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PRACTICAL STABILITY OF LINEAR SWITCHED IMPULSIVE
SYSTEM WITH TIME DELAY

SHAO’E LI, WEIZHEN FENG

ABSTRACT. This article concerns the study of practical stability of linear
switched impulsive systems with time delay. By using Lyapunov functions
and the extended Halanay inequality, we establish sufficient conditions for the
practical stability and uniform practical stability of a linear switched impulsive
system with time delay. The last section provides some illustrative examples.

1. INTRODUCTION

Recently, there has been considerable research on switched impulsive systems
with time delay. However, most of them is about Lyapunov stability [I0, [IT], but
not practical stability. Li [5] clarified the different definitions of practical stability,
and gave some criteria for the practical stability of switched impulsive system with-
out time delay. The book [I3] provides conditions on practical stability of various
systems, including ordinary differential equations, impulsive differential equations,
functional differential equations. But there has been little study on practical sta-
bility of switched impulsive systems with time delay. In this article we fill this
gap.

First, we introduce Halanay inequality (see Lemma. From this inequality, we
gain of a upper estimate on a function u(¢), which decrease exponentially with time.
Then this estimate can be applied to the study of exponential stability, bounded-
ness, practical stability, etc. As in [IL 2] [6] [7, [8, @], utilizing an extended Halanay
inequality, we study Lyapunov stability and attractivity for delay differential sys-
tems, impulsive systems with delay, switched systems with delay and difference
equations.

To adapt the extended Halanay inequality to linear switched impulsive system
with time delay, we establish multiple Lyapunov functions and revise some condi-
tions of the extended Halanay inequality. Also by utilizing the comparison method
and the method of segmentation, we settle the problem of discontinuity caused by
impulses and switches. Then we give sufficient conditions for practical stability of
linear switched impulsive system with time delay, where the influence of delays,
impulses, and switches is considered. We strive to conclude the coupling relation
of the delay, impulses and the dwell-time. What is more, we distinguish between
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the restriction on the dwell-time of every activation for good subsystems and that
for bad subsystems, where the good subsystem denotes the one which is practically
stable, and the bad one just the opposite. Lastly, we provide some illustrative
examples and the simulations.

2. PRELIMINARIES

It is convenient to establish some notation here. Let RT denote the set of all
nonnegative real numbers, R™ the n-dimensional real space equipped with Euclidean
norm | - |. Denote by N, the set of all positive integers, and N = N; U {0}. Let
A=1{1,2,...,m}, where m € Ny. If M = (m;)nxm is a matrix, we write the norm

of Mas |M| = \/Zl<i<n 1<j<m m3;, and the transposition of M as MT. Denote by

T, L) >

Amax (M) the greatest eigenvalue of M, and Ay, (M) the minimum eigenvalue. Set
z(tT) =lim, 4+ x(s). Let r > 0, and PC([—r,0]) be the Banach space of piecewise
continuous functions with supremum norm || - ||. If 2 € PC([t, +00)), let

oy x(t4h) —x(t)
2(t) = lim —————

Consider m subsystems with delay,

z(t) = filt,z(t),x(t—7r)), i=1,2,...,m, m &Ny,

R (2.1)
the switches
S={(mk,ix) i € A={1,2,...,m}, 7, >0, k € N, }, (2.2)
and the impulses
() = Le(z(ty)), k=1,2,..., (2.3)

where € R", o € C([-7,0],R), f; € C(RT xR* xR" R"), i € A, I;, € C(R*, R"),
k € Ny. Here 7, > 0 denotes switching intervals. For any to € RY, t) = to+3. | 7
denotes switching instants, which satisfies limy_, ;oo tx = +00. We assume that
fi(t,0) =0, I;;(0) = 0 for any t > 0,k € N;,i € A.
According to (2.1)-(2.3)), we write switched impulsive systems with time delay
as:
z(t) = fi, (G, z(t),z(t — 7)), t€ (tg_1,tx)
e(ty) = I(z(ty)), *k =Ny (2.4)
T, = P

Remark 2.1. We assume throughout this paper that solution of (2.4)) is unique
and of global existence [4] [TT].

Definition 2.2. Given (A, A) with 0 < A < A, system (2.4) is said to be

(i) A-A-practically stable, if ||¢|| < A implies |z (¢, g, z0)| < A for all t > to,
and some tg € RT.

(ii) A-A-uniformly practically stable, if ||p|| < A implies |z(¢, 5, z0)| < A, for
all t > to, and every to € RT.
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3. LEMMAS
In this section, we provide some results that are needed in Section 4.

Lemma 3.1 (Halanay inequality [2]). If r > 0, a > b > 0, u(t) is a continuous
function satisfying u(t) > 0, and

DYu(t) < —au(t) +b sup u(t+6), t>tg,
—r<60<0

then u(t) < sup_,.cpeqg u(to+0)e P10 ¢ > to where > 0 and p—a+be” = 0.
Lemma 3.2. Consider (\, A) with 0 < X < A. If 2a + b* < —1, then the system
z(t) = ax(t) + bx(t —r
(t) (t) + bx(t —r) (3.1)
Tty = P

18 A-A-practically stable.
Proof. Let x(t) denote the solution of (3.1]), and define V (¢) = x?%(t). Then
V(t) = 20(t) (1)
= 2z(t)[ax(t) + bx(t — r)]
< (2a + bH)2%(t) + 22 (t — )
)

< (2a+0*)V(x(t)) + sup V(t+0).
0e[—r,0]

By the Halanay inequality and 2a + b < —

V(z(t)) < sup V(to+0)e 070 > ¢,
oc[—r,0]

where u > 0 and u + 2a + b? + €% = 0. Consequently, when ||| < A,

lz(t)] = VY2(t) < sup VYV3(to +6) < A < A.
oe[—r,0]

