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HOPF BIFURCATION FOR TUMOR-IMMUNE COMPETITION
SYSTEMS WITH DELAY

PING BI, HEYING XIAO

ABSTRACT. In this article, a immune response system with delay is considered,
which consists of two-dimensional nonlinear differential equations. The main
purpose of this paper is to explore the Hopf bifurcation of a immune response
system with delay. The general formula of the direction, the estimation formula
of period and stability of bifurcated periodic solution are also given. Especially,
the conditions of the global existence of periodic solutions bifurcating from
Hopf bifurcations are given. Numerical simulations are carried out to illustrate
the the theoretical analysis and the obtained results.

1. INTRODUCTION

Recently, there has been much interest in mathematical model describing the
interaction between tumor cells and effector cells of the immune system, see, for
example, Bi et al [I], d’Onofrio et al [3, [4, [5], and Yafia et al [15]. An ideal model
can provide insights into the dynamics of interactions of the immune response with
the tumor and may play a significant role in understanding of the corresponding
cancer and developing effective drug therapy strategies against it. However, it is
almost impossible to develop realistic models to describe such complex processes.
In fact, mathematical models for the dynamics of the interaction of the immune
components with tumor cells are very idealized. Thus it is feasible to propose
simple models which are capable to display some of the essential immunological
phenomena. Recently, delayed models of tumor and immune response interactions
have been studied extensively, we refer to Bi et al [1, 2], Galach [§], Mayer [13], Yafia
[16) 17, 18] and the references cited therein. It would be interesting to consider the
nonlinear dynamics of the delayed model.

In 1994, Kuznetsov et al [I1] took into account the penetration of TCs by ECs,
and proposed a model describing the response of effector cells (ECs) to the growth
of tumor cells (T'Cs). They assumed that interactions between ECs and TCs in vitro
can be described by the kinetic scheme shown in Figure [1, where E,T,C,T*, E*
are the local concentrations of ECs, TCs, EC-TC complexes, inactivated ECs, and
lethally hit TCs, respectively.

From the above kinetic scheme and the experimental observations, Kuznetsov
et al [I1] claimed that the model can be reduced to two equations which describe
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the behavior of ECs and TCs only. Taking time scale as that in [8] and [2], then
Kuznetsov, Makalkin and Taylor’s model can be written as
i—f =0+ (ry — dx,

dy

dt
where x denotes the dimensionless density of ECs, y stands for the dimensionless
density of the population of TCs. All coefficients are positive, where ¢ > 0 shows the
stimulation coefficient of the immune system exceeds the neutralization coefficient
of ECs in the process of the formation of EC-TC complexes, which is the most
biologically meaningful.

(1.1)
ay(l — By) — zy,

5k E+T
E+TTC‘%<:T*+E

FiGURE 1. Kinetic scheme describing interactions between ECs
and TCs

Yafia [I5] considered the model (1.1]) and studied the linearizing stability of the
equilibrium and the existence of the Hopf bifurcation. In [8, [16] [I7], the authors
obtained the same results as [15] for the model (1.1]) with delay 7, as follows

dr _ o+ Cx(t—7)y(t — 1) — oz,
di ” (1.2)
5 = Wl = By) —ay,

The rest of this paper is organized as follows. In section 2, we study the tumor
model with delay , and show the properties of the Hopf bifurcated periodic
solutions of this system, including the direction of Hopf bifurcation, the period and
stability of bifurcated periodic solutions. The numerical analysis and simulations
are also given to illustrate the main results. Section 3 is devoted to the existence
of the global Hopf bifurcation. A brief discussion is also given in this section.

2. DIRECTION AND STABILITY OF HOPF BIFURCATION

If @ > o, equations (1.1]) and (|1.2)) have two possible nonnegative steady states
Py(%,0) and Pg(fa(ﬁégé)ﬂ/x, a(66+§)7\/z)7 where A = o?(30 — ¢)? +4aB¢o > 0.

203¢
Galach[8] and Yafia [16] shows the stability of the equilibria and existence of the
Hopf bifurcation for system (1.1) and (1.2]), the main results are summarized as

follows.

Lemma 2.1 ([§]). If the point Py exists and has nonnegative coordinates, then it
is stable. And there is no nonnegative periodic solution to equation (|1.1)).
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Lemma 2.2 ([16]). Let ad > o.

