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DISTRIBUTION OF THE PRUFER ANGLE IN p-LAPLACIAN
EIGENVALUE PROBLEMS

YAN-HSIOU CHENG, CHUN-KONG LAW, YU-CHEN LUO

ABSTRACT. The Priifer angle is an effective tool for studying Sturm-Liouville
problems and p-Laplacian eigenvalue problems. In this article, we show that for
the p-Laplacian eigenvalue problem, when z is irrational in (0,1), a sequence
of modified Priifer angles (after modulo 7p) is equidistributed in (0, 7). As a
function of z, ¥y, is also asymptotic to the uniform distribution on (0, mp).

1. INTRODUCTION

It is well known that when a real number « is irrational, the sequence {x,, = (nx)}
is dense in (0,1). Here for any ¢ € R, the fractional part of ¢ is denoted by
(t) ==t — [t]. It is equivalent to saying that {&, = sin(nmz)} is dense in [—1,1].
Furthermore, the above sequence {z,,} is equidistributed in (0, 1) in the sense below
(10, p.105]).

Definition. A sequence {z,} C (0,1) is said to be equidistributed in (0, 1) if for
any subinterval (a,b) C (0,1),

N
) 1
A 5D X (@n) =b—a.
n=1
The above property is a basic one in ergodic theory. It tells us that the se-
quence spreads evenly in the interval (0,1). In fact, this equidistribution theorem
is equivalent to the property that for any f € L(0,1),

1
| @iz = im 3 )

which in term is equivalent to saying that the transformation T(0) = (6 + x) is
ergodic 10, [7].
Consider the Sturm-Liouville problem

—u" + q(z)u = Au (1.1)
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subject to boundary conditions

u(0) cosa + u'(0) sina = 0

, . (1.2)
u(1)cosB+u'(1)sinf =0
where o, 3 € [0,7), and ¢ € L'(0,1). We call «, 3 the boundary phases.
The Priifer substitution
u=r(z)sinf(x), u =r(z)cosb(x) (1.3)

is a useful method to study the Sturm-Liouville problem, such as the existence
of countably many simple eigenvalues, oscillations of the nth eigenfunction, the
asymptotics of the eigenvalues and eigenfunctions [6]. In [I], Atkinson showed
that the Sturm-Liouville properties are also valid when the coefficient function ¢ is
L'. His method is also this Priifer substitution in spirit. Furthermore, Binding and
Volkmer [4] (see also [5]) showed that one can use the Priifer substitution method to
show the distribution of periodic and anti-periodic eigenvalues for periodic Sturm-
Liouville problems. (Traditionally the Hill discriminant function is used to prove
this distribution.) Thus the Priifer angle is an effective tool for the Sturm-Liouville
theory. It would be interesting to explore further properties of this Priifer angle.
In this paper, we shall study the equidistribution property.

In recent years, the Priifer angle has been used to show that another class of
degenerate boundary value problems, the p-Laplacian eigenvalue problem, observes
the Sturm-Liouville properties, as shown by Binding and Drabek [3] (see also [2]).
Let (A, yn) be the nth eigenpair of the boundary value problem

—([y' P72y = (p — 1)(A — q(2)) [y~ y,
¥(0)S,(a) +4'(0)Sy (@) =0, (1.4)
y(1)S,(3) +y'(1)S,(B) = 0.

Here, S, is called the generalized sine function and defined as the solution of the
initial value problem

(15, () [P~25, () + (p — 1)[Sp(2)[P~2S,(x) = 0,
S,(0) = S(0) — 1 =0.

It is known that the function S, is 2m,-periodic on R, where

1
Tp = 2/ (1 —tP)~YPq,
0
and for all z € R, the following identity holds:
|Sp ()7 + 1S, ()P = 1.

Note that m, is strictly decreasing in p [2]. When p = 2, we have m = 7 and
Sp(x) = sinz. Moreover, for ¢ = 0 and p = 2, the Dirichlet eigenvalues and
eigenfunctions are \,, = (n7)? and y,, = sin(n7z).

