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SOLVABILITY OF A QUADRATIC INTEGRAL EQUATION OF
FREDHOLM TYPE IN HOLDER SPACES

JOSEFA CABALLERO, MOHAMED ABDALLA DARWISH, KISHIN SADARANGANI

ABSTRACT. In this article, we prove the existence of solutions of a quadratic
integral equation of Fredholm type with a modified argument, in the space of
functions satisfying a Hoélder condition. Our main tool is the classical Schauder
fixed point theorem.

1. INTRODUCTION

Differential equations with a modified arguments arise in a wide variety of sci-
entific and technical applications, including the modelling of problems from the
natural and social sciences such as physics, biological and economics sciences. A
special class of these differential equations have linear modifications of their argu-
ments, and have been studied by several authors, see [1]-[9] and their references.

The aim of this article is to investigate the existence of solutions of the following
integral equation of Fredholm type with a modified argument,

J:(t):p(t)+a:(t)/0 k(t,7) 2(r(r)) dr, te[0,1]. (1.1)

Our solutions are placed in the space of functions satisfying the Hélder condition.
A sufficient condition for the relative compactness in these spaces and the classical
Schauder fixed point theorem are the main tools in our study.

2. PRELIMINARIES

Our starting point in this section is to introduce the space of functions satisfying
the Holder condition and some properties in this space. These properties can be
found in [2].

Let [a,b] be a closed interval in R, by Cfa,b] we denote the space of continuous
functions on [a, b] equipped with the supremum norm; i.e., ||| o0 = sup{|z(t)| : t €
[a,b]} for z € Cla,b]. For 0 < o <1 fixed, by H,[a,b] we will denote the space of
the real functions z defined on [a,b] and satisfying the Holder condition; that is,
those functions z for which there exists a constant HZ such that

() — ()| < H|t - s|% (2.1)
for all ¢t,s € [a,b]. It is easily proved that Hy[a,b] is a linear subspace of Cla, b].
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In the sequel, for x € Ha [a,b], by HY we will denote the least possible constant
for which inequality (2.1 is satisfied. More precisely, we put

{'x 5|a YOy ¢ (a1, t#s). (2.2)

The spaces Hy[a,b] with 0 < a < 1 can be equipped with the norm

Jola = 2(a)] + sup {W:te @Y, ¢ £ ),

for © € H,la,b]. In [2], the authors proved that (Hu[a,b], | - |lo) with 0 < a < 1 is
a Banach space. The following lemmas appear in [2].

Lemma 2.1. For xz € H,[a,b] with 0 < a < 1, the following inequality is satisfied
[2]loe < max (L, (b - a)®)|lz]a- (2.3)

Lemma 2.2. For 0 < a <y <1, we have
H,a,b] C Hyla,b] C Cla,b]. (2.4)
Moreover, for x € Hy[a,b] the following inequality holds
|]la < max (1, (b —a)?™*)[l]. (2.5)

Now, we present the following sufficient condition for relative compactness in
the spaces Hy[a,b] with 0 < o < 1 which appears in Example 6 of [2] and it is an
important result for our study.

Theorem 2.3. Suppose that 0 < a < § < 1 and that A is a bounded subset in
Hgla,b] (this means that ||x||g < M for certain constant M > 0, for any x € A)
then A is a relatively compact subset of Hy[a,b].

3. MAIN RESULTS

In this section, we will study the solvability of in the Holder spaces. We
will use the following assumptions:
(1) pe H,(}[O,l], 0<B<1.
(ii) & : [0,1] x [0,1] — R is a continuous function such that it satisfies the
Holder condition with exponent 8 with respect to the first variable, that is,
there exists a constant K such that

|k(t,7’) - k(577—)‘ < Kﬂ ‘t - S|,87

for any t,s,7 € [0,1].
(iii) 7 :[0,1] — [0,1] is a measurable function.
(iv) The following inequality is satisfied
1
Iplls (2K + Kg) < 7,

where the constant K is defined by

K:sup{/O |k(t,7)|d7 : t € [0,1]},

which exists by (ii).
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Theorem 3.1. Under assumptions (1)—(iv), Fquation (1.1]) has at least one solution
belonging to the space H,[0,1], where « is arbitrarily fized number satisfying 0 <
a <.