(1) The equilibrium point Py is asymptotically stable for all T > 0.

(2) If aff > (, then there exists 1, > 0 such that Py is asymptotically stable for
T < 71 and unstable for T > 1;

(3) If a8 > (, then there exists €1 > 0 such that, for each 0 < € < &1, sys-
tem has a family of periodic solutions p;(e) with period T, = T,(e), for the

parameter values T = 7(g) satisfy pi(0) = P2, T;(0) = %, 7(0) = 7. Where

2 2
1 w?—r)—psw . 2
- L arccos alw —r)—psw_ Szwz)erpQ , if s(r —w?) — pg > 0,
I — 2 2
1 w?—r)—psw . 2
L arccos alw —r)—psw_ Szwz)erpQ +m, if s(r —w?) —pg <0,

1 1
w? = 5(32 —p?+2r) + 5\/(82 —p?2+2r)2 —4(r?2 — ¢?).

Let 7; = 7 + %,j = 0,1,.... Let Py(x2,y2) be the positive equilibrium,

where zo = W,yg = %. From lemma we know that if
0 < % < a,ad > o, then undergos Hopf bifurcation at the equilibrium
Py (x2,y2), the corresponding purely imaginary roots are A = +i7;w, and the critical
values are 7 = 75,5 =0,1,....

As pointed out by Hassard et al [10], it is interesting to determine the direction,
stability and period of these periodic solutions bifurcating from the steady state. In
this section, we will study the stability and direction of the Hopf bifurcated periodic
solution by using the center manifold reduction and normal form theory of retarded
functional differential equations due to the ideals of Faria and Magalhaés [6, [7].
Throughout this section, we assume that system undergoes Hopf bifurcations
at the equilibrium P, as the critical parameter 7 = 7;, 7 = 1,2,3... and the

corresponding purely imaginary roots are tiw.
Set 21 (t) = x(t) — z2, 22(t) = y(t) — y2. Then system (1.2)) can be written as

21(t) = 121 (t) + agz1(t — 7) + azze(t — 7) + C21(t — T)22(t — 7),
25(t) = Brz1(t) + Boza(t) — af22(t) — z1()2a(2),

where o = =6 < 0, ap = Cya > 0, a3 = Cxg > 0, B1 = —ys < 0, By =
a — 2afy; — r2 = —afys < 0. Normalizing the delay 7 in system (2.1) by the
time-scaling ¢t — £, then (2.1) is transformed into

(2.1)

21(t) = (a1 (t) + agz1(t — 1) + agza(t — 1) + Cz1(t — 1)2a(t — 1)),
2(t) = T(Br121(t) + Baza(t) — aBz3(t) — z1(t)2a(t)).
Let 2(t) = (21(t), 22(t))T. We transformed into the FDE
5(t) = N()(20) + Fz0,7), (2.3

where N(‘)O) : O([—I,O],RQ) - R27F((p) : C([_LO]?RQ) - RZa‘)D = C01(<p13<p2) €
C([-1,0], R?) satisfy

__(191(0) + azp1(—1) + azpa(—1)
N(r)(p) =7 ( Brpr(—1) + ﬂz@z(s) ) 7

B Co1(—1)pa(—1)
Flp,m) =7 (aﬂg@%(O) - @1(0)@(0)) '

(2.2)
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Setting the new parameter v = 7 — 7;, then (2.3) can be written as
£(t) = N(1)(20) + F(20,7), (2.4)

where F(z;,7) = N(7)(z) + Flze, 75 + 7).
Let A = {iw, —iw}. Assuming A is the infinitesimal generator of 2(t) = N(73)(z¢)
satisfying A® = ®B with

w 0
b-(¥ 2). as)
and A has a pair of conjugate purely imaginary roots 4iw. Denote P is the
invariant space of A associated with A, then dim P = 2. We can decompose

C = C([-1,0],R?) as C = PE@PQ by the formal adjoint theory for FDEs in
[9]. Considering complex coordinates, we still denote C([—1,0],C?) as C. Let
® = (P9, P2) by the bases for P, where

