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SOLVABILITY OF PERIODIC BOUNDARY-VALUE PROBLEMS
FOR SECOND-ORDER NONLINEAR DIFFERENTIAL
EQUATION INVOLVING FRACTIONAL DERIVATIVES

TAIYONG CHEN, WENBIN LIU

ABSTRACT. This article concerns the existence of solutions to periodic boundary-
value problems for second-order nonlinear differential equation involving frac-
tional derivatives. Under certain linear growth condition of the nonlinearity,
we obtain solutions, by using coincidence degree theory. An example illustrates
our results.

1. INTRODUCTION

Fractional calculus is a generalization of ordinary differentiation and integration
on an arbitrary order that can be noninteger. This subject, as old as the problem
of ordinary differential calculus, can go back to the times when Leibniz and New-
ton invented differential calculus. As is known to all, the problem for fractional
derivative was originally raised by Leibniz in a letter, dated September 30, 1695.

A fractional derivative arises from many physical processes, such as a non-
Markovian diffusion process with memory [22], charge transport in amorphous semi-
conductors [26], propagations of mechanical waves in viscoelastic media [19], etc.
Moreover, phenomena in electromagnetics, acoustics, viscoelasticity, electrochem-
istry and material science are also described by differential equations of fractional
order [9] [I11, 12l 20, 23]. For instance, to describe the horizontal vibration of the
rigid thin plate with massless spring immersing vertically in ideal fluid, Torvik and
Bagley 28] introduced the well known fractional differential equation

Az (t) + BDY?x(t) + Ca(t) = f(t).

Recently, fractional differential equations have been of great interest due to the
intensive development of the theory of fractional calculus itself and its applications.
For example, for fractional initial value problems, the existence and multiplicity of
solutions (or positive solutions) were discussed in [2, 8 16, I7]. On the other
hand, for fractional boundary value problems, Agarwal et al. [I] considered a two-
point boundary value problem at nonresonance, and Bai [3] considered a m-point
boundary value problem at resonance. Moreover, for fractional periodic boundary
value problems, Belmekki et al [5] discussed the existence of periodic solutions, and
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Kaslik et al [I4] discussed the no-existence of periodic solutions. For more articles
on fractional boundary value problems, see [4 [6], [7, [0} [13] 18, 27] and the references
therein.

In the present article, motivated by the works mentioned previously, we investi-
gate the existence of solutions for the periodic boundary-value problem (PBVP for
short)

a"(t) = f(t,2(t), Dgrx(t), tel0,1],
2(0) =x(1), Dgrx(0) = Dgsa(1),
where 0 < o < 2 is a real number, Df, is a Caputo fractional derivative, and
f:]0,1] x R? — R is continuous.

The rest of this article is organized as follows. Section 2 contains some necessary
notation, definitions and lemmas. In Section 3, basing on the coincidence degree
theory of Mawhin [2I], we establish a theorem on existence of solutions for PBVP
under linear growth restriction of f. Finally, in Section 4, an example is given
to illustrate the main result.

(1.1)

2. PRELIMINARIES

For the convenience of the reader, we present here some necessary basic knowl-
edge and definitions about fractional calculus theory, which can be found, for in-
stance, in [24] 25].

Definition 2.1. The Riemann-Liouville fractional integral operator of order a > 0
of a function w : (0, +00) — R is given by
1 t
Itu(t) = — [ (t—s)*tu(s)d
o) = g [ (=9 u(s) ds.

provided that the right side integral is pointwise defined on (0, +00).
Definition 2.2. The Caputo fractional derivative of order a > 0 of a continuous
function w : (0, +00) — R is given by

_od™u(t) 1 t N

Dyeutt) = I Sl = s [ sy 9 s,

where n is the smallest integer greater than or equal to «, provided that the right
side integral is pointwise defined on (0, +c0).

Lemma 2.3 ([15]). Let a > 0. Assume that u, D§ v € L(0,1). Then the following
equality holds

Do+U( Y=u(t)+co+crt+ -+ Cn71t”_1,
where c; ER, 1= 07 1,...,n—1, here n is the smallest integer greater than or equal

to a.