Proof. Consider the operator 7 defined on Hg[0, 1] by

1

(Tx)(t) =p(t) + z(t) ; k(t,7) x(r(r))dr, te€]0,1].

In the sequel, we will prove that 7 transforms the space Hg0, 1] into itself. In fact,
we take z € Hgl0,1] and t,s € [0,1] with ¢ # s. Then, by assumptions (i) and (ii),
we obtain

(T2)(t) = (T)(s)]

[t —s|?
_p(t) +2(0) Jy k(t,7) @(r(r)) dr = p(s) — 2(s) fy k(s,7) @(r(r)) dr]
[t — 5|8

_ @) —p()| | [2() Jo k(t,7) 2(r(r)) dr — a(s) [ k(t,7) x(r(7)) dr|
B i [t — s|?

. () [y k(t,7) z(r(r)) C|ltT - xés) [ k(s,7) x(r(r)) dr|

p(t) = p(s)| | |a(t) —z(s)| [*
< DN B [ ke, ) fatr ()l ar

| 2) Jo 1k(t,7) — k(s,7)| |2(r(7))| dr

|t — s|?

Ip(t) —p(s)| | |z(t) —z(s)] /1
< - k(t,7)|d
< TR + TEE (B OI(T)IT
1
[Zlloo - 2lloo [y |K(t,T) = K(s,7)|dT
|t —s]?

1
<Ip(t)—p(s)l lz(t) —z(s)| Nzl [y Kplt — s|? dr
- Jt—slf |t —s|? |t —s|?
< HY + K||z| o HY + Kgl|z|2,-

+

+ K|z

By Lemma since ||z]|oo < |||l and, as H? < ||x||3, we infer that

[(T2)(t) = (T2)(s)]

|t —slP

< HP + (K + Kpg)||z||3
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Therefore,

[Tl = (T2) )+ sup { L= e ot £5)

< [(Tz)(0)| + H) + (K + Kg) |||

< p(0)| + |a:(0)|/0 [£(0,7)] a(r(r)| dr + Hy + (K + Kp)||z]3 (3.1)

1
<lplls + Il - H%IIoo/0 k0, 7)] d7 + (K + Kp)||z3
< llplls + Kllll3 + (K + Kp)lll3
= llplls + (2K + Kp)| 2[5 < oo.

This proves that the operator 7 maps Hg[0, 1] into itself.
Taking into account that the inequality

Ipllp + (2K + Kp)r? <r
is satisfied for values between the numbers

1— /1 —4]plls2K + Kj)
202K + Kg)

r =

and

_ 11— /1 +4]p[s(2K + Kp)
202K + Kp)

which are positive by assumption (iv), consequently, from it follows that 7
transforms the ball B? = {z € Hz[0,1] : ||lz||g < ro} into itself, for any ro € [r1,72];
ie,7: Brﬁo — Brﬂ, where 71 < rg < r9.

By Theorem we have that the set BEU is relatively compact in H,]0, 1] for
any 0 < a < B < 1. Moreover, we can prove that Bfo is a compact subset in

H,[0,1] for any 0 < a < <1 (see Appendix).

Next, we will prove that the operator 7 is continuous on B;{” , where in Bﬁ we
con81der the induced norm by | - ||o, where 0 < a < § < 1. To do this, we fix
z € BY and £ > 0. Suppose that y € BY and ||z — y|lo < 6, where § is a positive
number such that § <

2(2K+€3Kﬁ)r0 :
Then, for any ¢, s € [0,1] with ¢ # s, we have

[(Ta)(®) - (Ty)(tﬁ] —[(T2)(s) = (Ty)(s)]

| [2(t) Jy k(t.7) 2(r(r)) Tt;_—ﬁt) Jo Bt 7) y(r(r)) dr]
[w(s) Jfy k(s,7) 2(r(7) th f(fs) Jo B(s,7) y(r(7)) dr] |

<‘[x<t>folk<t7r> x(r(r)) dr — y(t) Jy K(t,7) 2(r (7)) dr]

B It— SI"

[ fo ) dr — fo (r(7)) dﬂ

It — 5|a
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[ fo ) dr —y fo ))dT]
|t*5|a
[ fo ) dr —y fo ))dﬂ’
It —s|*
- /ktr ) dr + (¢ /km #(r(r) = y(r(r))) dr