®) =, By =0, He[-1,0], (2.6)
where v = (v1,v2)T is a vector in C? that satisfies N(7;)®; = iwv. Choose a basis

¥ for the adjoint space P*, where ¥ = col(¥1, ¥s),

U, =e @0 T Wy =0, u= (Zl) . 6eo,1]. (2.7)
2

Define (¥, ®) = ((¥;, ®))i j=1.2,

0 0
(1, ) = $(0)(0) — / 1 / B(s — O)dn(O)p(s)ds, Vg € Py e P*. (2.8)

Then (¥, ®) can be transformed to the identify matrix I. Thus we can ensure

1 1
v = iwjf(a1+a2_e_i“’j )i |y U= UL w;—(andase” i)y | (29)
Tjaze” i 7 B1

LI NP (o1 + age™™7)
Uy TiP1

Define the enlarged phase space BC' as

with

T + (a2 + azvg)e” i,

BC :={p : [~1,0] — C?|¢ is continuous on [—1,0), elil'(I)l_ ©(0) exists}.

The projection 7 : BC' — P is defined as w(p + Xob) = @[(¥, ) + ¥(0)b], for
each ¢ € C and b € R?, thus we have the decomposition BC = P@kernw. Let
2z = ®x +y,x € C?% y € ker(n) NC! := Q*, we can decompose (2.4]) as

= Bx+¥U(0)F(®x +y,7),

» ] (2.10)
a = AQly + (I — W)XOF((I)J: + y77)a

where
I, 6=0;

(2.11)
0, —1<6<0.

Xo(0) = {
We write the Taylor expansion

1 1
V(0)F (P +y,7) = §le (z,9,7) + gf:»f(:c, y,7) +ho.t.,

1 1
([ - 7r))(OF‘((I)J: + yarY) = §f22(x7ya’7) + ?f?)z(x7ya'7) + h'O't'7
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where f}, f2 are homogeneous polynomials in z,y,7 of degree k,k = 2,3, with
coefficients in C? and ker 7, respectively, and h.o.t. stands for higher order terms.
The normal form method implies a normal form on the center manifold of the origin

for (2.4)) is
1 1
& = Br + 505(2,0,7) + 5705(2,0,7) + hot.. (2.12)

where g3(,0,7),93(z,0,7) are homogeneous polynomials in z,~, and h.o.t. are
the higher order terms. We follow the notation in [6]; that is,

VImP(X) = {Siai=iClan®™ + (0,) € NG, Clqy € X,
with = (21,22, ..., Zm), Y = (V1,725 - -+, Vp);
M;(p, h) = (Mjp, M3h),
M;p(z,y) = [B,p(-,7)](x) = Dup(x,)Bx — Bp(z,), (2.13)
M]zh(x,'y) = D, h(x,v)Bx — Agih(z,7).
Since V}? satisfies V,*(C?) = Im(M}) ® ker(M}) and
ker(Mjl) = span {xq’ylek (@A) =X, A €N j=1,2,g€ N2, 1 € Ny, |(g,1)] = j},

e1, es is the base of C2. Then we can obtain

ker(M}) = Span{ (:%7) : (mgv) }
ker(Ms) = span{ (33%0332> ’ (3?1072) ’ (:clox%) ’ (562072) }

Noting , one has
f2(2,0,7) = 20 (0)[N (v)(®z) + F(Pz, 7)];

ie.,
Az Asx 20T + a11T1T2 + AgaT3
f2(,0,7) =2 (Aixg i Azxi’vy I &i(z)x% I c‘lixixz i 62§$§> ’ 214)
where
A = %UTU,AQ _ Ty u’'v,
Tj Tj
a0 = T; [ule_%“’f(vlvg + uz(—aﬁvg — v102)],
a1 = 7j[Cuq (V102 + V1v2) + ua(—2aBvets — (V102 + T1v2)],
g2 = Tj [ule%‘*’j (U109 + ug(—afvs — 0102)].
Therefore,
94(0.0,9) = Profuay £3(2.0.7) = (557527, (215)
1227
Since the terms O(|z|y?) are irrelevant to determine the generic Hopf bifurcation,
we assume ,
J= span{ <$10$2> , <3:10:c§> }7
then

95(2,0,7) = Proj; f3(2,0,0) + o(|z|7*),
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where