The proof is complete. O

Lemma 3.3 ([6]). Consider the system
DT f(t) <pf(t) +qf(t), t€ [to, +o0)\{tx,k € Ny}
F(te) < duf(t), ke Ny,
where

tr €ERT, tpi1 >tp, kEN, lim t, = 4oo,

k——+4o00

peR, ¢>0,7r>0,0>1, (3.3)
f € POR,RT), f(t) =sup{f(s):t—r<s<t}
Assume that
p+qd < g, where 0 = sup{tn+1 — tn, : m € N} < o0; (3.4)

Iné
0<A<€;fpf@&h (3.5)

Then let f € PC(R,RT) be the solution of (3.2), and define
ft)erMt=to) > ¢,
o) ={ " : (3.6

f(t), to —r <t <tp.
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Ift, <t. <t* <tpq1 for somen €N, and dg(t) > g(s) for any s € [to — 7,t*] and
t € [t,t*], then & > g(t*)/g(t.).

Now, we adapt the conclusion of Lemma [3.3] to the linear switched impulsive
system with time delay.

Lemma 3.4 (Extended inequality). Replace (3.2)) in Lemma by

D™ f(t) <pi, f(t) +qi f(t), t€ (tp1,t]
F5) < dif(te), keNy,
where i, € A,k € Ny, p;, =p,qi, = ¢, and b is a given positive integer. Let f(t) be

the solution of (3.7). And suppose there is a A > 0 such that (3.3), (3.5) and (3.6
hold. If ty—1 < t. < t* < ty, and dg(t) > g(s) for all s € [ty — r,t*],t € (L, t*].
Then 6 > g(t*)/g(tT).

(3.7)

Proof. For any t € [to, +00), we can find a u; € [t — r,t] such that f(t) = f(uy).
Note that e*(*=%) < 1, for every t € [ty — 7, o). Then,

FR)eX0) < g(t), t € [to — 7, +00). (3.8)
Consider t € (t,,t*], then
D7g(t) = (D™ f(£)N ) 4 Af () )
< (pi, f(t) + @i, F(£) X700 4 Nf(£)eAET0)
= (pf(t) + qf (1)) X710 + A f ()t
= (A+ ) f()ENT) g f (uy)eX A=) e (1, 1],
From , and the assumption in the lemma, we have
D7g(t) < (A +p)f(t)eX 1) + gg(uy) e )
< (A +p)g(t) + gdg(t)e™ (3.10)
=\ +p+qgie*)g(t), tEe (t.,t"].

By (3.10) and (3.5), we have

-
/ ig(ffs / (A +p+g6e’T)dt = (A +p +qde’ ™) (t" — t.) < Ind.
ty

o
( .

Note that g(t.) # g(t7), if t« = tp. Then

Ydg(t) o 9
/t* S = et —Ing(th) =In( ).

It follows that & > g(t*)/g(t). O

Lemma 3.5 (Comparison theorem). Consider two systems:
(t) = fi, (6, x(t),x(t — 7)), € (tp_1,tx]
z(th) = cpx(ty), keN; (3.11)

Tty = P1,
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and
y(t) = Giy, (t7 y(t)a y(t - ’I")) = aZky(t) + blky(t - T)7 te (tk—17 tk]
y(ty) = dry(ty), ke Ny (3.12)
Yto = P2,
where a;, € R; z,y,7, ¢k, dg, b, € RY; fi, (t,u,0), 5, (E,u,0) : RT x RT x RT - R
are continuous functions with k € Ny and i, € A. Here 1,92 € C([-r,0],RT),
fi(£,0,0) =0, i € A. If for every u,v € RT, t € (tg,trp+1] and s € [-r,0], we have
fik (t,u,’l}) S Giy, (t,u,v), Ck S dk7 901(5) S 802(5)7

then, x(t) < y(t) for each t > to, where z(t) and y(t) are the solutions of (3.11))
and (3.12) respectively.

Proof. (I) when t € (to, t1], we have z(t) < y(t) by comparison theorem of functional
differential equation [7].
(IT) Assume that xz(t) < y(t), where t € (¢j,tj41] an j =0,1,2,...,k — 1. Then,
we need to prove
z(t) <y(t), t€ (tr titl. (3.13)
Firstly, we claim that x(t) < y(t) for each t € (tx, tg41], if
fik+1 (t,u,v) < gik+1 (t7uav)7 Ck S dk:a l'(S) S Z/(S)a
for t € (tg,tgs1], s € (tx — 7, tx]. Otherwise, there is ¢ € (tx,tr11], such that
x(t) > y(t). Define
t* =inf{t : x(t) > y(t),t € (tg,tp+1]}-
Because z(t) and y(t) are continuous on (tg, tj41], and x(t}) = cpa(ty) < dry(ty) =
y(t;), we have
(") =y@), z@) <yt), teltp—rt]
where t* € [ty, tg+1). Hence, £(¢*) > ¢(t*). On the other hand, if t* € (5, tx+1),
fik+1 (t*’ .T(t*), x(t* - T)) < Girsr (t*> .’L‘(t*), .’L‘(t* - T)) < i1 (t*7 y(t*)v y(t* - 7“))
Namely, (t*) < y(t*), if t* € (tg,tr4+1). Also if t* = t5, we can have &(t*) < y(t*)

similarly. This contradiction proves the result in this case.
Then we need to study system (3.12) on (tg,tg41]. Taking ¢ as the initial time,

we rewrite system as
J(t) = gt y(D,y(t — 1)), t € (titrg]
y(tf) = diy(te) (3.14)
Yt,, = ¥3,

where g(tv y(t)a y(t - T)) = aik+ly(t) + bik+1y(t - 7")7 (Pd(s) = y(tk + 5)7 s € [—7‘, 0]
Denote by §(t) the solution of (3.14). Obviously, y(t) = §(¢) if t € [ty — 7, trt1]-
If g in (3.14))is replaced by g + -~ for any n € N, then we rewrite the solution as
yn(t) respectively. By the results of previous paragraph, we conclude that

z(t) <yn(t), tE€ (tr,trta]-
So, to prove (3.13]), we need only to prove that

yn(t) — y(t), asn — +oo, (3.15)
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for every t € (tx,tr+1]- Define z,(t) = yn(t) — 3(¢), then

