Electronic Journal of Differential Equations, Vol. 2014 (2014), No. 253, pp. 1-13.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

GROUND STATES FOR SCHRODINGER-POISSON SYSTEMS
WITH THREE GROWTH TERMS

HUI ZHANG, FUBAO ZHANG, JUNXIANG XU

ABSTRACT. In this article we study the existence and nonexistence of ground
states of the Schrodinger-Poisson system

—Au+V(z)u+ K(x)pu = Q(z)u, z € R3,
—A¢ = K(z)u?, = €R3,
where V', K, and @ are asymptotically periodic in the variable . The proof
is based on the the method of Nehari manifold and concentration compact-

ness principle. In particular, we develop the method of Nehari manifold for
Schrodinger-Poisson systems with three times growth.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

The Schrodinger-Poisson system
—Au+V(2)u+ K(x)pu = f(z,u), x¢cR3,
~A¢p = K(z)u?, xR

has great importance for describing the interaction of a charged particle with an
electromagnetic field. For more information on the physical aspects about system
(1.1)) we refer the reader to [6].

There are many existence and nonexistence results about nontrivial solutions,
radial and nonradial solutions, ground states, multiplicity of solutions and concen-
tration of solutions for system and similar problems. See the references in
this article. Especially, the study of ground states has made great progress and
attracted many authors attention for its great physical interests. Many results are
focus on the case that with more than three times growth. As we know, the
first result on the existence of ground states of was obtained by Azzollini and
Pomponio [5], they treated with f(z,u) = |u|9"2u and f(z,u) = u® + |[u|72u
(4 < q < 6) respectively and obtained ground states when V is constant or non-
constant, possibly unbounded below. Later, Cerami and Vaira [7] obtained positive
ground states of with V(z) = 1, f(z,u) = a(x)|u/P~'u, 3 < p < 5, and
a, K have the limit at infinity. Alves et al [I] studied with K(z) = 1 and
f(z,u) = f(u) continuous and discussed the existence of ground states when V is
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periodic and asymptotically periodic in the meaning that there exists a periodic
function Vj, such that lim|,| . [V () — V,(z)| = 0. More recently, in some weaker
asymptotically periodic sense, assuming that V, K and f are all asymptotically
periodic in z, we [26] showed that possesses ground states.

Comparing with the above case, the case that f is with less than or equal to
three times growth, there is no higher-order term in the nonlinearity. Then there is
no Mountain-Pass structure and the standard variational methods can not be used.
So there needs some techniques or new variational framework. In [I5] 27], with the
help of some parameters, the compactness of the PS sequence was recovered, and
then the authors deduced that the existence of nontrivial solutions.

By the motivation of above works, without use of parameters, we try to show the
existence of ground states for with three times growth. Moreover, we want to
know when there is no ground state.

In this article we study the system

—Au+V(2)u + K(z)pu = Q(x)u®, » € R,

~A¢p = K(z)u?, xR (12)

Letting F be the class of functions he L% (R3) such that, for every ¢ > 0 the
set {x € R3 : |h(z)| > €} has finite Lebesgue measure, we assume that:

(H1) V,K,Q € L>*(R?®), and there exist functions V,, K,,Q, € L>®(R3), are
1-periodic in x;,1 <7 < 3, such that V -V, K — K,,,Q — Q) € F;

(H2) there exist positive constants ag, by and go such that ap < V <V, by <
K <K,, Q> Qp > qo, where V,,, K, Q, are given in (H1);

(H2’) there exist positive constants ag, by and gy such that ap <V, <V, by <
K, <K, Q,>Q > q, where V,, K;,, Q, are given in (HI).

Our main results read as follows.
Theorem 1.1. Let (H1) and (H2) hold. Then (1.2) has a positive ground state.
Theorem 1.2. Let (H1) and (H2’) hold. In addition, if one of the three conditions

VEV, K#K, Q#Q,
is satisfied, then (1.2) has no ground state.