_ 3 3
f?} (7,0,0) = 5[(sz21)ué - (DIU%)Q%](%O,O) + 5[(Dyf21)ug](a:,0,0)-

Hence we will compute gi(z,0,v) as follows.
Firstly, noting

2 2

fl(x 0,0) =2 2027 + 41112 + Ap2x5

2 Ao2®3 + G117122 + G203 )
2 1 2
e = 2 (et oz — o

b . — — —

tw; \ 300271 + G11T1T2 — G207

one has

4 ((azoan + %|(102|2 + |a11|2)xfxz)

. 1y, 1 _ a2
PrOJJ[(Dwfz)uz}(I’O’O) T dwy (*%|aoz|2 — |(111|2 JrM)QHI%

4 Azixy
A3x1x§ ’

Secondly, From (2.15)), we know g3 (x,0,0) = 0, then Proj ;[(Dyu3)93](z,0,0) = 0.
Lastly, we will compute Proj ;[(Dy f3)u3](4,0,0) as follows. Let

(2.16)

h = u3 = haoo®] + ho203 + hoo2y” + hi107122 + h1o1217 + ho11727-
Noting that g3 = 0, one has
M3h(z,y) = 3 = 2(I — 1) XoF(®x,7) = 2(I — ) Xo[N(7)(®z) + F(®z, 75)].
On the other hand, we know

. , (2.17)
= Dyh(z,v)Bx — [h(z,7y) + Xo(L(7;)(h(z,7)) — h(z,7)(0))].
If v = 0, then .
h(x) — D h(z)Bx =20V (0)F(Px, 75), (2.18)
W()(0) = L(7;)(h(z)) = 2F (®z, 7).
Let

W(G) = dx + Yy = (1)11,'1 + @2%2 + y(e) = eiwlevxl + e_i“lef):vg + y(@),

W(Q) =Pz = Dxq + Poxy = “vzy + e 1 0%x,.

From
a0 Wil 1
o —afWs(0) — Wi (—1)Ws(—1
le(x,y,O) - QTJ ﬂT 5W1(_1)W2(_1) ’
—aﬂWf(O) - Wl(*l)Wz(*l)
we obtain

[(Dyle)h](m,o,o)
T_UT< W=D (1) + (W ()3 () )
7\ =Wa (DRl (=1) = Wi(=1)h*(~1) — 2a3W2(0)h*(0)

L ( (Wa(— L)1 (~1) + (W (~1)h2(~1) )

Wa(—1)h! (—1) = Wi (~1)h2(~1) — 2a8Wa(0)h2(0)
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and

. Az
PTOJJ[(Dyf%)Ug](w’O’O) =2 (Aixixg) , (2.19)

where
Ay =7; [Ulc(e_ijhho(_l) + € hao0 (—1) + e i hi (1)
+ eiwmlhgoo(_l))} + uaT; [ — e ughyy(—1) = e Dahg00(—1)
- eiiwkvlh%m(*l) - eiw”_’lh%oo(*l)] — U2Tj [20‘/8(1’2}1%10(0) + ﬁZh%oo(O))]-
To compute Ay, we should get hi10(0), hago(0) firstly. From , it follows

hiio = 2(®y, o) (a11> )

a1

(2.20)
h110(0) — L(75)(h110) = 7; (Zi) )
and
haoo — 2iw;hago = 2(P1, o) (gig) ,
(2.21)
h200(0) — L(75)(h200) = T; (Zj) )
where a1 = 2[C(v102+0102)], b1 = 2[~20Bv202 — (V102 +0102)], @z = 2[Cvrvae” 2],

by = 2[—aBv3 — e ?™ivjvg]. Solving the above equations (2.20) and (2.21)), we

obtain
a1l arl

hi1o = 2[—®1 — — 4] + (1,
iwg iwj

a Q X
hao0 = 2[751 Py + 73314‘1)2] + Cpe®™n?,
i

where

aq —Q3
Cl b1 —(B2+ B3)

Oy =71 cl =
! (6’12) ’ ! ‘—(al + as) —as ’

—B1 —(B2 + B3)