— (a(s) - y(s) / K(s,7) 2(r(r)) dr — y(s) / K(s,7) (2(r(r)) — y(r(r))) dr

0

sﬁ{m(t)f y() — (2(s) — y(s)) |~]/01k<m>z<r<r>>d

#1266) = 9(6) | [ 6t0.7) = ) 27

+o [ lkw)(x(rm—y( ()i =4(s) [ ks, alr(r) = yir(r) e}

< T \xnoo/ k(t, )] dr
+[(5) = 5() = (@(0) = y(O)] +12(0) — y(O)] 1]
|

y(t)

i s M

< Kllz —ylallzllo + sup [(z(p) —y(p)) — (2(q) — y()]

p,q€[0,1]
LRl s 'Kl — s
X ||x dr + |z(0) — y(0)|||x dr
lelle [ SEE e 4+ 2(0) = Ol [ SH
1
y(s) —x(s
+ =2 / k(0,7 afr(7) — y(r()] dr
|k(t, (s,7)|
wlo [ A=)yt an
< Klle]clle yna T llalloc Kslt — 7~
\p) —y\p)) — (2(q) — Yylq
[ D00 R O ) [
p,q€[0,1], p#£q lp — ql
+ Kpllallslt — s~ [2(0) — y(0)
@ lK t—S|B
+KH e = ylloo + Il o~ il | =0

< Kllzllplle = yllo + 2K3]1zllsllz = ylla + Kllyllallz = ylla + Ksllyllalle =yl
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< (Kllzlls + 2K5llzlls + Klylla + Ksllylla)llz = yla-

Since [|ylla < |lyllp (see, Lemma [2.2) and x,y € BE , from the above inequality we
infer that

[(T2)(t) = (Ty)(®)] = [(T2)(s) = (Ty)(s)]]

|t —s|*

< (QKTO + 3Kﬁ7‘0)||$€ - y||a
< (2Kro + 3Kg7"0)5 < g
On the other hand,

(Tz)(0) — (Ty / k(0,7) ))dr —y / k(0,7)y )dT‘
< ’x(O)/ k(0,7) 2(r(r ))dT—x(O)/ k(0,7) y(r (T))dT‘

—|—‘ /kOT ))dr —vy /kOT )dr‘

gpumXJM&ﬂ<<<D—yWﬁmdﬂ

1
+@© = y©) [ K07y ar
0
< Kol — oo + Klylollz — yllo
< Klelsllz - yllo + Klyllsllz - vl
<2Kro|lzr — ylla < 2Kr9d < %

From and , it follows that
[Tz — Tyl
= [(T2)(0) — (Ty)(0)|

+ sup { (T2)(®) - (Ty)(t|)t)_—s(|((¥7$)(s) = Ty)(o)) s €[0,1], t# 5}
<s+z=¢

This proves that the operator 7 is continuous at the point x € Bfg for the norm
[l|la- Since BY is compact in H,[0,1], applying the classical Schauder fixed point
theorem we obtain the desired result. (I

4. EXAMPLE

To present an example illustrating our result we need some previous results.

Definition 4.1. A function f: Ry — Ry is said to be subadditive if f(z +y) <
f(z) + f(y) for any 2,y € Ry.

Lemma 4.2. Suppose that f : Ry — Ry is subadditive and y < x then f(z) —
fy) < flz—y).

Proof. Since f(z) = f(x —y+y) < f(z —y) + f(y) the result follows. O
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Remark 4.3. From Lemma [£.2] we infer that if f : R4 — Ry is subadditive then
[f(z) = f(y)| < f(lz —y]) for any z,y € Ry.

Lemma 4.4. Let f : Ry — Ry be a concave function with f(0) = 0. Then f is
subadditive.