For a > 0, let us define the fractional part of (t), (¢ (mod a)) by

o =t—a-[t/a].

When a = 1, we denote this fractional part simply by (t). As discussed above,
when z is irrational, the sequence {(nmx).} is equidistributed in (0,7). We shall
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see that a sequence of modified Priifer angles {(¢())x,} also observe this ergodic
behavior. Consider the modified Priifer substitution

y(@) = R(2)Sy(4(2)), ¥ (x) = \VPR(2)S)(¢(x)). (1.5)
We call 1(z) the modified Priifer angle at z of the problem (T.4). It becomes v, (z)

when associated with the nth eigenpair (A,,y,). We note that in literature ¢ (z)
can also help to give estimates for the eigenvalues and nodal points. See [g].

Theorem 1.1. Fiz any irrational number x € (0,1). For any boundary phases «
and 3, the sequence {(Vn(x))x,} is equidistributed in (0,7,).

We remark that v, (z) can be viewed as the phase of the eigenfunction y,, at z,
analogous to the argument of the function sin(nwz). Moreover 1), () demonstrates
another property of uniform distribution, just like (n7x).

Theorem 1.2. For q € L'(0,1), the distribution of the modifed Priifer angle 1,
defined in (1.5)) is asymptotic to the uniform distribution on (0,7,). That is, for
all t € (0,7p),

t
Po(t) == p{z € (0,1) : (Yn(x))r, <t} — — asn—oo.
P
Here u denotes the Lebesgue measure on R.

The above two theorems are the main results of this paper. To prove them, we
need to use the following lemma. Define CT),(x) = S, (x)/Sy(x) and let CT,, ()
be the inverse function of C'T,(z) taking value in (0, 7,).

Lemma 1.3. The modified Prifer angle 1, (x), defined in (1.5 for the p-Laplacian
eigenvalue problem (L.4)), has the asymptotic formula

Un (@) = APz + 16, (0) + O(——

W)7 (1.6)

where
n(0) 0, if a =0,
n% T CTp—l(—%};")), if > 0.

y'(@)  _ Sp(@)
Apy(z) — Sp(¥(a))’

Proof. Since differentiating both sides with respect to x, we

have

W@ =N - O e = N 0. ()
Integrating with respect to the nth eigenfunction from 0 to z and we have
Pnl() = AV + 1, (0) +0(A17711/p). (1.8)
This completes the proof. ' [
Remark. If the eigenvalues A\, — oo, then when « > 0,
Tim_ 4, (0) = % (1.9)

In section 2, we shall prove Theorem [1.2] The proof of Theorem [I.1] using
Weyl’s criterion, will be given in section 3. In section 4, we shall see that the
classical Priifer angle 8,,(x) after modulo 7, is not equidistributed in (0, 7,). Nor
is the sequence asymptotic to the uniform distribution.



4 Y.-H. CHENG, C.-K. LAW, Y.-C. LUO EJDE-2014/255

The question that whether the classical Prifer angle is dense in (0, ,) or not is
still open. The problem seems to be related to continued fractions with bounded
and unbounded elements. It would be interesting to study this question.

As discussed above, the eigenvalues and eigenfunctions of the Sturm-Liouville
operators H, behaves like Hy, the case when the potential function ¢ = 0. Say,
with Dirichlet boundary conditions has the asymptotics y, ~ Asin(nmz) and the

nodal points z,(cn) ~ 7]‘; For these asymptotic results, the use of another modified

Prufer angle ¢, = ¥, /v/ A, so that
¢ =1- Ai sin2(v/Ann(2)),

gives the simplest proof. The situation with the p-Laplacian operator is analogous.
This paper establishes another analogy of equidistribution between (¢, (x))-, and
(nmz), which is associated with ¢ = 0. It supports the fact that 1, /v/A, was a
better choice.

2. PROOF OF THEOREM
Lemma 2.1. For anyt € (0,7,), a >0, b € R, we have
(a) p{z € (0,7p) : (4 b)r, <t} =t
(b) p{x € (0,mp) : (ax),, <t} = % +min{%,7rp (1 - %)} .