7(0[1 +052) a1

—p1 by (Cl)
Cc? = , Cy= 2,
1 2 022

1+ az) —Q3

—b —(B2 + Bs)
T;a2 —TjQ3€
Tiby  2iwy + 702 + Tjﬂge_%wj

2iw;

L
B

—2iw;

Cl
2 : — —2iwy,
2wy, — Tjop — Tjae —T;Qse
—Diw. . —2iw;
—TjB1e” " 2iwy + 7 B2 + 7 B3¢ g

2iwk

20wy, — Tj0] — TjQ2€ Tja2
—2iw;
—Tjﬁle J ijg

3=

2iwy, — Tj0q — Tjaze’z“*’j —730436’2“’1

77'3‘616727;“}1' 2in -+ Tj/82 -+ Tjﬁ;gei%wj
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Hence,

1 . (643 + 344)1‘%%‘2
gB(xa Oa 0) - ((6A3 + 3A4).7311‘§ .

Thus, the normal form of the system (2.12) has the form

Ajx 1 ((6A3+ 3A)x3x
. ”) 3 <E6A§+3A3x1x§> +o|a]* + |z]7?). (2.22)

Let 1 = & — i&s, 0 = &1 +1&2, &1 = pcosw, & = psinw. Then system (2.22)) can
be written as

p=rivp+7120" + O(¥p + |(p,7)]"),
_ L , (2.23)
&=~ ~ Tm(Ay)y ~ T(As + 340 + o[ (67,7

where 1 = Re A1, 79 = Re(As + %A4). Summarizing, we have the following theo-
rem.

Theorem 2.3. The flow on the center manifold of the equilibrium Py at v = 0 is
giwen by (2.23). And also we can draw the following conclusion.
(1) The Hopf bifurcation is supercritical if rir9 < 0, and subcritical if riro > 0;
(2) The nontrivial periodic solution is stable if ro < 0, and unstable if ro > 0;
(3) The period of the nontrivial solution is

27

P(y) = — — )+ 0(+%)

with P(0) = 27 /w;.

To explain the result of Theorem [2:3] we provide the simulations of Hopf bifur-
cation at P,. In this paper, we cite the parameters in [I1] to illustrate Theorem
Assume ¢ = 0.1181, ¢ = 0.0031, § = 0.3743, o = 1.636, 8 = 0.002, then
the system has a Tumor-free equilibrium Py(0.3155,0), which is asymptoti-
cally stable and a positive equilibrium P5(1.33435,92.1911), which is locally stable.
We only simulate local properties of the positive equilibrium P»(1.33435,92.1911)
here in the following Figure [2| and Figure [3| and the corresponding critical value is
To = 1.8760.

3. EXISTENCE OF GLOBAL HOPF BIFURCATION

In section 2, we discussed the direction and stability of the Hopf bifurcated
periodic solutions of system at the equilibrium Py (z2,y2) as 7 = 7;. However,
this bifurcated periodic solution exists in a neighborhood of the positive equilibrium,
so we want to know whether the non-constant periodic solution exist globally. In
this section, we will study the existence of global bifurcated periodic solution using
a global Hopf bifurcation result due to Wu[14]. Throughout this section, we follow
the notations in [I4] and rewrite system as the functional differential equation

2= F(z,71), (3.1)
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FIGURE 2. (left) Stable equilibrium (1.3344,92.1911) when 7 =
1 < 79; (right) oscillation of the solution to (|1.2)) with respect to ¢
when 7 =1 < 7
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FIGURE 3. (left) Bifurcated periodic solution at the positive equi-
librium when 7 = 2.0 > 79; (right) oscillation solution z(¢) and
y(t) of (1.2) with respect to ¢t when 7 = 2.0 > 79

where z = (z,y)", z,(0) = z(t+6) € C([-7,0],R2). Before stating the main results

of this section, we will give a known lemma. Let
X =C([-7,0],R?),
Y =Cl{(z,71,p) € X xRy xRy : zz is a nonconstant periodic solution of (3.1)},
N =A{(z,7,p): F(z 7,p) = 0}.
(3.2)
Lemma 3.1 ([I4)]).
(1) U(py,rj 27wy 18 unbounded;
(2) U(Py,rj,2m)wy) 15 bounded and Z(Eyf,p)el(pwj,zw/wl)ﬂN ~v(z,7,p) = 0.