Now, we briefly recall some notation and an abstract existence result, which can
be found in [21].

Let X,Y be real Banach spaces, L : dom L C X — Y be a Fredholm operator
with index zero, and P: X — X, @ : Y — Y be projectors such that

ImP=kerL, kerQ=ImL, X=kerL®kerP, YV =ImL®ImQ.

It follows that
Lldgom prker p : dom LNker P — Im L
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is invertible. We denote the inverse by Kp. -
If  is an open bounded subset of X such that dom L N Q # (), then the map

N : X — Y will be called L-compact on 2 if QN (Q) is bounded and Kp(I — Q)N :
Q — X is compact.

Lemma 2.4 ([21]). Let L :dom L C X — Y be a Fredholm operator of index zero
and N : X — Y be L-compact on ). Assume that the following conditions are
satisfied

(1) Lz # ANz for every (xz,\) € [(dom L \ ker L) N 99 x (0,1);

(2) Nz ¢ Im L for every x € ker L N OQY;

(3) deg(QN|ker, 2Nker L,0) # 0, where Q : Y — Y is a projection such that
Im L = ker Q.

Then the equation Lx = Nx has at least one solution in dom L N Q.

In this article, we take Y = C[0, 1] with the norm |[|y|lcc = max;e[o,17|y(t)|, and
X ={z:2,Df,x € Y} with the norm ||| x = max{||z|, | D§; ||~} By means
of the linear functional analysis theory, we can prove that X is a Banach space.

Define the operator L :dom L C X — Y by

Lz =a", (2.1)
where
domL={z € X:2" €Y, z(0) =z(1), D5 z(0) = D, z(1)}.

Let N : X — Y be the Nemytskii operator

Nz(t) = f(t,z(t), Dgrx(t)), Vte[0,1]. (2.2)
Then PBVP is equivalent to the operator equation

Lr =Nz, xz€domlL.

From the definition of L, we can obtain that

kerL={z € X :z(t)=c, Vt €[0,1], c€ R}, (2.3)
1
ImL={yeY: /0 (1—s)'"“y(s)ds = 0}. (2.4)

Let us define the linear continuous projector operators P: X — X and ) : Y — Y
by

Pzx(t) =x(0), Vte][0,1],
Qu(t) = (2—a)/ (1— 8)i=oy(s)ds, Ve 0,1
0

Obviously
ImP=kerL, kerQ=ImL, X =kerL &®kerP,

and the operator Kp : Im L — dom L Nker P can be written as

t 1
Kpy(t) = /0 (t—s)y(s)ds — /0 (I-9)y(s)ds-t, Vtel0,1].
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3. EXISTENCE RESULT
In this section, a theorem on existence of solutions for PBVP (L.1)) is given.
Theorem 3.1. Let f:[0,1] x R? — R be continuous. Assume that
(H1) there exist nonnegative functions a,b,c € Y such that
|f(t,u,v)| < a(t) + b(t)|u| + c(t)v], ¥t e€[0,1],(u,v) € R
(H2) there exists a constant B > 0 such that either
uf(t,u,v) >0, Vte[0,1], veR, |ul> B
or
uf(t,u,v) <0, Vte[0,1], veR, |ul > B.
Then PBVP has at least one solution, provided that
1 ( 2[1]l o
F'3—a)\I'la+1)
Next, we introduce some lemmas that are useful in what follows.

Lemma 3.2. Let L be defined by (2.1)), then L is a Fredholm operator of index

ZEero.

+ ||c||oo) <1 (3.1)

Proof. For any y € Y, we have

1
@ylt) = Qut)2 =) [ (1= 9" ds = Qult). (32)
Let y1 = y — Qy, then from we obtain

= ﬁ@y(t) - ﬁ@@(t) =0,
which implies y3 € InL. Hence Y = Im L + Im@. Since InLNImQ = {0}, we
have
Y=ImL&ImQ.
Thus,
dimker L = dimIm @ = codimIm L = 1.

This means that L is a Fredholm operator of index zero. The proof is complete. [

Lemma 3.3. Let L be defined by (2.1) and N be defined by (2.2]). Assume Q C X
is an open bounded subset such that dom L N Q # (), then N is L-compact on Q.