. 1
Zn(t) a’lk+1 ( ) + blk+1zn( - T) + ;a te (tkatk+1]
Zng, = 904(5)7

where 4(s) =0, s € [-r,0]. By [l Theorem 2.2 Chap. 2]], we have z,(t) — 0 as
n — +oo, for each t € (t,tr11]. Namely, (3.15) is true. So, z(t) < y(t), for each
t € (tk, tr+1]. By mathematical induction, z(t) < y(t), if t > to. O

Lemma 3.6 ([8]). Consider the system
(t) = a(t)x(t) + b(t)x(t — ),
xto = ¢a

where a(t),b(t) € C(R*, R), r > 0 is a constant. Assume —5~ < a(t) +b(t + 1) <
—rb?(t + ). Let z(t) = x(t, to, ) be the solution of (3.16) on [to,+00). Then

(3.16)

t0+’l"/2 + )
O < ol (L+ [ u)ldu)efn O, te ot + /2

to

. t)‘ S ’76‘/(150)6% ftto—'r‘/Q[a(3)+b(s+7")]d$, te [to + 7’/2, +OO)
where V (to) = [z(to) + f:oofr s+r)x ds] f j; L (2 +1)2?(2) dz ds.

Corollary 3.7. If we add an impulse x(t$) = doz(to) at the initial time ty, and
replace the initial function ¢ by ¢ € PC(—r,0) in Lemma then the conclusion
becomes

totr/2 ft a(s)ds
(0] < max{laL Il (1+ [ Bllda)eF O, b€ ftota+r/2)
0

L ort=r/2r40¢ s+7r)]ds
()] < \J6V ()ed Jro Cle@rblEnls oy oy 49 o),

u 0 u
Vi(u) = [w(u)+/_ b(8+r):v(s)ds]2+/_ /+ V(2 + r)22(z) dz ds.

Remark 3.8. Since the proof of Lemma is not dependent on the continuity of
the initial function, we can prove Corollary [3.7] similarly.

4. PRACTICAL STABILITY RESULTS

Now, we are ready to give results on practical stability of the systems, includ-
ing one-dimensional systems and n-dimensional ones. Firstly, consider the one-
dimensional system with constant coefficients. That is, f;, (¢, z(¢),z(t — r)) =

ai,@(t) + by, x(t — r) in (2.4).
z(t) = azx(t) + bzt —7r), t€ (tp—1,tx
z(t)) = dpx(ty), keNy (4.1)
Tty =
where a;,,b;, € R, r,dg,to € RT, i € A, k€ Ny, ¢ € C([-r,0],R).
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The subsystem of (4.1)) is
z(t) = a;x(t) + bz (t — r)
xto = SD7

where i € A. If 2a; + b? < —1, then the subsystem is practical stable by Lemma
and we call it a good subsystem. Otherwise, we can not guarantee practical
stability of it. So we call it a bad subsystem. In order to guarantee practical
stability of , it is sensible that there would be stricter restriction on the dwell
time of bad subsystems than on that of good ones, as Theorem [{.1] shows. For
convenience, we assume that the first m; subsystems are good subsystems, and the
rest are bad ones.

Theorem 4.1. Consider (A, A) with 0 < X\ < A. If there exist constants d1,92 > 1
and B > 0 which satisfy

(4.2)

< ) f 1, < In é;
Fo= 00 sy W s i1y,
0o, if ix > my; o}
L A
H((Sj-‘rld?)e_ﬁ(tk_t()) < (X)Q’ k eN,
3=0

where my € A, Ay :={1,2,...,;m1}, Ao :={m1+1,m1 +2,...,m},
2a; +b? < —1,i € Ay;  2a;+ b7 > —1, i € Ao;
p1 = max{2a; + b7 :i € Ay}, po = max{2a; +b7 :i € Ay};
o1 =sup{ty —tk—1 :ix € A1}, o9 =sup{ty —tp_1: ik € Aao};
do =1, dp=max{dy,(dk+1)""/*}, k€N,
then system is A-A-uniformly practically stable.

Proof. Let z(t) be the solution of (4.2) and set the function V(t) = x?(¢). Then
the derivative of V' (¢) with respect to each subsystem is:

V(t) = 22(t)z(t)
= 22(t)[ax(t) + ba(t — )]
< (20 + b))z (t)” + a(t — 7)?

< (2a; + V)V () + sup Vi(to+0).
0e[—r,0]

For any ty € R, ||¢| < A, we have:

sup V(1) = [lel* < A%
te[to—r,to]

V(t)) = 2*(t)) = dia®(ty) = diV (ty), k€ Nj.
Define

)s t € [to —r,to).