Only one of the following two results holds

Assume [(p, r; 2r/u,) 18 the connected component of (P, 7;,2m/w;) in ¥, from
lemma we know that I(p, 7, 2x/w,) 1S NONEMpty.
Next we give two lemmas needed for the proof of the main result.
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Lemma 3.2. If0 < (/B < min{6, a},ad > o, then all periodic solutions of (1.2))
are uniformly bounded.

Proof. From the second equation of system (1.2)), we have

y(t) = y(0) exp / (a1 — By(s)) — x(s))ds,

noting the definition of y(¢) and P» is a positive equilibrium, one knows z(0) > 0
and y(0) > 0; that is, y(¢) > 0. It is easy to see
dy
3 = (1= By) —ay < ay(l - By),
it follows y < %, that is 0 <y < %
We will prove x(t) > 0 as follows. Since (x(t),y(¢)) is a periodic solution of (1.2,
then x(¢) must have the minimum x(n;), 7 > 0, that is
o+ Cx(m —7)y(m —7) = x(m) =0,
hence
6x(m) = Cx(m —m)y(m — 7).
If x(m —7) >0, then 2(t) > 0. If (1 —7) <0, then z(m) < z(m —7) <0, hence

d
e Cx(t—7)y(t —7) — oz > £x(m) —ox(t).
dt I3
By the constant variation formula and the comparison theorem, it implies that
2(t) > Cmﬂ(gl) (1 — exp~) + 2(0) exp~, t> 0. (3.3)

noting z(0) > 0 and 0 < % < min{d, a}, it is easy to see that (3.3)) does not hold
as t = n; this is a contradiction, thus z(¢) > 0.
On the other hand, we have

d
&r :U—l—(x(t—T)y(t—T)—51;§0—|—£33(t—7‘)—6x,
at 3
Then we prove the bound of the solution z(t) in three cases:

(D) Ifx(t—7) > x(t) for t > 0, since (x(t),y(t)) is a periodic solution of (1.2]), then
x(t) must have the maximum z(n), n € (0,7), that is o+Cx(n—7)y(n—7)—dx(n) =
0, hence

S o ¢
<S4 2pn—1)< =+ > - —7,0).
x(n)_5+50w(n T)_5+ﬁUII<PII7 n—T1€(-7,0)
(2) If x(t — 7) < z(t) for t > 0, then
dz ¢
< 2
dt_JJrﬁx ox,
from 0 < (/B < 6, one has
o
o(t) < —;
0-3

(3) If there exists t > 0 such that z(¢t—7) > x(t) and t; > 0 such that z(t; —7) <
z(t1). Integrating (1) and (2), we know z(t) < max{é, g+ g%HSOH} The proof

is complete. (I
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Lemma 3.3. If ad > o, then system (L.2)) has no-nonconstant periodic solution
with period T.

Proof. Suppose (1.2) has no-constant periodic solution with period 7, then the
corresponding ordinary differential equations
d
& + (xy — oz,
dt
(3.4)
Y oyl By) =
7 — qu(l — _
dt Y Y Y,
have a non-constant periodic solution. System (3.4) has a positive equilibrium
Py (z2,y2) and a boundary equilibrium Py(§,0). From lemma we know that P,
is stable and (3.4]) has no non-constant periodic solution. This is a contradiction.
The proof is complete. O

Theorem 3.4. If 0 < (/8 < min{d,a},ad > o, then (1.2) has at least j — 1
periodic solutions for T > 1;, j > 1.

Proof. The characteristic matrix of (3.1)) at the equilibrium z = (21, z5)7 € R? is
A(za Tap)()‘) = Ad— DF(Zv Tvp)(ex‘[d);

i.e.

_ A— nge_)ﬂ— -6 —C216_>\T
A TP = ( % A—a+ 208z + zl) ’ (3:5)
where Id is the identity matrix, DF(Z,7,p) is the Fréchet derivative of F' with
respect to z; evaluated at (Z,7,p).

On the other hand, from the definition of [I4], we know that (z,7,p) is called a
center of if (z,7,p) € N and det(A(z, 7, p)(%”z)) = 0 and the center is said to
be isolated if it is the only center in the neighborhood of (Z, 7, p).