Proof. For x,y € Ry and, since f is concave and f(0) = 0, we have

f(x)—f(xiy@w)uiy-@
> Sty + ()
= xiyf(a%y)
and
f(y)f(xiy-0+xiy(x+y)>
> Oy + S )
:xiyf(:v+y)-

Adding these inequalities, we obtain
€T Y
+ >—flet+y)+ ——flet+y) = fle+y).
f@)+fy) = xﬂ/f( y) eryf( y) = flz+y)
This completes the proof. [

Remark 4.5. Let f : R, — R, be the function defined by f(z) = ¥/z, where
p > 1. Since this function is concave (because f”’(z) <0 for z > 0) and f(0) =0,
Lemma [4.4] says us that f is subadditive. By Remark we have

[f(@) = f)l = ¥z — vyl < {1z —yl
for any z,y € Ry.
Example 4.6. Let us consider the quadratic integral equation
1
x(t) = arctan v/gsint + ¢ + x(t)/ vmt? + 1z —TI— 1) dr, te]l0,1], (4.1)
0 T

where, ¢, ¢ and m are nonnegative constants. Notice that (4.1]) is a particular case
of (L.1)), where p(t) = arctan /gsint + ¢, k(t,7) = Vmt?> + 7 and r(1) = Z5.

In what follows, we will prove that assumptions (i)-(iv) of Theorem are
satisfied. Since the inverse tangent function is concave (because its second derivative
is nonpositive) and its value at zero is zero, taking into account Remarks and

[ 45 we have
Ip(t) — p(s)| = ‘ arctan ¢/gsint + § — arctan \E‘/m‘
\S/qsintJrqu Q/qsins+é|)
< |\5/qsint+(j— i/qsins—i—qA‘
< {/qlsint — sins|

< \S/a ‘t - 5|1/57

< arctan (
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where we have used that arctana < z for > 0 and |sinz — siny| < |z — y| for
any z,y € R. This says that p € Hé [0, 1] and, moreover, H;/‘r) = $/q. Therefore,
assumptions (i) of Theorem is satisfied.

Note that

—p(s)]

p(t
Iy = ()] + sup { PR s fo.1) 0 )

< arctan {/(5 + H;/5
= arctan \5/(5 + 4.
Since for any ¢, s, € [0,1], we have (see, Remark
|k(t,7) — k(s,7)| = H/th +7— {L/ms2 —|—T’
< /|mt? —ms?|
= Vmy/l? = 52|
= VmVt+sy/|t—s|
Sm/2 |t — sV
Ym3 |t — 5|V |t — 5|1/
< V2m |t — s/,
assumption (i) of Theorem [3.1]is satisfied with Ky = K, = v2m.

It is clear that r(7) = —T5 satisfies assumption (iii).

In our case, the constant K is given by

IN

Kzsup{/o k(. )| dr < ¢ € [0,1]}
1
:sup{/0 de:tG[O,l]}
= sup {g ({‘/(mtz T1p - \4/m5t10)}
=§<\4/(m+1)5— \/ﬁ)

Therefore, the inequality appearing in assumption (iv) takes the form

||p||%(2K+K5) = (arctan i+ g/g) (%[4/(m+ 15 — W] + \4/%) < i

It is easily seen that the above inequality is satisfied when, for example, § = 0,
q= 2% and m = 1. Therefore, using Theorem we infer that (4.1) for § = 0,
q = 537 and m = 1 has at least one solution in the space H,[0,1] with 0 < o < 1/5.

Note that in (4.1)), we can take as r(7) a particular functions such as r(7) = {e"},
where {-} denotes the fractional part.

Remark 4.7. Note that any solution z(t) of (1.1)), i.e.,

z(t) = p(t) + ;v(t)/o k(t,7) x(r(r))dr, te]0,1],
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satisfies that its zeroes are also zeroes of p(t). From this, we infer that if p(¢) # 0
for any t € [0, 1] then z(t) # 0 for any t € [0,1]. By Bolzano’s theorem, this means
that the solution z(t) of Eq(L.I)) does not change of sign on [0, 1] when p(t) # 0 for
any t € [0,1]. These questions seem to be interesting from a practical standpoint.

5. APPENDIX

Suppose that 0 < a < 8 < 1 and by B? we denote the ball centered at § and
radius 7 in the space Hgla,bl; i.e., B? = {x € Hgla,b] : |z| g < r}. Then Bf is a
compact subset in the space H,[a, b].

In fact, by Theorem since B? is a bounded subset in Hgla,b], B? is a

relatively compact subset of Hy[a,b]. In the sequel, we will prove that BS is a

closed subset of H,[a,b]. Suppose that (x,) C B? and z,, Me, o with = € H,la,b].

We have to prove that = € BY.

