,| - ||) is a Banach space equipped with the graph
norm
[z]lo = | AG]l-

If 0 < a <1, the embeddings X, — X are dense and continuous.
For each o > 0, we define X_,, = (X,)*, the dual space of X,,, endowed with
the natural norm
[z]|—a = |4g “=]|-

Then (X_q, | - ||-a) is a Banach space. The following assumptions are necessary
for proving the main result.
Let R,R; > 0and B, = {zx € X, : ||z|la < R}, Ba—1 ={y € Xo—1: |[Ylla=1 <
Ry},
(H2) The operator A(t,z) is well defined on Dy for all ¢ € [0,T], for some « €
[0,1) and for any « € B,. Furthermore, A(t,x) satisfies

A, z) — AGs,9)] A (s, 9| < C(R)[It = sI” + |z — y12] (2.5)
for some constants 6,y € (0,1] and C(R) > 0, for any ¢,s € [0,T] and
z,y € B,.

(H3) For « € (0,1), there exist constants Cy = Cy(t, R, R1) > 0and 0 < 8,v,p <
1 such that the non-linear map f : [0, 7] X B, X Bo—1 — X satisfies

1tz 20) = f(s, 9,90l < Cp(t = sl” + llz =yl + llzr = yallo—y) (2.6)

for every t,s € [0,T), z,y € Ba, T1,Y1 € Ba—1-
(H4) For some a € [0, 1), there exist constants Cp,; = Cp,(t, R) > 0 and 0 < 0; <
1, such that h; : Bo—1 x [0,T] — [0, T satisfies h;(-,0) = 0,

| (t, ) = hy(s,9)| < O, (|1t = s + llz = yll2 ), (2.7)

for all z,y € B,, for all s,t € [0,T] and j =1,2,...,m.
(H5) Let up € Xp for some 8 > «, and

[[uolla < R. (2.8)

(H6) The operator A" is completely continuous operator.

Remark 2.3. We note that the assumptions (H1) and (H6) imply that A~ is
completely continuous for any 0 < v < 1. Indeed, we define

1 o0
A—IJ - - _tAotl/_ldt.
09~ T(a) / ‘

We write Ay = Ay ' (AoAyY). As AgAyY is a bounded operator for each ¥ > 0,
so Ay is completely continuous. Also |[A; 7 — Ag”|| — 0 as ¥ — 0. Thus Aj" is
completely continuous.
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Let us state the following Lemmas that will be used in the subsequent sections.
Let CA([t*,T]; X) denote the space of all Holder continuous function from [t*, 7]
into X.

Lemma 2.4 ([0, Lemma 1.1]). If g € C?([t*,T]; X), then H : CP([t*,T); X) —
C([t*,T]; X1) by

Ho(t) = /t Uit s)g(s)ds, *<t<T

*

is a bounded mapping and ||Hg||c(- 1):x,) < Cllgllcs =11, x), for some C > 0.
As a consequence of Lemma [2.4] we obtain

Corollary 2.5. For v € Xy, define
¢
R(v;g) =U(t,0)v +/ U(t,s)g(s)ds, 0 <t <T.
0
Then R is a bounded linear mapping from X, x CP([0,T]; X) into C([0,T]; X1).

3. MAIN RESULTS

We establish the existence and uniqueness of a local solution to Problem .
Let I denote the interval [0, 6] for some positive number § to be specified later. For
0<a<l,letCy = {ulu:I — X, is continuous} Then (Cq, || - ||c) is a Banach
space, where || - ||oo is defined as

luloo = suII) lu(t)|| o for u e C(I; Xu)-
te

Let
Yo=Cr (I; Xq1) = {y €Cq : |lyt) — y(s)llam1 < Lo|t — s| for all t,s € I}

for some positive constant L, to be specified later. Then Y, is a Banach space
endowed with the supremum norm of C,.

Definition 3.1. A function v : I — X is said to be a solution to Problem (1.1)) if
u satisfies the following:
(i) u(-) € Cr, (I; Xou1) NCYH(0,0); X) N C(I; X);
) u(t) € X, for all ¢ € (0,0);
(i) 2%+ At u(®)u(t) = f(t,u(t), u(wi(u(t),t))) for all t € (0,0);
) w(0) = ug.