The outline for the proof: For system , we do not use the parameters as
in [I5, 27, 9], but improve the method of Nehari manifold [22] to prove Theo-
rems [[.I] and [[.2} In the process of using the method of Nehari manifold, since
our problem is lack of higher-order term of nonlinearity, the standard method of
Nehari manifold [22] needs to be re-established. We find that, although the Nehari
manifold is not homeomorphic to the unit sphere, it is homeomorphic to an open
set of the unit sphere. So we can still reduce the problem of looking for a ground
state into that of finding a minimizer of the functional on Nehari manifold. Then
we use concentration compactness principle to deal with the minimizing problem.
Since is non-periodic, we cannot use the invariance of the functional under
translation to look for a minimizer. By the periodicity of the limit system and the
relation of the functionals and derivatives of and its limit system, we find the
minimizer. In addition, we take advantage of the ground states of the limit system
and the relation of the functionals and derivatives of and its limit system to
obtain sufficient conditions for the nonexistence of ground states.
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The article is organized as follows. In Section 2 we give some preliminaries. In
Section 3 we introduce the variational setting. In Section 4 we prove Theorems

and [[L.2

2. NOTATION AND PRELIMINARIES

In this article we use the following notation:
Jgs h(x) dz will be represented by [ hdz. By (H1), (H2) or (H2’), we can define
the scalar product and norm in H*'(R?) by

(u, v) = /(vu Yo+ V(@)w)de, ul? = (u,u).

Moreover,
Jully = [ (96l + Vi(o)u?)

is an equivalent norm in H'(R3). D'?(R3) is the Sobolev space endowed with the
scalar product and norm

(u,v)p.2 :/Vu~Vvdx, w2 :/|Vu\2d:r.

S = {u € H'(R3) : ||ul|* = 1}. The norm in L"(R3?) (1 < r < o0) is denoted by
|- |r. For o >0 and z € R, B,(z) denotes the ball of radius o centered at 2.

The system can be easily transformed into a Schrédinger equation with a
nonlocal term. Actually, for all u € H*(R?), considering the linear functional L,
defined in DV2(R3) by

L,(v) = /K(w)uzv dx.
By the Holder inequality and the Sobolev inequality, we have
|Lu(0)] < |Koclulfayslvls < Cluliysllvllpre, (2.1)

here and below C' may indicate different constants. Hence the Lax-Milgram theorem
implies that there exists a unique ¢, € D»?(R3) such that

/Vd)uVU dx = (¢y,v)pre = Ly, (v)
(2.2)
= /K(x)u% dr, Y ve DY(R?).

Namely, ¢, is the unique solution of —A¢ = K(x)u?. Moreover, ¢, can be ex-

pressed as
Ky) »
bula) = [ ) dy
|z -yl
Substituting ¢, into the first equation of (|1.2)), we obtain

— Au+V(x)u+ K(2)pu = Q(z)u. (2.3)
By and we obtain

pullpr2 = | Lullc(pr2@s),R) < Cluliys-
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Then we obtain
|/Kuwwwﬂsmmmmw@5
2.4
< CIK ] llull pralulZy s (24)
< Coluliyys < Cullull™.

In addition, one easily show that the functional

1

1 1
1) = gl + § [ K@i de - § [Qutds

is of class C! and its critical points are solutions of (2.3)). By the above argument,
looking for ground states in H'(R3) x DV2(R3) for (1.2) is equivalent to seeking
for ground states in H'(R3) for (2.3). A solution @ € H(R?) of (2.3)) is called a
ground state if
I(@) = min{I(u) : w € H (R*)\{0}, I'(u) = 0}.
In the process of finding ground states for (1.2]), the corresponding periodic
system of (1.2)) is very important. The corresponding periodic system is defined by

—Au+ Vy(@)u+ Kp(z)gu = Qp(a)u’, z € R,

2.5
~A¢p = Ky(z)u?, z€R> (2:5)

As before this system can be transformed into the equation
— Au+ Vy(@)u + Kyp(2)duu = Q) (2.6)

Here ¢, € DY2(R3) is the unique solution of the equation
~A¢ = Kp(x)u?.
Moreover, the functional for (2.6)) is

1 1 ~ 1
o) = gl + [ K@dadda - ; [ Qo de
By [26, Lemmas 2.2, 2.3 and Remark 2.1], we have the following two results.

Lemma 2.1. Let K, € L>®(R?) be I-periodic in z;, 1 <1i < 3, and infgs K, > 0.
If z € Z3 and w(x) = w(x + 2) for any w € H'(R3), then

/Kp(x)(iaﬁfzdx = /Kp(x)éuuvdx, u,v € H(R?).

Lemma 2.2. Let (H1) hold. If (H2) or (H2’) is satisfied, then I' and I}, are weakly
sequentially continuous.