Proof. (a) Without loss of generality, we assume that b € (0,7,). The statement is
trivial when ¢ > b. If t < b, it is easy to see that the measure is still ¢.
(b) First, it is clearly that if km, < ax < km,+t for k € NU{0}, then (ax),, <t.
This means that for k =0,...,[a] — 1,
@ <z t  km

<-4+ =2,
a ¢ a

When k = [a], the contribution is either £ or m,(1 — %) We conclude that (b) is

also valid. O

Corollary 2.2. Lett € (0,7,) andn € N. Asn — oo,
i € (0,7) + (2 + 0(U)}my < 1} = i € (0,7,) (), < 1} +0(1)
=t+o(1).

Proof. From Lemma b),u{z € (0,mp) : (nx),, <t} =t. It is clear that if
kmp, < nx +o(1) < km, +t for k € NU {0}, then (nz + o(1)),, < t. This means
that for k=0,...,n—1,

k 1 k t 1
ﬂ+o(—)§x<ﬁ+7+o(—).
n n n n n

The case k = n only contributes o(X). We conclude that the formula is valid. [

We also need an eigenvalue asymptotic result proved in [9].
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Lemma 2.3. The eigenvalues A\, in the p-Laplacian eigenvalue problem (1.4) has
the following asymptotic formula

OT(8)P=1) — OT (a)»—1) 1 1
A SN Y O

(napmp)P~? p(nagmp

)\i/p = naﬁﬂ—p + np_l)

= Napmp + 0(1).

(2.1)
where
n, ifa=0p8=0
Nag = n—%, ifa=0<Bora>0=0
n—1, ifa,;8>0,
and, for any vy € [0, ),
__ 0 ify =0
CTy(n)"~) = L ol
ICT,(MIPF=CT, () if v > 0.
Proof of Theorem[I.3. From (1.8) and (2.1,
U () = NP2 + 10 (0) + 0(1) = nagmpr + 1 (0) + o(1).
Hence by Lemma 2.1
Po(t) == p{z € (0,1) : (Yn(@))r, <t}
= p{z € (0,1) : (napmpr + Pn(0) + o(1))r, <t}
1
= 7r7;1{:10 € (0,7p) : (Napx)x, <t} +o(1)
P
t[naﬁ} . t [naﬂ}
= labl (- 1).
TpNags M mm{nagmp( Nags )} o)
By the definition of n,g, we conclude that P, (t) — Tf—p as n — oo. O

3. PROOF OF THEOREM [I.1]

We shall make use of Weyl criterion, a Fourier analytic equivalent condition for a
equidistributed sequence. The criterion was given by Weyl in 1916 and has proved
to be very useful. The interested reader may refer to [I0, p. 115-123] for a clear
and interesting exposition.

Theorem 3.1. A sequence {z,} is equidistributed in (0,,) if and only if for any
ke Z\{0},

L 2ikmay,
lim Zexp(i) =0

N—oo e
n=1 P

Remark. When x,, = (nz) in the interval (0, 1) with x irrational, then by a scaling,

the Weyl criterion is
N

li 2mik =0. 3.1

i Zl exp(2miknx) (3.1)
n=

It means that along the unit circle on the complex plane, as we move by an argument

of 2mkx each time, the points do not overlap, but are so evenly distributed on the

unit circle that their average tends to 0.
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Lemma 3.2. Let {b,} be a sequence in R such that limy_.o 25:1 b, =b. Let

the sequence {an} satisfy an, = by, +0(1) asn — co. Then limpy_ % EnN:1 an =b.

Proof. Since limpy _ oo % Zﬁ;l b, = b, we find that, for € > 0, there exists a N; € N
such that for all N > Ny,

1 & €
]N;bn—bjgg.

On the other hand, a,, = b, + 0(1) as n — oo. Given € > 0, there exists a Ny € N
such that for all n > Ny, |a,, — b,| < §. Now let

No—1

M = Z lan, — byl
n=1
Let Ny € N be such that No > max{Ny, Na, 322} Then for all N > Ny,

1 1 X 1 &
}N;an—bys!N;(an—bn)Mﬁ;bn—b!