We choose R > 0 small enough such that the assumptions (H2)—(H5) hold. Let
K >0and 0 <n < B — «a be fixed constants, where 0 < o < § < 1. Define

W(6,K,m) = {z € Ca Ny :2(0) = ug, |2(t) — 2(s)||a < K|t — s|" for all ¢,s € I}.

Then W is a non-empty, closed, bounded and convex subset of C,. We prove the
following theorem for the local existence and uniqueness of a solution to Problem
(1.1). The proof is based on the ideas of Haloi et al [§] and Sobolevskii [26].

Theorem 3.2. Let uy € Xp, where 0 < o < § < 1. Let the assumptions (H1)-
(H6) hold. Then there exist a solution u(t) to Problem (1.1)) in I =10,0] for some
positive number 6 = 6(a,ug) such that u € WN C((0,0); X).
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Proof. Let x € W. Tt follows from (H5) that
lz()||lo < R fortel (3.1)
for sufficiently small 6 > 0. By assumption (H2), the operator
A,(t) = Alt, 2(0))
is well defined for each ¢t € I. Also it follows from assumption (H2) and inequality
that
114u(t) — Au()] A5 | < Clt — 5| for ju = min{0, vn}, (3:2)

for C' > 0 is a constant independent of ¢ and = € W. We note that A,(0) = Ao.
Assumption (H1) and inequality (3.2]) imply that

[N — A ()Y < TE N for A with ReA <0, te I, (3.3)
sufficiently small § > 0. Again from assumption (H3), it follows that
I[A(t) — Ax(8)]AZY(T)|| < C|t — s|* fort, 1,5 € I. (3.4)

It follows from the assumption (H2), and that the operator A, (t) sat-
isfies the assumptions (B1)-(B3). Thus there exists a unique fundamental so-
lution U,(t,s) for s,t € I, corresponding to the operator A;(¢) (see Theorem
Rd). For z € W, we put f,(t) = f(t,x(t),z(wi(t,x(t)))). Then the assump-
tions (H3) and (H4) imply that f, is Holder continuous on I of exponent v =
min{0,yn, 01p, O2nvp, 030*¥2p, . .. ., 0™ 1y™ " 1p}. By Theorem there exists
a unique solution 1, to the problem

WD) | A (tpalt) = £o(0), 1T

t (3.5)
1/’(0) = Uo

and given by

alt) = U (t, 0)ug +/Ot Un(t, s)fu(s)ds, tel.

Now for each z € W, we define a map @ by
t
Qz(t) = Ug(t, 0)ug —|—/ U,(t,s)fz(s)ds foreacht e I.
0

By Lemma and the assumption (H5), the map @ is well defined and @ : W — C,,.
We show that @ maps from W into W for sufficiently small 6 > 0. Indeed, if
t1,to € I with to > t1, then we have

|Qz(t2) — Qz(t1)]la-1

< ||[Ux(t27 0) - Ux(tla O)]UOHQ—I (36)
0

+H43M@$ﬁ@@f/lmmﬁn®®mq

Using the bounded inclusion X — X, _1, we estimate the first term on the right
hand side of (3.6 as (cf. [5l Lemma II. 14.1]),

H (Uw(tg, 0) — Uw(tl, 0))’&0“ < C]_H’U,Olla(tQ — tl), (37)

a—1 —
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where C} is some positive constant. Using [5, Lemma 14.4], we obtain the estimate
for the second term on the right hand side of (3.6) as

’ xT ) xT d - tlUw 5 T d o—
|| / Uy (t2, 8) fu(5)ds / (1, ) o ()30
< CoMy(t2 — t1)(|log(ta — t1)| + 1),

(3.8)

where My = sup,cio 1) || f2(s)|| and Cz is some positive constant.