3. VARIATIONAL SETTING

In this section we describe the variational framework for our problem. In order
to find ground states, we shall use the method of Nehari manifold [22]. A very
important condition using the method of Nehari manifold is that the functional has
a unique maximum point along the direction u, for any u € H*(R?)\ {0}. However,
since our functional T is lack of the higher-order term of the nonlinearity, I(tu)
(t > 0) may not have the maximum, and therefore the standard method of Nehari
manifold cannot be used. Partially inspired by [12], where the authors considered
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the existence of infinitely many nontrivial solutions of quasilinear Schrédinger equa-
tions, we find that if we restrict the functional I(tu) in a set, then the functional
has a unique maximum. In [22], the authors showed that when the functional has
a unique maximum, the Nehari manifold is homeomorphic to the unit sphere. So it
is natural to think that the Nehari manifold is homeomorphic to the intersection of
the above set and the unit sphere. Then we can use the one-to-one correspondence
of the functionals on the manifold and the intersection to improve the method of
Nehari manifold in [22], and therefore find ground states.
First we give the Nehari manifold M corresponding to I,

M = {u € H'(R*\{0} : (I'(u),u) = 0},
where
') =l + [ Kol da~ [ Qojut dz,
and the least energy on M is defined by ¢ := infy, I.

Lemma 3.1. Let V,K,Q € L>(R3) be such that infgs V > 0, infgs K > 0, and
infrs @ > 0. Then I is coercive on M.

Proof. For all u € M, we have
1 1
I(w) = I(u) = ;(I'(u),u) = EHUHQ- (3.1)
Then 1|y is coercive. O

By the above statement, we need to use a new set to construct the new variational
framework. We define

0:={uc H' (R?): /K(z)qbuu2 dzr < /Q(x)u4 dz}.

Since K,Q € L>*(R3) by (H1) and infgs K > 0 and infgs Q > 0 by (H2) or (H2’),
we claim that © # . In fact, let uy € C§°(R3,[0,1]) be such that ug = 1 in B,.(0),
up = 0 in R3\ By,.(0), where r is to be determined. Then

K(z)K
[ K@oudao= [ [ EEED G0 dyas

1
<z [ dy dz
|z|<2r J|y|<2r lz -yl

1
= |K|2 —dzdx
K%
lz|<2r J|z—z|<2r |Z|
1
< |K|§Q/ / —dzdx.
lz|<2r J|z|<4r |Z|

Using the sphere coordinate transformation method, we have

1 4r 27 T 2 .
/ —dz = / / / pemy do dfdp < ¢y,
|z|<4r |2 o Jo 0 p

where z = (21, 22, 23) = (psinpcosf, psin psin b, pcos ). Inserting the above in-
equality in (3.2]), we have

K (2) oy do < | K%, / e d < cor®.
x| <2r

R3
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Moreover,

/Q(x)ué dx > iHIéfQ dx = c3r®.

lz|<r

Choose small r be such that car® < c3r3, then

/K(m)qﬁucu% dzr < /Q(m)ué dz.

Hence, © # 0.
Now we consider the function

2 4
h(t) :=I(tu) = %||u||2 + %[/K(w)¢uu2 dx — /Q(w)u4 dz].

Lemma 3.2. Under the assumptions of Lemma|3.1}, we have:

(i) For all w € O, there exists an unique t, > 0 such that h'(t) > 0 for
0 <t <ty and W' (t) <O fort > t,. Moreover, t,u € M and I(t,u) =
maxso I (tu).

(ii) If u & O, then tu & M for any t > 0.

(iii) For each compact subset W of ONS, there exists Cyy > 0 such that t, < Cw
for allw e W.

Proof. (i) For each u € O, one easily has that h(t) > 0 when ¢ is sufficiently small,
and h(t) < 0 when ¢ is large enough. Then h has a positive maximum point in
(0,00). Moreover, the maximum point ¢ satisfies that

|ul|? = [/Q(m)u4 dx — /K(gc)qbuu2 dz]. (3.3)

Then the maximum point is unique, and denoted by t,. Therefore conclusion (i)
holds.

(ii) We argue by contradiction. Assume that there exists ¢ > 0 such that tu €
M. Then (I'(tu),tu) = 0. So holds. Then [ K(z)¢,udr < [Q(x)udz.
Namely, u € ©. This contradicts with u ¢ ©. So the conclusion (ii) holds.