Proof. By the continuity of f, we can show that QN (Q2) and Kp(I — Q)N () are
bounded. Moreover, there exists a constant 7' > 0 such that |(I — Q)Nz| < T for
all z € Q, t € [0,1]. Thus, in view of the Arzela-Ascoli theorem, we need only prove

that Kp(I — Q)N(£2) C X is equicontinuous.
For 0 <t; <ty <1,z € Q, we have

[Kp(I = Q)Na(tz) — Kp(I — Q)Nx(t)]

= ’ /Otz (ta — s)(I — Q)Nz(s) ds — /Otl (t1 —s)(I = Q)Na(s)ds
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1
- / (1=98)I—Q)Nx(s)ds - (ta — tl)‘
0

gT[/Otl(tQtl)ds+/t2(t2s)ds+/1(1s)ds.(t2t1)

t1 0

T
= §(t§ —t2 4ty —ty).

On the other hand, from the definition of D, , one has

I3 !

Dy Kpylt) = I3 G Ko = g [ (E= 9 ul5) s

ot dt2
Thus, when 0 < a < 1, we have
|D8‘+KP(I — Q)N.]Z(tg) - DngKP(I — Q)N.ﬁ(tl)‘

= ﬁ’ /Ot2(t2 — )71 — Q)Nx(s)ds

—/Ol(tl —8)' "I — Q)Nxz(s)ds

T 2— 2—
= 7% —t79).
F(3—a)(2 1 )
When 1 < a < 2, we have

|Dg+ Kp(I — Q)Nx(tz) — Dy Kp(I — Q)Nx(t1)|

T t - o " -
Sm{/o [(t1—5)"% = (t2 = s) ]d8+/t1 (ty — s) ds}
r 2-a 2-a 2—«
= m[l‘l — 12 2ty — 1)
< ﬁ[t%‘a — t?—a + 2(t2 _ tl)zia],

Since t? and t>~% are uniformly continuous on [0,1], we obtain that Kp(I —

Q)N(2) C Y and Dy, Kp(I — Q)N(2) C Y are equicontinuous. Hence, Kp (I —

Q)N : Q — X is compact. The proof is complete.
Lemma 3.4. Suppose (H1), (H2) hold, then the set

O ={xedomL\kerL:Lz=ANz, A€ (0,1)}
1s bounded.

Proof. Take x € 4, then Lz = ANz and Nz € Im L. By (2.4), we have

/0 (1—s)'"f(s,z(s), DS x(s)) ds = 0.

O

Then, by the mean value theorem for integrals, there exists a constant £ € (0,1)
such that f(&, z(), Dy, x(€)) = 0. So, from (H2), we get |z(£)| < B. By Lemma

[2.3] one has
#(t) = 2(€) — I D3 alt) e + 12 DG a(t)
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3
x@)régé(é)aleﬂ)ds
1 k a—1
+@/0 (t—s)*" " Dyra(s)ds.

Thus, we have

wuﬂsu@n+fé5é<1—QWHD&m@nm

2 1
< B+ o[ Dgalloo

I'(a)
2
=B+ ——| D 2l|e, VEe]0,1].
+ Dl V€ 0.1]
That is,
2
o < B+ ——|IDfs 2| oo- .
Il < B+ 5oy 105 (33)
By Lx = ANz, we obtain
dxz(t
Dgalt) = 1372 T — xpzeena()

So, from (H1), we have

g (1)
1 t — )17 f(s,2(s), Dy x(s))| ds
< g | (4= '), D))

1 ¢ o )
< r2—a) /0 (t—s)""%a(s) + b(s)|z(s)| + c(s)| D x(s)|) ds

1 1
<= 00 b ) oo 00 DY 00 775270‘
STe- O[)(||CL|| Hlbllsollzlice + llellooll Dgelloc) 5—

1
= mﬂla”oo + [|6]l ol Z]|o0 + el Dotz lloo),  VE € [0,1],

which, together with (3.3]), yields
2[|bloo )
Dgyall]. (34

In view of ( m, from (3.4]), we can see that there exists a constant M; > 0 such
that