Thus from (3.7)) and (3.8)), we obtain
1Qx(t2) — Qu(t1)la—1 < Laltz —ta, (3.9)

where L, = max{C1||ug||a, C2My(|log(ta—t1)|+1)} that depends on Cy, Cy, My, 4.
Finally, we show that

1Q(t + At) — Qu(t)|la < Ki(At)"

for some constants K7 > 0, 0 < n < 1 and for t € [0,6]. For 0 < a < § < 1,
0<t<t+ At <4, we have

1Q(t + At) — Qu(t)| o

< H[Ux(t—i—At,O) - Ux(t,O)]uoHa (3.10)

t+At t
+|\/O Uw(t—i—At,s)fx(s)ds—/O Us(t, ) fo()d5]

Using [B, Lemma II. 14.1] and [5, Lemma II. 14.4], we obtain the following two
estimates

([Us(t 4 At,0) — Up(t,0)]ugla < C(a, ug)(At)P~; (3.11)

t+At
H/O Ua(t + At 5) fa(s)ds —/O Us(t,5) fo()ds]
< O(a)My(At) (1 + | log At]).
Using (3.11)) and (3.12) in (3.10), we obtain
[Qz(t + At) — Qz(t)||a
< (A" | Ca, up) 8P~ + Ca) M8” (AL) =777 (| log At| + 1)}

(3.12)

for any v > 0,v < 1 —a —n. Thus for sufficiently small § > 0 , we have
|Qz(t + At) — Qx(t)||o < K1(At)" for all ¢ € [0, 4],

some positive constant K;. Thus @ maps W into W.
We show that @ is continuous in W. Let t € [0,6]. Let x1,20 € W. We put
d1(t) = Vg, (t) and @a(t) = Vs, (t). Then for j = 1,2, we have

do;(t)
dt

+ Ay, (1)9;(t) = fa,(t), te€(0,0];
¢;(0) = up.

(3.13)

Then from (3.13)), we have

MO0 | g, (61— 2)(8) = [Aeat) ~ Ar, (O)62(0) + [, () — Fr )
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for ¢t € (0,0]. We note that Agzo(t) is uniformly Holder continuous for 7 < ¢ < §
and for 7 > 0 which is followed form [5, Lemma II. 14.3] and [5, Lemma II1.14.5].
Again Lemma [2.4] implies that

t
A0 [ Unato5) (51 < Cy
0
for some positive constant C'5. Thus we have the bound
[ Ao (t)[| < Cat?~" (3.14)

for some positive constant Cy and ¢t € (0,6]. Further, in view of and (3.4),
the operator [A,, (t) — Ay, (t)]Ag " is uniformly Holder continuous for 7 < ¢ < § and
7 > 0. Hence, [A,,(t) — Ay, (t)]¢2(t) is uniformly Holder continuous for 7 < ¢t < §
and for 7 > 0. By Theorem 2.1 we obtain that for any 7 <¢ < § and 7 > 0,

¢1(t) — p2(t)
= Uy, (t,7)[61(7) — ¢2(7)]

[ Ut { 4005 = A (010205 + U ()~ T s

Using the bound (| -, we take the limit as 7 — 0 in (3.15]), and passing to the
limit, we obtain

01(0) = 02(0) = [ U (1.){[40(5) = A (9]6a(8) + 12, (9) = Fra(s)] s
Using , , and [5 inequlity II. 14.12], we obtain
Q1 (1) = Q) < COR) [ (1= 5) s (s) = als) 1"

(3.15)

+OCf/O (t—s)*a{nxl(s)fxz(s)nl (3.16)
ol (wn (1 (5), ) = o (@a(s), )]y s

where C' is some positive constant. Now using the bounded inclusion X, — X,_1,
inequalities (2.6 and (2.7)), we obtain

1 (w1 (21(s), 5)) — w2 (Wi (w2(s), 5)) G-

= ||z1(h1(t, z1(ha(t, ..., z1(hn(t, zl(t)))...))))
— za(ha(t, wa(ha(t, .. w2 (b (t, 22(1))) - -))) a1
< lwa (ha(t, 2y (ho(t, - 21 (hn(t, 21(2))) - )
— w1 (ha(t, wa(ha(t, .. w2 (b (t, 22(1)) - )61
+ |1 (b1 (t, z2(ha(t, . .., za (R (t, 22(1))) ... ))))
= za(ha(t, wa(ha(t, .. wa (b (t, 22(1))) - )6y
< LA hy(t, 21 (ha(t, ..., 21 (hm(t, 21(2))) ... )))
— hy(t,za(ha(t, ..., xa(hm(t,2z2(t))) .. NP + |21 — 22]|5
S LACE Nz (ha(t, ... xy(hn(t, z1(2))) - .