(iii) Suppose that there exist a compact subset W C © NS and a sequence
wy, € W such that t,, — co. Assume w € W satisfies w,, — w in H'(R?). Then
one easily has that

/K(m)qbw”wi d — /Q(x)w;ﬁ dx — /K(x)qbww2 dx — /Q(x)w4 dz < 0.

So
I(ty,w,) 1t

However, by (3.1), we know that I(t,, w,) > 0. This is a contradiction. This
completes the proof. O

Lemma 3.3. Under the assumptions of Lemma[3.1], we have:
(1) there exists p > 0 such that infg, I > 0 and then ¢ = infp, [ > infg, I >0,
where S, = {u € H'(R?) : ||u||? = p};
(2) ||ul|® > 4c for allu € M.
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Proof. By (2.4)), one easily has that there exists p > 0 such that infg I > 0. As a
consequence of Lemma i), for any u € M, there is t > 0 such that tu € S,. Note
that I(u) > I(tu), then infg I < infp; I = c¢. Hence ¢ > 0. Then the conclusion
(1) holds. By (3.1)), the conclusion (ii) easily follows. O

From Lemma 1), we define the mapping m : © — M by m(u) = t,u. In
addition, for all v € R*u we have m(v) = m(u). Let U := © NS, we easily infer
that U is an open subset of S. Define m := ra|y. Then m is a bijection from U to
M. Moreover, by Lemmas [3.2] and as in the proof of [22 Proposition 3.1], we
have:

Lemma 3.4. Under the assumptions of Lemma[3.1], the mapping m is a homeo-

morphism between U and M, and the inverse of m is given by m~1(u) = m

We consider the functional ¥ : U — R given by ¥(w) := I(m(w)), and we easily
deduce that:

Lemma 3.5. Under the assumptions of Lemma[3.1}, the following results hold:
(1) If {wn} is a PS sequence for ¥, then {m(wy)} is a PS sequence for I.
If {u,} C M is a bounded PS sequence for I, then {m~1(u,)} is a PS
sequence for .
(2) w is a critical point of ¥ if and only if m(w) is a nontrivial critical point
of I. Moreover, infy; I = infyy U;
(3) A minimizer of I on M is a ground state of ,

From Lemma (3), we know that the problem of seeking for a ground state
for can be reduced into that of finding a minimizer of I|5;. In the process of
finding the minimizer, since is non-periodic, we cannot use the invariance of
the functional under translation to look for a minimizer. However, the approached
equation of as |z| — oo (i.e. the equation ;,) is periodic, we shall take
advantage of the periodicity of the equation (1.2);, and the relation of the functionals
and derivatives of and ; to find the minimizer.

Below we give some lemmas for studying the relation of the functionals and
derivatives of and ;. By (H2), one easily has the following lemma.

Lemma 3.6. Let (H2) hold. Then I(u) < I,(u), for allu € H*(R3).

The following lemma is obtained in [26], we give it for reader’s convenience.

Lemma 3.7. Let (H1) hold. Assume that u, — 0 in H'(R?®) and {¢,} is a bounded
sequence in H*(R3). Then

/[V(m) — Vp(@)|unpn, de — 0,
/[K(x)(bunun(pn - Kp(x)qgunun%pn} dx — 0,

@@ - @u@pnds 0.

To show the nonexistence of ground states, we still need the following results.

Lemma 3.8. Let (H2') hold. If one of the three conditions V. # V,, K # K,
Q # Q, is satisfied, then I,(u) < I(u), for allw > 0 in H'(R?).
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Lemma 3.9. Let (H1) hold. Assume u,(x) = ug(x — y,), where ug € H(R3) and
Yn € Z2. If |yn| — oo, then

/ V(2)u2 — Vi (2)ud] dz — 0, (3.5)
1 @, = K@) do = (3.6)
/ Q(x)ul — Qy(w)ul] dx — 0. (3.7)

Proof. Noting that w,(z) = uo(z — yp) with |y,| — oo, then it is easy to show that
un, — 0 in HY(R3). Replacing ¢, by u,, from Lemma [3.4]it follows that

/[V(x) — V,(2)|uZ dx — 0,
/ (K (2) 6, 6%, — Kop(2)hu, u2] d — 0,
/ (Q(@) — Qpla))u dz — 0.