Since zy, Il x, for € > 0 given we can find ng € N such that ||zg — 2|, < € for

any n > ng, or, equivalently,

() = 2(t) = (zn(s) — z(s))|

|t — s

|$n(a)—$(a)|+sup{|(xn :t,5 € [a,b], t;«és} <e,

(5.1)
for any n > ng. Particularly, this implies that x,(a) — x(a). Moreover, if in (5.1)
we put s = a then we get

up {[E0(0) = 2(0) ~ (@ (a) ~ (@)

|t = al

it,s € la,b], t #a} <e, for any n > ng.

This says that
[(zn(t) —2(t)) — (xn(a) —z(a))| < e|t —al®, for any n > ng and for any ¢ € [a, b].

(5.2)
Therefore, for any n > ng and any t € [a, ] by (5.1]) and (5.2)), we have
|20 (t) — 2(t)] < [(2n(t) — (1)) = (znla) — x(a))| + [#n(a) — z(a)|
<et—a)+e¢
=e(1+(—a)®).
From this, it follows that
[#n — z]lec — 0. (5.3)

Next, we will prove that x € B?. In fact, as (z,) C B? C Hg[a,b], we have that

|#n (1) — Zn(s)]
T T

for any t, s € [a,b] with ¢ # s. Consequently,
|2 (t) = 2n(s)] < rlt — 5|
for any ¢,s € [a,b]. Letting n — co and taking into account (5.3)), we obtain
e (t) — a(s)| < rft —s|’
for any t, s € [a, b]. Therefore,

|z(t) — x(s)|
T o
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for any ¢,s € [a,b] with ¢ # s, and this means that 2 € B?. This completes the
proof.

(1]
2]
(3]

(4]

(5]
[6]
[7]
(8]

[9]

REFERENCES

C. Bacotiu; Volterra-Fredholm nonlinear systems with modified argument via weakly Picard
operators theory, Carpath. J. Math. 24(2) (2008), 1-19.

J. Banas, R. Nalepa; On the space of functions with growths tempered by a modulus of
continuity and its applications, J. Func. Spac. Appl., (2013), Article ID 820437, 13 pages.

M. Benchohra, M.A. Darwish; On unique solvability of quadratic integral equations with linear
modification of the argument, Miskolc Math. Notes 10(1) (2009), 3-10.

J. Caballero, B. Lépez, K. Sadarangani; Existence of nondecreasing and continuous solutions
of an integral equation with linear modification of the argument, Acta Math. Sin. (English
Series) 23 (2007), 1719-1728.

M. Dobritoiu; Analysis of a nonlinear integral equation with modified argument from physics,
Int. J. Math. Models and Meth. Appl. Sci. 3(2) (2008), 403-412.

T. Kato, J.B. Mcleod; The functional-differential equation y'(z) = ay(Az)+by(x), Bull. Amer.
Math. Soc., 77 (1971), 891-937.

M. Lauran; Existence results for some differential equations with deviating argument, Filomat
25(2) (2011), 21-31.

V. Muregan; A functional-integral equation with linear modification of the argument, via
weakly Picard operators, Fized Point Theory, 9(1) (2008), 189-197.

V. Muresan; A Fredholm-Volterra integro-differential equation with linear modification of the
argument, J. Appl. Math., 3(2) (2010), 147-158.

JOSEFA CABALLERO

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE LAS PALMAS DE GRAN CANARIA, CAMPUS DE
TAFIRA BAJA, 35017 LAS PALMAS DE GRAN CANARIA, SPAIN

E-mail address: fefi@dma.ulpgc.es

MOHAMED ABDALLA DARWISH

DEPARTMENT OF MATHEMATICS, SCIENCES FACULTY FOR GIRLS, KING ABDULAZIZ UNIVERSITY,
JEDDAH, SAUDI ARABIA.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, DAMANHOUR UNIVERSITY, DAMANHOUR,
EcypT

E-mail address: dr .madarwish@gmail.com

KISHIN SADARANGANI

DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE LAS PALMAS DE GRAN CANARIA, CAMPUS DE
TAFIRA BAJja, 35017 LAs PALMAS DE GRAN CANARIA, SPAIN

E-mail address: ksadaran@dma.ulpgc.es



	1. Introduction
	2. Preliminaries
	3. Main results
	4. Example
	5. Appendix
	References