+ |71 — 225

— xo(ha(t, ..., xa(hm (t, 22(1))) .. ))|I22
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< IACP [Lg|h2(t, w1 (h(t 21 (1)) )

= ha(t, .o (bt 22(2))) - )P + |21 — Izlll”] Rl E R ][

< [1+ L6CE, + (LEPCECE, + -+ (L8)"CF, ... CF, Jllor — mall
= Cllar -zl (3.17)
where k = min{p, vp,v?p,...,v™ 1p} and
C=1+LLCY + (LO)*CY Cp + -+ (LE)™CY, ...Ch .
Using in , we obtain

1Qu1(t) - Qa(t)|a < CC(R) / (t = )01 (s) — wa(s)[15° s

11—«

- 5
+(1+O)CC T — Sm} 21(t) — 22(t)[1%
- te

3

< K697 sup ||z (t) — z2(8)|I4,
t€[0,d]

. ~ CC(R) (1+C)cC
where g = min{y, x} and K = max{i) ﬁf} Thus

l-a ?

sup [|Qu1(t) — Qua(t)lla < K87~ sup [z1(t) — za(t)]4- (3.18)
te[0,9] te(0,9]
This shows that the operator @ is continuous in W(d, K, 7). Again it follows from
inequality that the functions z(t) in W(4, K,n) is uniformly bounded and
is equicontinuous (by the definition of W(d, K,n)). If we can show that the set
{Y(t) : x € W(5,K,n)} for each t € [0, ], is contained in a compact subset of C,,
then the image of W(J, K,7) under @ is contained in a compact subset of Y,, which
follows from the Ascoli-Arzela theorem.
For each t € [0, 4], we have

Yo (t) = Ag VA (t), for0<v < f—a.

As {Af,(t) - x € W(J, K, n)} is a bounded set and A, " is completely continuous,
s0 {Y(t) : x € W(6, K,n)} for each ¢ € [0, 4], is contained in a compact subset of
Ca-

Thus by the Schauder fixed point theorem, @ has a fixed point z in W(4, K, n);
that is,

t
x(t) = Uy(t,0)ug + / U.(t,s)fz(s)ds for eacht € I.
0

It is clear from Theoremthat x € C*((0,8); X). Thus z is a solution to problem
(1.1) on I. O

The solution to Problem (|1.1) is unique with stronger assumptions. We outline
the proof of the following theorem that gives the uniqueness of the solution. For
more details, we refer to Haloi et al [§].
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Theorem 3.3. Let ug € Xg, where 0 < ow < § < 1. Let the assumptions (H1)—(H5)
hold with p =1 and v = 1. Then there exist a positive number § = §(a, ug) and a
unique solution u(t) to Problem (L.1)) in [0,8] such that u € W N C*((0,8); X).
Proof. We define

W, K,n) = {y € CoNYy 1 y(0) = wo, [ly(t)—y(s)|la < K|t—s|" for all ¢, s € [0,(5]}.

For v € W and [0,¢], we set w,(t) = Qu(t), where w,(t) is the solution to the
problem

dw, (t) _ .
p + A, (Hw, (t) = fu(t), te€][0,d]; (3.19)
w(0) = ug.
That is, Qu(t) is given by
Qu(t) = wy(t) = Uy(t,0)ug +/0 Uu(t,s)fu(s)ds, te€]0,0]. (3.20)

We choose & > 0 such that K6°~* < 1/2, where

[ { CC(R) (1+4C)CCy }

)

l-«a l-a
for some positive constant C. Then it follows from ([3.18) that the map @ defined
by (3.20]) is contraction on W. Thus by the Banach fixed point theorem @ has
unique fixed point in W. ]

Remark 3.4. The value of § in Theorem and Theorem depends on the
constants C' in ([2.4)), R, |Juo||s and R — |Ju|o for 0 < a < 8 < 1. So, any solution
u(t) on [0,4] is global solution to Problem (1)), it is sufficient to show [A(t, u(t))]
satisfies the a priori bound

A, ()] u(t)|| < D

for any t € [0,T] and for some positive constant D independent of ¢.