1
108wl < g [lelloe + Bllbllse + (5005

DG+ xlloo < M. (3.5)
Thus, from (3.3]), we get
2M,
W <B4 —"L g, 3.6
el < B+ iy = Mo (36)

Combining (3.5 with (3.6), we have
[z]lx = max{||z|[co, | DG+ #lloc} < max{M;, Mp} := M
Therefore, €27 is bounded. The proof is complete. O



EJDE-2014/261 SOLVABILITY OF PERIODIC BOUNDARY-VALUE PROBLEMS 7

Lemma 3.5. Suppose (H2) holds, then the set Qo = {x € ker L : Nz € Im L} is
bounded.

Proof. For x € Qy, we have z(t) = ¢, c € R and Nz € Im L. Then

/1(1 —5)17f(s,¢,0)ds = 0,
0
which together with (H2) implies |¢| < B. Thus, we have
lz]lx < max{B,0} = B.

Hence, €25 is bounded. The proof is complete. ([l
Lemma 3.6. Suppose the first part of (H2) holds, then the set

Qs ={zxeckerL: \x+ (1 -XNQNx=0, A€[0,1]}
s bounded.

Proof. For x € Q3, we have z(t) = ¢, ¢ € R and
1
)\c+(1—)\)(2—a)/ (1—35)'"f(s,c,0)ds = 0. (3.7
0

If A =0, then |¢| < B because of the first part of (H2). If A € (0, 1], we can also
obtain |¢| < B. Otherwise, if |c| > B, in view of the first part of (H2), one has

A+ (1-2)(2 - ) /01(1 —5)'7f(s,¢,0)ds > 0,

which contradicts (3.7)). Therefore, €23 is bounded. The proof is complete. O
Remark 3.7. If the second part of (H2) holds, then the set
Qy={re€kerL: Mz + (1-NQNzx=0, A€[0,1]}
is bounded.
Proof of Theorem[3.1] Set
Q={re X :|z|x <max{M,B}+1}.

Obviously, 3 UQsUQs C Q (or 23 U UL C ). Tt follows from Lemma and
Lemma that L (defined by ) is a Fredholm operator of index zero and N
(defined by (2.2)) is L-compact on Q. By Lemma 3.4 and Lemmal3.5] the following
two conditions are satisfied

(1) Lx # ANz for every (z,\) € [(dom L \ ker L) N 9] x (0, 1);
(2) Nz ¢ Im L for every z € ker L N 0.
It remains verifying condition (3) of Lemma[2.4] To do that, let
H(z,A\) =+ z+ (1 - N)QNx.
Based on Lemma (or Remark [3.7)), we have
H(xz,A\) #0, VYaednkerL.
Thus, by the homotopy property of degree, we have
deg(QN|ker L, 2 Nker L, 0) = deg(H(-,0), 2 Nker L, 0)
=deg(H(-,1),Q2Nker L,0)
= deg(+I,Q2Nker L,0) # 0.
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So that condition (3) of Lemma [2.4]is satisfied.

Consequently, by using Lemma[2.4] the operator equation Lz = Nz has at least
one solution in dom L N . Namely, PBVP has at least one solution in X.
The proof is complete. O

4. AN EXAMPLE

To illustrate our main result, we consider the periodic boundary-value problem

1 3/2
2" (t) = =2 + Zx(t) + te” Por O 4 e [0,1],
2 (4.1)

2(0) = 2(1), DY?x(0) = DY z(1).
Corresponding to PBVP (1.1]), we have a = 3/2 and

1
fltu,v) =—-2+ U +te v,

Choose a(t) = 3, b(t) = 1/2, ¢(t) = 0, B = 4. By a simple calculation, we obtain
that ||b]|cc = 1/2, ||¢[|oc = 0 and

1 2
uf(t,u,v):u[i(u—él)—i—te*v ] >0, Vtel0,1], veR, |ul >4,
1 2% 3
+0) <1
e TRl

Obviously, (4.1)) satisfies all the assumptions of Theorem Hence, it has at least
one solution.
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