M+ (N—-Ny+1)-¢/3 ¢

< —

N + 3

This completes the proof. [l

<e.

Proof of Theorem[I1. By Theorem [3.1] it suffices to show that
N .
. 2ikmi), ()
| (2t
i, 2 exp (T
Fixed z € R, from (1.8) and (2.1)),
V() = APx 445, (0) 4 0(1) = napmpa + 1, (0) + o(1).
If « = 3 =0, then ,(0) = 0 and nyg = n. Hence
n(z) = nmpx + o(1).
Since {(nm,x)r,} is equidistributed in (0,7,), by Lemma {{(n(2))x,} is also
equidistributed.
If a > 0 = 3, then by (L.9), ¢, (0) = 22 + o(1), and nep =n — 1. Thus
1 m
U() = (n = 3)mpr + o5 +o(1).

So when z € (0, 1) is irrational, by taking any k € Z \ {0},

N N
1 1 ; 1
N 7;:1 exp <2m'k(n — 5)3: + m'k;) = ¢rik(-o) . N 7;:1 exp(2miknx),

which converges to 0 as N — co. By Weyl’s criterion, {(1,())}, is also equidis-
tributed.
The other cases « =0 < # and «a, 3 > 0 are similar. (]
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4. CLASSICAL PRUFER ANGLE
The classical Priifer angle 0(x) is defined through
y =R(2)S,(0(x)), vy =R(x)S,(0(x)),
and the Priifer angle 0,,(z) associated with the nth eigenpair satisfies
1

CTp(0n(x)) = A CTp(Yn())- (4.1)

We denote
by i= (On(2))r, = CT; " (A?; CT,(napmpr + 1 (0) + 0(1))),

taking value of the inverse function CT, " in (0, ).

Theorem 4.1. For x € (0,1), the sequence of classical Priifer angle {(0,())x,}
is NOT equidistributed in (0,7,). Nor asymptotic to the uniform distribution.

Proof. Let I be the subinterval (CT,,*(1),m,/2) C (0,7,/2). We shall see that for
any x € (0,1),

N CT (1
Jim S () # 5 - W” (42)

n=1

Observe that
X, (ba) =1 CT;? (A;/pCTp(¢n(x))) el= (CTP’I(l), 7)
& A/PCT, (v, (x)) € (0,1) (4.3)
& (Magmpr+1a(0) + 0(1))x, € (CT, 1 (A7), %)
If @ = B =0, then nag = n and 1, (0) = 0. Hence X, (by) = 1 if and only if

<wn($)>7rp = (nmpx + 0(1))7% cJ, = (CTp—l ()\;1/17) , %) )

Since lim;,— o C’Tp_l()\gl/p) = 72, the probability of b, in I tends to 0 as n — oc.
Therefore.

m Ly 1y 1 oT)
Jim 5 2 X = i 3 X, (nlohn,) =0< 5 = L

because |J,| — 0 as n — oo.

In case a > 0 = 3, by (4.3)),

Xy b) =1 & (= Ymaz+Z +o()r, € (CT;1 (017) )
& ((n— %)wpx +o(1))x, € (%P + CTpil()\'r_Ll/p%ﬂ-p) 7

by Lemma [2.1{a). Therefore by a similar argument as above,
N -1
1 1 CT;Y(1)
lim — by)=0< = — 2 7

mm ; XI( ) =0< 5

N—oco N Tp

Therefore, (4.2)) is also valid. The other cases are similar.
On the other hand, from (4.1),

(On(2))m, < t & CTY AL CT, (10 (1)) < t
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& Wn(@))s, < CTS (A7 CTy(1)).

.
Now for any t € (0,7,), CT, ' (A CT,(t)) — %£. Hence

1
il € (0,1): {0(@))m, <t} = Pu(F +0(1) = 3,
as n — 0o, by Theorem O
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