By y, € Z3 and the periodicity of V,, K,, Qp, (3.5 , and . ) yield. The
proof is complete.

4. PROOF OF MAIN RESULTS

Proof of Theorem[I1]. By the statement in Section 3, it suffices to show that c is
attained.

Assume that w,, € U satisfies that ¥(w,,) — infy . By the Ekeland variational
principle, we may suppose that ¥'(w,) — 0. Then from Lemma (1) it follows
that I'(u,) — 0, where u,, = m(w,) € M. By Lemma [3.5 (2), we have I(u,) =
U(w,) — ¢. By Lemma we obtain that {u,} is bounded in H'(R3). Up to a
subsequence, we assume that u, — @ in H'(R?), u,, — @ in L} (R®) and u, — @
a.e. on R3. Using Lemma we have I'(@) = 0. We discuss for two cases that
4 # 0 and @ = 0.

Case 1: 4 # 0. Then w € M. By we obtain

e on(1) = Tun) = 30 () ) = §
> Sl + 0a(1) (1)
= 18— (@), 8) 4 04(1) = 1(3) + 04 (1).

where the inequality of follows from Fatou Lemma. Then I(@) < ¢. Since
@ € M, we have I(u) > c. Hence I(1) = c.

Case 2: 4@ = 0. This case is more complicated than the previous case. We
study when {u,} is vanishing or non-vanishing. It is easy to see that the case of
vanishing does not happen since the energy ¢ > 0 by Lemma (1). In the case
of non-vanishing, we can follow the similar idea in [20] to construct a minimizer.
However, since our equation has a Poisson term, the process is somewhat
different from [20].
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Suppose {u,} is vanishing. Namely

lim sup / u? (x) dv = 0.
B1(y)

n—00 g3

Then Lions Compactness Lemma implies that u,, — 0 in L*(R®) and u,, — 0 in
L% (R3). Then by (2.4) we obtain

/K(x)qSunui dx — 0, / Q()|un|* dz — 0. (4.2)

Note that
I(up) — ¢, (I'(up),un) — 0.

Namely
1 2 1 2 1 4
c= sl + 5 [ K@ou,u2de— 5 [ Q@)lual* do+ 0 (1),

il l? + / K (@)% do = / Q@) [un " dx + 0, (1).

Combining with (4.2) we easily have ¢ = 0. However, from Lemma (1) we
obtain ¢ > 0. This is a contradiction.
Hence {u,} is non-vanishing. Then there exists z,, € R® and §p > 0 such that

/ u? (x) dx > 8. (4.3)
Bl (QZV,L)

3
loc(]R )
and @ = 0, we may suppose that |z,| — oo up to a subsequence. Denote @, by
Un () = un(- + x,). Similarly, passing to a subsequence, we assume that 4, — @ in

HY(R3), @i, — @ in L2 _(R3), and 4, — @ a.e. on R3. By (4.3) we have

/ a2 (x) dx > 8.
B1(0)

Without loss of generality, we assume that x,, € Z3. Since w, — @ in L?

So @ # 0.
We first claim that
II’)(ﬂ) =0. (4.4)

Indeed, for all 1 € H(R3), set 1, (-) := ¥(- — z,,). From Lemma replacing ¢,
by 1, it follows that

/ V(@) = V(@) tinthn dz — O,
/ (K (2) b it — K (@) tintbn] dz — 0,

[ @) - Qb do o
Consequently,

(' (un), thn) = (I (un), ) — 0.
Since I'(up) — 0 and ||, || = ||¥||, we have (I'(uy),¥,) — 0. So <Iz’7(un),z/;n> - 0.
Moreover, by the fact that z,, € Z*, (H1) and Lemma we obtain
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Then (I (1y),%) — 0. By the arbitrary of ¢, I} (@,) — 0 in H~'(R%). Since I, is
weakly sequentially continuous by Lemma (4.4) holds.
Now we turn to prove that

I,(a) < c. (4.5)
Replacing ¢, by u,, Lemma [3.4] yields
/ (V(@) — V()2 dz — . (4.6)

Then we infer that

¢+ on(1) = I(up) — i([’(un)w - i/ V2 da + i/V(m)ui do

1 1
= Z/|Vun|2 dx+1/1/1,(x)uidx+on(1)

1 1
Z/|Vﬁn|2d;p+Z/Vp(:zr)ﬁidz+on(1)

i/|Vﬂ|2dx+i/Vp(:c)ﬂz dz + o0, (1)
= Dyfa) — §(Iy(),8) + 04(1) = (@) + 0n (1),

where we have used Fatou’s Lemma and (4.4). So we have I,(a) < c.
We shall verify that max;so I,(ta) = I,(@). Indeed, let x(t) = I,(ta), t > 0.
Then

Vv

X'(t) = t3(tl2|\ﬁ||12, + /Kp(sc)q;ﬁﬁg dz — /Qp(:v)ﬂ4 dz) = t*A(t).