4. APPLICATION

Let X = L2(2), where Q is a bounded domain with smooth boundary in R™.
For T € [0, ), we define

Qr = {(t,x,y,z):er,0<t<T7y,z€X}.

We consider the following quasi-linear initial value problem in X [5 [§],

810((;7 x) + ﬁ;m ag(t, z,w, Dw)DPw(t, x)
= f(t,z,w(t,z),w(hi(w(t, x),t),z), t>0, xzc, (4.1)

DPw(t,z) =0, |B|<m, 0<t<T, x¢cdf,
w(0,z) = wo(z), =z €Q,
where
flt,z,w(t,x), w(h (w(t, x),t)),x)

:/Qb(y,x)w(y,¢1(t)|u(x,¢2(t)|u(x,...¢m(t)|u(t,:c)|)|)|)dy V(t,z) € O,
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¢; Ry = Ry, 7=1,2,3,...,m are locally Hélder continuous with ¢(0) = 0, and
be CH(Q x O R). Here we assume the following two conditions [5]:

(i) ag(-,-,-,-) is a continuously differentiable real valued function in all vari-
ables for || < 2m;
(ii) there exists constant ¢ > 0 such that

(=1)™Re { Z ag(t,x,w,Dw)Cﬁ} > c|¢|*™ (4.2)
|Bl=2m
for all (¢,z) € Q7 and ¢ € R™.
We take X1 = H>™(Q) N HY(Q), X1 /5 = H(Q), X_1/o = H'(Q) and define
At,u)u = Z ag(t,z,u, Du)DPu, Agu = Z ag(O,uo,Duo)Dﬂu,
|B]<2m |8]<2m
where u € D(Ap) and

BIE
Du= 53— 5
Ox|'0xy° ...0xn"
is the distributional derivative of u and g is a multi-index with 8 = (81, 82, .- ., Bn),
Bi > 0 integers. It is clear from (4.2) that —A(t) generates a strongly continuous

analytic semi-group of bounded operators on L?(§2) and the assumptions (H1), (H2)
are satisfied [5]. We define u(t) = w(¢,-). Then (4.1]) can be written as

B At u(®)ut) = £ u(t), u(un (u(®), > 0;

dt
u(0) = uy,

where w1 (t, u(t)) = hq(t, u(ha(t, ..., w(hm(t,u(t)))...))).
Let & = 1/2 and 2m > n. By Minkowski’s integral inequality and imbedding
theorem HJ'(2) C C(f2), we obtain

1 n () — £ toa(, Do < B2 /Q /Q (1 — o)y, ) Peldy

(4.3)

< o2, / (1 — o) (o) Py

< cf|blZ |l — 1/12”%15”(9)
for a constant ¢ > 0, for all ¥1,12 € HJ*(2). This shows that f satisfies (2.6).
We show that the functions h; : [0,T] x HJ*(2) — [0,T] defined by h,(t,¢) =
gi(t)|d(x, )| for each ¢ = 1,2,...,m, satisfies the assumption (2.7)). Let ¢t € [0,T].
Then using the embedding HJ*(Q2) C C(2), we obtain
Rt )| = 19s(8)] [x(, )]
< @ill ool XL (0,1)
< ClIxllaz -

where C' is a constant depending on bounds of ¢;. Let t1,t3 € [0,T] and x1,x2 €
HJ(2). Using the Holder continuity of ¢ and the imbedding theorem H{*(€2) C

C(9), we have
[hi(t, x1) = Ri(t, x2)| < [a()|(Ix2 (2, ) = [xa (@, )]) + [(6i(t) — dils))l|x2(z, )]
< [@illosolIx1 = X2l o0 (0,1) + Lo,

t —s%lIxzllz=(0,1)
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< Clldilloollxt — X2l ) + Lo, [t — sl° x|l mp )
< max{C||¢ilo0s L, [Ix2ls0 }(I[X1 = Xl () + 1t — 5|).

Thus (2.7) is satisfied. We have the following theorem.

Theorem 4.1. Let § > 1/2. Ifug € Xg, then Problem (4.3) has a unique solution

in L?(Q).
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