Case 1: For any k € N, di > (0p11)" /2.
(I) Consider the condition ¢ € (tg,t1]. Then we have

V(ty) = gV (to) < SldS sup  V(s) := ay,

to—r<s<tg

ePt=to) 00
91(1‘) _ {gg? 9 te (t07+ }
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where dy = 1. Note that

() < Sldg sup  V(s) =
to—’!‘SSSto

for each t € [to—r,to] and g1 (t) is continuous on [tg—r, t1]. We claim that g1 (t) < av,
for any t € [to — 7, t1]. If not, there is a t1 € (tg, t1] such that g;(¢1) > ap. Define
f{ = 1Ilf{t S (to,f?ﬂ : gl(t) > 0[0},

t1. = sup{t € [to,t;] 1 1 (t) < d3  sup V(s)}
to—r<s<to
Hence, ty < t1, < t% < t; and 8191 (t) > g1(s) for all s € [to — r,t%], t € [t14,1]]. By

Lemma o1 > ;((tti)) = ;. This contradiction proves that

gi(t) < ap, V(t) < ape U700t e (o, t].
(IT) Assume that V() < a;e 8(¢%0) for each t € (t;,t;11], where

3

a; = 8i1d? sup V(s), i=0,1,...,k—1.
LGnd), sw Ve

Below we prove V(t) < age (%) for each t € (tg,tr41]. Note that
V(th) =diVity) < Bag_1e7 Pt < 5 d2 oy, e PIemto) = gy e Altito)
Thus, g1 (t:) < d?ap_1 < ay. Because {ay} is nondecreasing, we have g;(t) < ay,
for each t € [t —r,tx]. We claim that g1(t) < ay, if t € [ty —r,tg41]. Otherwise, by
the continuity of g1 (t) on (tg,tg+1], there is a t € (tx, ti+1] such that gq (tx) > ay.
Define
ty = inf{t € (ty, 1] : 91 (t) > ar},
Ep = {t c (tk,tm :gl(t) < diak_l},

P tr, if B, =0
e sup Ey, if Ey # 0.

Hence, t < t1x < t] < tgy1 and 5k+1gl(t) > gi(s) for any s € [tp — r,t}] and

t € (tks,tf]. By Lemma Sk+1 > gg((t?)) = 5k+1~ This leads to a contradiction.
So,

n(t) <o, V() < are U700t e (b, tega].
By mathematical induction, V(t) < are Bt=t) for every t € (ty,tx11) and k € N.
Since dy = dj, = max{dg, (dx+1)~"/?}, we have

ko 1/2
()] = V2(t) < [age PP)]H/2 < [AQ H(6j+1d?)e_ﬁ(tk_t°)] < A,
j=0

for every t € (tg,tgt+1], k € N.
Case 2: There is some ko € N, such that di, < (5k0+1)_1/2. We establish a new
system
§(t) = (2as, + 07 )y(t) +y(t —r), t € (tp1,ti]
y(th) = diy(tr), keNy (4.3)

yto = 8027
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where dy = max{dy, (6x4+1)""/?}. By Lemma [3.5and the results of Case 1,
lz(t)] = VY2(t) < yM2(t) < A.
So, system (4.1]) is A-A-uniformly practically stable. ([l

Corollary 4.2. Consider (A, A) with0 < A < A. Assume that there exist constants
0 >1 and B > 0 satisfying:

Ind
B8 < 22 p— e’
(o)
b A
6k+1 Hd?e—ﬁ(tk—to) S (X)Q, ke N,

3=0
where p = max{2a;+b? : i € A}, do = 1, dy, = max{dy, (3p11)" 2}, 0 = sup{tp41—
t : k € N}. Then system (4.1) is A-A-uniformly practically stable.

Below we study the one-dimensional system with variable coefficients. Namely,
fir(t (), x(t — 1)) = a;, (H)x(t) + by, (H)x(t — ) in ([2.4).
(t) = a;, () x(t) + b, (O)x(t — 1), t€ (tp_1,tk]
z(t)) = dpx(ty), keNy (4.4)
Tty = &

where a;, (t),b;, (t) : Rt — R are continuous functions, dy,r,to € R, k € N.

Theorem 4.3. Consider (A, A) with 0 < A < A. If there exist to € Rt and o > 0
such that

2a;, (1) + b7 (t) +1< —0 <0, t € (tp—1, ),
k
- A
di < N
A
:1

kEN+,

K2

where d; = max{d;, 1}, then system (4.4) is \-A-practically stable.

Proof. For any ¢ € C([—r,0],R) and ||¢|| < A, denote by z(t) the solution of (4.4)).
Set the function V(t) = 2%(t). Then the derivative of V(t) with respect to each
subsystem is:

]
(O)z(t)? + x(t —1)?
O]V (t) +sup{V(s) : s € [t — r,t]}.
Hence, V() < (2a4, (t) + b2 1)V (t) +sup{V(s) : s € [t — rt]}, for each t €
(tg—1,tx], k € Ni. Define
G =sup{V(s): s € [to —r,to]} = sup{p?(s) : s € [-1,0]} < A%

For any given € € (1,2), we have:
(I) Note that V'(¢) is continuous on (tg —r,¢1] and V(tp) < G < G := ap. Then
we are to prove that V() < ap, for each t € (¢o,¢1]. If not, there is a #y € (to, 1]
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such that V (t) < aq for each t € (to,%y) and V (fy) = ap. Hence, V(fy) > 0. But,
V(fo) < (2a, (fo) + b7, (F0))V(f0) + sup  V(s)

Se[tof’l",to
[2ai, (o) + b7, (fo) + Hao
< —oag < 0.

This contradiction proves V(t) < aq for t € (g, t1].
(IT) Assume that

j—1
V(t) < H d2eG = a4
i=0
for each t € (tj_1,t;] and j = 1,2,...,k, where dy = 1. Note that V(¢) is continuous
on (t,tr+1] and V(t;) < (dgz(ty))? = diV (tx) < diag—1 = o). Then we need to

prove
k

V(t) < [[dieG = ar, te (te,trsal- (4.5)
i=1
If not, there exists a ¢, € (tx, 1] such that V(t) < ay for each t € (¢, %) and
V(tx) = ax. Hence, V() > 0. {ax} is nondecreasing, so V(t) < ai for each
t € [to — r,tg). It follows that

V(@) < (200, 0) + 8, (8))VE) + sup V(s)

s€ [ty —r,tk]
= [2aik+1 ({k) + bzzk+1
< —oay < 0.