Since I} (u) = 0 by (£.4), A(1) = 0. Noting that A is decreasing in (0,00), then
A(t) > 0when 0 <t < 1and A(t) < 0 when ¢t > 1. Hence x’(t) > 0 when 0 < t < 1
and x’(t) < 0 when ¢t > 1. Therefore, max;~o I,(ta) = I,(@).

Note that I,(@) = 0, then

/Kp(x)qgﬁfﬁ dr < /Qp(x)ﬁ4 dx.
By the condition that K < K, and @ > @, we obtain

/ K(z)pau’ dx < / Q(x)u* d.

Then u € ©. Using Lemma (i), there exists tz > 0 such that tzu € M. Then
by Lemma [3.6] we infer

I(tzu) < I,(tzu) < max I,(ta) = L,(a).

With the use of (4.5), we have I(t;u) < c¢. Noting that tzu € M, we obtain
I(tzu) > c. Then I(tzu) = c.

In a word, we deduce that c is attained and the corresponding minimizer is a
ground state of . Below we shall look for a positive ground state for .
Assume that the ground state we found is wg. Then ug € M and I(ug) = ¢. By
Lemma 3.2 (ii), we have that ug € ©. Then |ug| € ©. By Lemma[3.2] (i) there exists
to > 0 such that ¢g|ug] € M. Then I(tglug|) > ¢. Noting that I(to|uo|) < I(touo)
and I(toug) < I(ug), we obtain I(to|ugl) < ¢. So I(tp|ug]) = ¢. Then tglug| is also
a ground state of . Applying the maximum principle to , we easily infer
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that tg|ug| > 0. Namely, we find a positive ground state for (2.3)). This completes
the proof. ([

Proof of Theorem[I.4 We argue by contradiction. Suppose that 4 is a ground state
of (2.3). Then & € M and I(4) = c. As the last paragraph in the proof of Theorem
[I.1] we may assume that @ > 0. Define

M, = {u e HEM\0}: (). u) =0}, o= inf .

0, ={uec H' (R : /Kp(x)éuzf dzr < /Qp(x)u4 dx}.
Below we claim that
¢ < ¢p. (4.7
Indeed, by Theorem we know that (2.6 has a ground state and denoted by wg.

Then ug € M, and I,(ug) = ¢p. Letting u, () = uo(- — yn), yn € Z* and |y,,| — oo.
Since ug € M,, up satisfies that

fuol} + [ Kpl)uide = [ Qyfa)ub da. (4.8)
By Lemma [3.9] we infer that

ol + [ K)o, do = [ @yt do -+ 0, (1),
Therefore, u,, € O since ug # 0. By Lemma (i), we have that there exists ¢, > 0
such that t,u, € M. Then t,, satisfies
1
2zl + /K(x)¢unui di = /Q(x)u;ﬁ da.
Using Lemma |3.9| again, we have
1 -
gl + [ Ko@)y dz = [ Qula)ub o +0,(1).

Combining this with (4.2]) we obtain that ¢,, — 1. Then Lemma [3.9|implies that
t2 t
¢ < Iltwtn) = luall + 2| [ K@), 02 do ~ [ Qlayut o]

1 1 .
= 5lluall + 1 Ko@)y do — [ Qyla)ubda] + 0,(1)
= Ip(uog) + on(1) = ¢ + 0n(1).

Then holds.

Note that @& € M, then one easily has that & € © and then @& € ©, since
K > K, and Q < Q, by (Hz)’. Similar to Lemma (i), we infer that there exists
to > 0 such that tod € M, and I,(ty0) = max;>¢ [, (t4). By Lemma we have
I,(tot) < I(totr). Then

¢, < L(tow) < I(tod) < I(i) = c.

This contradicts with (4.7). So the equation (2.3)) has no ground state. The proof
is complete. ([
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