From we know that

det(A(Py, 7,p)(V) = (A= 6)(A —a+ 3) =0,

obviously, this equation has no purely imaginary roots, thus has no centers
with the form (Py, 7, p). From the proof of |2 [I6 theorem 4.2], we know that there
exist e, > 0,e2 > 0 and a smooth curve A(7) : [1; — €1,7; + €1] — C such that
det(A(X(7))) =0 as |A(7) —iw;| < € for all 7 € [1; — €1, 7; + €], furthermore
Re A(7)

dT ‘T:T]‘

thus, for all 7 > 0, (P, 75, %)(] € N) is the only center of (3.1). Let

A(T5) = iwy, > 0;

™
QE,QT&'/U)L = {(nap) :0< n <e, ‘p_ 2;l| < 6}‘

If |T - Tj| S €1 a‘nd (777]7) € 896,271'/(4;“ then
2 2
det(A(Py,p)(+ i) =0 & =07 =m,p= "
1
Define

2T .
H*(Py, 75,27 fwi)(n, p) = det(A(Py, 7+ e1,p)(n + ;”z)).
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Then the crossing number of isolated center is
V(Po, Tj, 21 /wy)

= degg(H™ (P2, Tj, Z—T),Qeygﬂ/wl) — degB(H+(P2,Tj,27r/wl),Q€’27r/wl) =—1;
(3.6)
thus
Z v(z,7,p) <0.
(Z:7P)ELPy 7 2m fo) IN
Noting lemma we know that the connected component l(p, ;; 2r/.,) Passing

through (P, 7;,27/w;) is unbounded in ¥. From lemma we know that the
projection of I(p, r; 27 /) Onto z-space is bounded. Noting [16], one has

o <715 (3.7)
From the results of lemma we know that has no non-trivial periodic
solutions for 7 = 0. Hence the projection of l(p, -, 2x/.,) Onto T-space is away from
zero. If not, the projection of l(p, ;. 27 /) Onto T-space is included in the interval
(0,7*),7* > 1, with the help of , we know (Z,7,p) € l(py,r; 2n/wy) @5 P < T™.
This implies the projection of [(p, -, 2r /) Onto p-space is bounded. Thus if we want
the connected component l(p, r; 27/4,) 18 unbounded, the projection of I(p, + 27 /w))
onto 7-space must be unbounded; i.e., the projection of (P, rj 27 jwy) ODEO T-space
must conclude [}, 00), this implies that the system has at least j — 1 periodic
solutions for all 7 > 7;(j > 1) . O

Discussion. We studied the nonlinear dynamics of a Kuznetsov Makalkin and
Taylor’s model with delay, which is analyzed in [I6]. In [I6], Yafia only give the
existence of the Hopf bifurcation. In this paper, we give the general formula of
the direction, the estimation formula of period and stability of bifurcated periodic
solution. Especially, using a global Hopf bifurcation due to Wu[I4], the global
existence of periodic solutions bifurcating from Hopf bifurcations is given. we show
that the local Hopf bifurcation implies the global Hopf bifurcation after the second
critical value of the delay. Numerical simulations are carried out to illustrate the
the theoretical analysis and results.

Our results on the existence and stability of the Hopf bifurcated periodic solu-
tions of P, describe the equilibrium process. When a global stable periodic orbit
exists, it can be understood that the tumor and the immune system can coexist for
all the time although the cancer is not eliminated. The conditions for the parame-
ters provide theories basis to control the development or progression of the tumors.
The phenomena have been observed in some models d’Onofrio [3], Kuznetsov et
al [I1], Bi et al [2] . In particular, Bi et al. [I] have shown that various bifur-
cations, including Hopf bifurcation, Bautin bifurcation and Hopf-Hopf bifurcation,
can occur in such models.

Finally, we point out that we have studied the dynamical behaviors of P,. In fact,
the dynamical behaviors of Py is more rich such as the existence of the Bogdanov-
Takens bifurcation and steady-state bifurcation, which is studied in [2]. The two
equilibria may coexist, correspondingly, the system can exhibit more degenerate
bifurcations including Hopf-Hopf and resonant higher codimension bifurcations et
al. It would be interesting to consider these dynamics of the delayed model.
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