This contradiction proves (4.5). By mathematical induction, we have

(tg) + 1ok

k
V(t)<ox=[]d} &G
i=0
for any t € (t,tx+1], k € N. Furthermore,

k k
v(t) <[ diG < [[diN> < A%, Wt € (th,tega], k€N,
i=0 i=0
Namely, |z(t)| < A for t € [tg,+00). So system (4.4)) is A-A-practically stable. O

Remark 4.4. We can loosen the restriction on di in Theorem if the dwell time
71, is big enough, k € N;. As shown is Theorem

Theorem 4.5. Consider (A, A) with 0 < A < A. Assume that there are constants
to € RT and o > 0 such that

20, (t) + 0}, (1) +1 < —0 <0, t€ (tpor,tel;
and suppose
k B A2
TR > T, Hdzze_u(tk_to_m) < e keNy,
i=1

where T, =ty — ty_1, di = max{d;, 1}, u— (1 + o) + €% = 0. Then system (4.4)
18 A-A-practically stable.
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Proof. For any ¢ € C([-r,0],R) and ||¢| < A, denote by x(t) the solution of (4.4).
Set the function V(¢) = 2?(¢). Then the derivative of V(¢) with respect to each
subsystem is:

V(t) = 2z(t)x(t)
= 2x(t)]a; (t)z(t) + bi(t)z(t — )]
< [2ai(t) + 02 (8)]z(t)* + x(t —r)?
= [2a;(t) + B2V () + V (t — 7).

Obviously, we have
V(i) = ldr(te)]* = diV(ts), &k €Ny,
2a;, () + b (t) +1 < —0 <0, t € (tp1, ti].

Hence,
V()< —(14+a)VE)+V(E—7), te (tp_1,ty
V(ty) = diV(ty), keN;
Vie = ¢,
Define

G =sup{V(s): s € [to — 7, to]} = sup{p?(s) : s € [-1,0]} < A%
Below we prove that V(t) < [[F_, d?Ge*(=1=k) for ¢ € (ty,, ty11], where dy = 1,
and u — (1 +0) +e*" =0.
(I) If t € (to,t1], we establish a comparison system:
Wo(t) = —(1+0)Wo(t) + Wo(t —7), t€ (to,t]
Wo(tg) = daV(to)
Wot, = j?)@z,
where dy = 1. From Lemma we have V(t) < Wy(t) for t € (to,t1]. Furthermore,
Wo(t) < dgGe™*(=10) € (tg, 1],

by Halanay inequality. So, V(t) < d2Ge=*(t=1) for each t € (to, ).
(I1) Assume that V() < [[/Z4 d2Ge (t=to=G=17) for each ¢ € (t;_y,t;] and
7 =1,2,..., k. Below we prove that

k
V() < [[diGe 07kt e (ty, trpa]. (4.6)
i=1

Consider (4.4) on (t,tr+1], and take t; as the initial time. Then we establish a
comparison system

Wi(t) = —(1 + o) Wi(t) + Wit — 1), t€ (g, trg1]
Wi(tf) = diV (1)
Wiy, = d2V2(t — tg).
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By Lemma 3.5 V(¢) < Wi (t) for every t € (tg, tkt1]. And Wy (¢) is continuous on
[tk — 7, trs1], because t — t—1 > r. From Halanay inequality,

k—1
Wi(t) < {Ji ) H CZZZGefu(tkftgfkr)}efu(tftk)
1=0
k
= H J?Geiu(titoikr), te (tk, tk+1].
=1
Hence,
k
t) < [[diGe 7"t e (th, tiga].
=1

By mathematical induction,

k k
(t) < [[diGe tomkn) <« N2 [ die 1ok < A%t € (ty,tpa], kEN.

i=1 i=1
Namely, |z(t)| < A, t € [to, +00). The proof is complete. O

Remark 4.6. In Theorem [4.3] it requests that a;, (t) < 0if t € (t;—1,tx]; However,
Theorems and establish criterions, where a;, () do not have to be negative.

Theorem 4.7. Consider (A, A) with 0 < A < A. Assume that there exist constants
to € RT and § > 0 such that:

t0+’l“/2 ' A
(14 [ b wldu)el s < 0t (tosto + /2]

to
to A2
[1+/ |11(S+T|d3 / / b2 (z+71)dzds < —5;
to—r —r Jto+s 6
1 2
—5 < 9 (8) < —rbi (b4 7), tE (B Bels
0
di. < tp —tp_1 >2 ke Ny;
k Ahn(tn)’ k—tk—1 = 27, € Nyj

for any k € Ny,

s S ai, (9)d
max{dy - i (t), et — 1)} (1 + / By (W] et % < 3,

tr
t e (tk,tk + }
ty A2
[(5+A |biy, . (s +7)|he(s)ds —|—A2/ / b} (z+7)hi(z)dzds < —;
te—r —r Jitg+s k+ 6

t—0.57
where g;(t) = a;(t) + b;(t + 1), hi(t) = e? 2 Jo e (o) by (s rlds
Then system (4.4) is A\-A-practically stable.

Proof. For any ¢ € C([—r,0],R), |l¢]| < A, let () be the solution of (4.4). For
each k € Ny, we define a function:

Vie(u) = [x(u) + /uur bi, (s +1)x / /UH b; (z + r)a*(z) dz ds,

,i€ A, keN,.
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€ (tk—1,tx). (I) when t € (to,t1], by Lemma 3.6
to+r/2 .
2 (t)] < [loll(1+ / b, ()| du)e oo @52 ()2
to

to+r/2 t
A / [biy (“)|du)efto aiy (s)ds

to
SA, tg(t07t0+r/2];

‘ < \/Tez f’ r/2 ai; (s)+bi, (s+r)ds
to )
= {6[ (to) +/ bi, (s +T)$(5)d$}

1/2
+6/ / b (z+ 1)z (z)dzds} hi(t)
—r Jto+s
to 1/2
{6[)\+/\/ by, (s + 7)|ds]? +6// B2 ( z+r))\2dzds} ha(t)
—r —r Jito+s

to

SAhl( ), te(t0+7’/2,t1].

SO, |£L'(t)| < A, ift € (to,tl].
(IT) Assume that |z(t)] < A, if t € (t;,t; + 5], and |z(t)] < Ahj(t), if t €
[t; + 5,tj41], where j = 0,1,...,k — 1. Then we need to prove that

r r
=l z(t)] < Ahgga(t), t € [te + 3,

()] <A, T € (t b + 5 5

thi1)- (4.7)
From Corollary [3.7]

|z(t)| < max {dkx(tk), sup {x(s)}} (1 . /tk+r/2 b (u )|du) JE arsa(s)ds

SE[tr—r,tK] tr

thr’r’/Q . )
< Amax{dihi(ti), hi(tx — 7‘)}(1 + / ‘ zk+1( )|du) Ji,, @igpq (8)ds

ty

<A, tE(tk,tk+T/2];

t—r/2 .
lz(t)[* < 6Vk+1(ti)eftk gy () Fbig g (s47)ds

2

_ 6{[ (t )—&-/tk blkﬂ(s—kr)x(s)ds}

/4 /tk ts “‘“ +r)a?(2) dz ds}hiﬂ(t)

<o{fo+ / |blk+1(s+r)|Ahk(s)ds]2

/ / Zk“ (z + r)Ath(z) dz ds}hiﬂ(t)
—r Jitg+s
S APhi (), t€ (te+1/2,tks]-

Hence, (4.7)) holds. By mathematical induction, |z(t)| < A, ¢ > t,. Namely, system
(4.4) is A\-A-practically stable. O
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Corollary 4.8. Consider (A, A) with 0 < X\ < A. Assume that a;(t) = a;, b;(t) =
b;, where a;,b; € R,i € A. If there is a 6 > 0 and the following assumptions are
satisfied:

1 A 1 3 A?
1 b aju < 27 1. Y72 .2 2 1 <
1+ 2\bh|r)e s u € (0,2], 2b 4+ 2]b;, |r + o

1 0
—— << b, ieN dp < ——,
2r < " ! k= Awk(tk)

or any k € N and u € (0, %], (1 + %|b; ., |r iy (Te—L1.57)Fuai, <1;
f Y + 2 2 Vg1

T, > 2r, keNy;

tr

ty A2
[(5 + Albi, | wk(s)ds] + A2b’b2k+1 /t (z =t + r)wi(z)dz < — o

tk—r kT

where ¢; = a; + b, wi(t) = e3Cik (t=th1=057) " — . —tp_1, i € A, k € Ny, then
system (4.4)) is A-A-uniformly practically stable.

Theorem 4.9. Consider (A, A) with 0 < A < A. Assume that there are constants
to €RY, B3>0 and § > 0 such that

(1) [bs (¢ )\ < rug, (t) fOf’t E (te—1,te]; di < &5
(ii) (1 + 1r2u;, (to ) fort € (to,t1];
(iii) [6 + Ar? Wiy, (8] )]ng( ) < A fort € (t, tkt1], k € Ny ; where
)

ffo ai(s)ds ’ gk;(t) — efftlc—l[a”v (5)+Tuik (3)]‘157
147 f +,3 a;i(s) dsdu

Then system (4.4)) is A\-A-practically stable.
Proof. For any ¢ € C([—r,0],R), ||¢| < A, let 2(t) be the solution of (4.4]). Define
t
Vi(t) = (1)) + rui(t)/ lo(s)|ds, i€ A.
t—h

For any k € Ny and t € (t_1, tx], we have

ul(t) 1 €A, k€N+.

ai, ( )efot aiy (s)ds e’ J§ aiy (s)ds
147 ft-‘r/B 0 ai, (s)dsdu (1 +r ftt-‘rﬁ efou aiy (S)dsdu)2
% <€f0 U’ik( s)ds efot ai, (s)ds)

uik (t)

= iy, (t)ulk (t) - (t)(eft+ﬁ Fig, (s)ds _ 1)

< laig (8) + 1w, O]|2(8)] + 7, (t) /HL |(8)lds + (1bi,, ()| = 7w, (8)) 2t — )]

< [, (8) + rus, (0] (lo(®)] + 7, (1 / | 1e(lds) = [os, (6) + s ()

< (0) [ fol)lds -+ (s, (0 + v (0] [ Ja(o)lds

t—h
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So, [z(t)| < Vi, (t) < Vi, (t}:)ef:’k, [a'ik(s)"!‘TUik(S)]ds’ te (thoy, tal.
(I) Ifte (to,tﬂ, then

|$(t)| < V(ta_)efttb ai; (8)+ruq, (s)ds

= (el + 7 (o) [ la(o)lds)an0)

< ()\ + ruil(to)/ )\ds)gl(t) < A.

to—’r'
(IT) Assume that |z(t)] < A, ift € (t; — L, t;], ¢ = 1,2,..., k. If t € (¢, trt1],
then

lz(t)] < V(t;r)efttk Tigoyq (8)Fruiy  (s)ds
t
= (Ix(tﬁ)\ + ruikﬂ(tk)/ \w(s)\ds)gkﬂ(t)
tp—r

6 t
< (A— + ruikﬂ(tk)/ Ads)gk+1(t) < A.
A t—r
By mathematical induction, |x(¢)| < A, ¢ > to. The proof is complete. O

Corollary 4.10. Assume that a;, (t) = 0, k € Np. And suppose there exist con-
stants tg > 0, and 5,0 > 0, such that

h é
bi, ()] < ——:; di < —;
O < g <y
2 2 —
r r(t1—tg) A Ar SRS bid D)
1 e < —; (0 e < A, keN,.
U+ e =5 Crig)e = *

Then system is A-A-practically stable.

Lastly, we consider the n-dimensional system with constant coefficients. That
is, fi (t,x(t),z(t —r)) = Aj,x(t) + B, z(t —r) in .

(t) = A x(t) + By x(t —r), t€ (tp_1,t]
z(t)) = dpx(ty), keNy (4.8)
Ttg = P

where x € R™, di, € Ry, ¢ € C([-r,0],R), 4; and B; are n x n matrices, k € N,
ieA.

Theorem 4.11. Consider (A, A) with 0 < A < A. Assume that there is a n > 0,
such that the linear matriz inequality with respect to symmetric matrices {P; >

0}iZ

T p. A - ) - B.
(Ai P+ B;;; (L+mE P’ﬁ’) <0, i€A (4.9)
is solvable. And suppose that there exist constants 6 > 1 and 3 > 0 such that

Ind 1
B< 2214 p—def, &> <,
o 0

k 2

O [T A (P )e P70 < A (Piy ) 35 K EN,

=0
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where dg = 1, 0 = sup{t,t1 —tn : n € N} < 400, x = max{’)\\m#((gf; ti,j € N1 F#
j}. Then system ([A.8) is A-A-uniformly practically stable.
Proof. By (4.9)), we have

ATP,+ PA; + PB;P,'BI P+ (1+n)P, <0, icA.

For any ¢ € C([-r,0,R),|l¢ll < A and tg > 0, let x(t) be the solution of (4.8).
Establish a function V; = x(t)” P,z (t) with respect to the i-th subsystem of (4.8)),

and define V(t) = sup_,<y<( Vi(t +0), i € A. It follows that
Vi(t) = 227 (t) Pyic(t)
=227 (t)P;(A;x(t) + Biz(t — 1))
< 2T (t) (AP, + P, A; + P,B;P; ' Bl P)x(t) + 2™ (t — r)Pia(t — 1)
< —(L+mVi()) + Vi(h), ¢ = to.
At the switching time,
Vik+1 (t;:) = xT(tZ)Pik+1x<t$) = dixT(tk)Piwrlx(tk) = divikﬂ (tk)a ke N-‘r'
If ¢ € [to — r,to], it is easy to verify that Vi, (t) < Amax(P;, )|z (t)[*. Hence,
Vi (to) < )‘lmax(Ph)”S"H2 <A%- Amax (P )-
(I) If t € (to, 1], we claim that
Vi, (t) < 8doV;, (to)e PlEt0) .= qpe=Bli—to), (4.10)
If not, define

g B(t—to)
go(t) _ V;l (t)e , te (t(], tl]
Vi, (t), t € [to — 7, o).

Then, there is a o € (to,t1], such that go(fo) > ap. Define
to = inf{t € (to,t1] : go(t) > ap};
tox = sup{t € [to,t5] : go(t) < Vi, (to)}-
Then tg < to. < t§ < t1, and dgo(t) > ag > go(s) for any s € [tog—r,t5], t € [to«, t3]-
From Lemma § > 9U) _ 5 This contradiction proves .

go(tos) —
(IT) Assume that V;, , (t) < ajeP¢10) where t € (t;,t;41), 5 =0,1,...,k— 1,
and

J
a; = [T dF - Vi (to).
=0

Below, we are to prove V;, ., (t) < age Pt=t) for every t € (tg, tk+1]. Note that

k41
V;;ﬁq (t) < X‘/i_7~+1(t) < Xajeiﬁ(tito)a ift € (tj7tj+1]a .7 = Oa 13 ceey k—1.
‘/ik+1(tz) = d%}‘/ikJrl (tk) < Xdi‘/ik (tk) < Xdiak—le_ﬁ(tk_t())'

Define

‘/;k+1 (t)eﬁ(t_to)a te (t07 tk+1]
gi(t) =
‘/ik+1 (t)a te [tO - tO]
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Because a; < a; for any i < j, we have gi(t) < §(ds xag—1) = ag, if t € [t —r, tx].
We claim that g, (t) < oy, for each t € (tg,tx11]. Otherwise, thereis at), € (tx,tr11],
such that g (tx) > ag. Define

t;; = inf{t S (tk,fk] ng(t) > Oék};
Ex ={t € (te, 3] : gx(t) < ap—1dix};
tk, ifE,=0
tk* = .
sup Ek, if Ek 75 (Z)
Hence, t < tge < tf < tgg1, and 0gi(t) > ap > gi(s), for any s € [ty — r, t}],
t € (trs, ;). By Lemma §> U8 — 5 This contradiction proves gi(t) < ag,

gk (t1,)
for each t € (tg,tpy1]. That is, Vi, (t) < ape BE4) if t € (tg,trs1]. By

Tpt1
mathematical induction,
Vi < age PET00) 0 e (4 t14], k€N
It is easy to verify that Amin (P, )|@(t)|* < Vi, (t). Furthermore,

j2(8)] < ¢ mm“(t)

k+1

= [Amin&%

k+1)

k _ 1/2
LR H L2 P17, (to)}
i=0

5k+1Xk k 1/2
<l [T e O N (P )N
)‘min(Pik+1) g
éAa te(tkvtk+1]7 ke N.
So, system (4.8)) is A-A-uniformly practically stable. O

Corollary 4.12. Consider (A, A) with 0 < A < A. Suppose that there exist con-
stants >0, § > 1, and 8 > 0, such that the linear matriz inequality with respect
to symmetric matrices {P; > 0}72,

(AZ'TPi +PA+(1+nP PB;

BT, B) <0, i€A, (4.11)

has a common solution P; = P, i € A; and the following assumptions are satisfied:

Ind 1
B< =24 14+n—06e, 2>z,
o 1)
S di Amax (P)ePlin=t0) < Amin(P)33, n €N,

k=0
where dy = 1, 0 = sup{tn+1 — tn : n € N}, Then system({d.8]) is A\-A-uniformly
practically stable.

Remark 4.13. According to [2], the system is exponentially stable if is true.
Then, Theorem [I.1T]and Corollary [£.10]tells us that the switched system with delay
can keep practically stable under some impulse perturbation, if the subsystem are
of some good quality, such as exponential stability. That is to say, the restriction
on impulses is loose in this case.
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5. EXAMPLES
In this section, several examples are given to illustrate our theorems.

Example 5.1. Consider system (4.1]), where
1
z(t) = arz(t) + rz(t —r) = —z(t) + ix(t —0.25);

&(t) = agx(t) + box(t —r) = %w(t) + %l’(t —0.25);
S ={(0.25,2),(2,1),(0.25,2),... }:

{\/geo-l if k is even
dy =

4
Vel if ks odd.

Given A =1, A = 1.8, we set py = —1.75, po = 1, 01 = 1.5, o = 3.2, 01 = 2,
o2 = 0.25, 8 = 0.1. According to Theorem it is easy to verify that the system
is A-A-uniformly practically stable (see Figure [I[a)).

Zi\\\

FIGURE 1. (a) to =0, ¢ =0.99; (b) ¢ = 0.95

Example 5.2. Consider system (|4.4]), where

#(t) = a1 ()x(t) + by ()x(t — 1) = (—0.6 + Sm8(t> Ja(t) + 5 sin (B)a(t - %),
4
1
(1) = as(0)a(t) + bo(t)e(t — 1) = (~0.6 + X Dyate) + L eos? @yt - T
T T T T k2
={(= — - =.2),...}dy =1. = >
S {(271)7(2,2)7(271)a(272)a }adl 157 dk kz_la k_2
Given A =1, A = 3, we set tg = %”, o = 0.075. According to Theorem it is

easy to verify that the system is A-A-practically stable (see Figure [I[(b)).

Example 5.3. Consider system (4.4)), where

z(t) = a1 (t)z(t) + by (t)x(t — r) = — sin(wt)x(t) + ie%x(t 1
(1) = as()z(t) + ba(B)a(t — ) = — sin(2mt)a(t) + ie%z(t _ L,
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S ={(2,1),(2,2),(2,1),(2,2),...

PRACTICAL STABILITY

|5

9
dk:* k€N+

20’

Given A=1, A=2, weset tp =0, =0.9, 5=2. Then

(5% (t) =

efot —sin(nws)ds

1+ % ftt+2 6f0u —sin(mws)ds J,,

e[cos(ﬂ't)—l]/ﬂ'

| \/

U1 (t) =

T 1+ 5(e
< 0.6142¢

1"*'2 t

t4+2

e[cos(ﬂ't) 1]/=

Tl (0 tew)

1 cos(ﬂ't) 1

26

elcos(mu)—1]/7 4,

%bl(t).

e[COS(ﬂ't)fl}/ﬂ‘

1+ % f:""Q elcos(mu)—1]/7 dy,
e[COS(ﬂ't)—l]/TI’

%2 —|—6771)

cos(mt)—1

cos(mt)—1
™

T

5
=3

efot —sin(27s)ds

ft+2 Jo —sin Qﬂs)dsdu

e[c05(27rt) 1]/(2m)

14 3 [ eleos2ru)=11/2m) gy

e[cos(27rt) —1]/(2m)

N 1+%(e°+e%)
1

= —by(t).
~ba(t)

Y

IN

Consequently, if ¢t € (tg, t1],

(1 i (t0) ) elio 07 s < [1 4

1 cos@nt)—1
—_ 27

2

e[cos(27rt)—1]/(27r)

ft+2 elcos(2mu)—11/(27) dq,
1]/(2m)

[Cos(27rt)

1+ (e?r +e7r)
100 ZCOS(Wt) 1

179°¢

cos(ms)—1
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ift e (tk,tk+1], ke N+,

[6 + Ar2ul(t‘k*) effk [a1(s)+rui(s))ds
<[0.9+2x 7 % 0.6142]eltn  373¢ ds
(0.9 4 0.3071)e s (X e xhre ™ xjedn x3)
2= A
) ¢ cos(2ms)—1
[+ ATQW(Q)]GIJ'C laz(s)+rua@lds 1 g o Lo 1003 % ocigge ™5 a
47179
50 50 (.0, ot

< (0. OV N\ 5 (eP4erm)

= (0 9+ 179)6 5

<2=A

And di, = 9/20 = 6/A yields d, < §/A. According to Theorem it is easy to
verify that the system is A-A-practically stable (see Figure .

sl 1 08
= 0B} g « 0B
04l E 04
oz J/\ g 02 J/\ 1
\—/
a . \ \ . , . . ; . 0 , \ \ . , \/
o 1 2 3 4 5 7 8 3 1

t t

(a) (b)

FIGURE 2. (a) ¢ =0.99; (b) ¢ = 0.8

Example 5.4. Consider system (|4.8]), where

1 0 —4 0 0 0 2 0
(o ) (5w ) me(00)

2060'3 60'3
S =1(21),(2,2),(2,1),(2,2),...}; dy = dr, = k> 2.
{(a )7(7 )3(7 )7(3 )7 }7 1 11 k \/ﬁ, =
r=1 Given A = 1,A =2, weset n =09, 0 =11, 0 =2, =03, P, =

P, = (1) (1)> According to Theorem [4.11} it is easy to verify that the system is

A-A-practically stable.
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