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MULTIPLE POSITIVE SOLUTIONS FOR SINGULAR
MULTI-POINT BOUNDARY-VALUE PROBLEMS WITH A
POSITIVE PARAMETER

CHAN-GYUN KIM, EUN KYOUNG LEE

ABSTRACT. In this article we study the existence, nonexistence, and multi-
plicity of positive solutions for a singular multi-point boundary value problem
with positive parameter. We use the fixed point index theory on a cone and
a well-known theorem for the existence of a global continuum of solutions to
establish our results.

1. INTRODUCTION

Consider the singular multi-point boundary-value problem

(@p(u/(t)))l + )‘f(t7u(t)) =0, te (07 1)7 (1‘1)
u(0) = Z aiu(§), u(l) = Z biu(&i), (1.2)

where @, (s) = |s|P72s, p> 1, X a nonnegative real parameter, & € (0,1) with 0 <
£ <€ < <Emo <1, a5b;€0,1) with0 <37 %a; <1,0< "% < 1,
and f € C((0,1) x [0,00), (0,00)). Here, f(¢,u) may be singular at ¢ = 0 and/or 1
and satisfies the following conditions:
(F1) for all M > 0, there exists hps € A such that f(t,u) < hp(t), for all
w € [0, M] and all ¢ € (0,1), where

A= {h:/01/2 w;l(/:m h(T)dT)ds+/11 ga;l(/ls h(r)dr ) ds < oc}

/2 /2
(F2) there exists [, 3] C (0,1) such that lim, o f(t,u)/uP~! = oo uniformly
in [o, g].

By a positive solution of problem —, we mean a function v € C[0,1] N
C1(0,1) with ¢,(u') € C1(0,1) that satisfies (L.I)-(1.2) and u > 0 in (0,1). Here
I - || denotes the usual maximum norm in C[0, 1].

Motivated by the work of Bitsadze [3,[], the study of multi-point boundary value
problem for linear second-order ordinary differential equations was initially done by
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II'in and Moiseev [13}, [14]. Gupta [II] studied three-point boundary value problems
for nonlinear ordinary differential equations. Since then, many researchers have
studied nonlinear second-order multi-point boundary value problems under various
conditions on the nonlinear term. We refer the reader to 2} [8] [0, 18] 19} 22| 23] 24
25, 277, 28] and references therein.

Problem (L.1)-(L.2) is a singular boundary value problem since f is allowed to
have singularity at ¢ = 0 and/or 1. Singular problems have been extensively studied
in the literature. For the case of two-point boundary value problems, the results
were proved in [l Bl @, 12, 18|, 21 26l 29, B0] and for multi-point boundary value
problems, the results were proved in [, [9, 19l 22] [24] 28]. However, there are few
results for multi-point boundary value problems having nonlinear term which does
not satisfy L!-Carathéodory condition. Recently, in semi-linear case, Sun et al. [24]
studied the following singular three-point boundary-value problem

y" + ﬂa(t)m(iyo) =0, t€(0,1) (1.3)

y(0) — By’ (0) y(1) = ay(n),

where p > 0 is a parameter, § >0, 0 < < 1,0 < an < 1, (1 —an) + B(1 —
a) >0, a € C((0,1),(0,00)) satisfies 0 < [/ (8 + 5)(1 — s)a(s)ds < oo, and g1 €
C(]0,1] x (0,00), (0,00)) may be singular at y = 0. Without any monotone or
growth conditions imposed on the nonlinearity g;, using fixed point index theorem,
they obtained not only the existence results of positive solutions to the problem
, but also the explicit interval about positive parameter p. Kim [19], in p-
Laplacian case, presented some sufficient conditions for one or multiple positive
solutions to the problem (L.I)-(1.2), where f(t,u) = h(t)g2(t,u), h € A,go €
C(]0,1] x [0, 00), [0, 00)).

To the authors’ knowledge, in the case of p-Laplacian, there is no result about
the global structure of positive solutions for parameter A € (0,00) to multi-point
boundary-value problems with the nonlinear term admitting stronger singularity
than L'(0,1) at ¢t = 0 and/or 1. The following is the main result in this paper.

Theorem 1.1. Assume that (F1) and (F2) hold. Assume in addition that f(t,u) =
h(t)g(t,u), where h € A and g € C((0,1) x [0, 00), (0,00)) satisfies

(A1) for all N > 0 and all € > 0, there exists &6 = 0(N,e) > 0 such that if
u,v € [0, N] and |u —v| < 8, then |g(t,u) — g(t,v)| <e, for allt € (0,1),
(A2) inf{g(t,u) | t € (0,1), u € [0,00)} > 0.

Then there exists A\* > 0 such that problem (L.1)-(1.2)) has at least two positive
solutions for A € (0,\*), at least one positive solution for A = \* and no positive
solution for A > A\*.

The above result is an extension of previous works for two-point boundary-value
problems by Choi [5], Wong [26], Dalmasso [6], Ha and Lee [12], Lee [21], Xu and
Ma [29], and Kim [18].

The rest of this article is organized as follows. In Section 2, the operator for
problem — is introduced, and well-known facts such as Picone-type identity
and Global continuation theorem are presented. In Section 3, the proofs of our
results (Theorem and Theorem and examples for nonlinear term to illustrate
our results are given.
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2. PRELIMINARIES

First we introduce the operator corresponding to problem ([1.1])-(1.2). Through-
out this section we assume that (F1) holds. Set

K ={u e C[0,1] : ui s a nonnegative concave function on [0, 1], u satisfies (1.2))}.

Then K is an ordered cone in C[0,1]. For (A,u) € [0,00) x K, we define zy 4, :
[0,1] = R as xx u(t) =z}, (t) — 23 ,(t), where

2L, (0) :A_lgai /0E 90;1[/: )\f(T,u(T))dT]ds—i—/Ot ¢;1[/st AT (r,u(r))dr] ds

and

z3 . (t 12 b; / p [/: )\f(T,u(T))dT}dS—f—/tl @;1[/3 )\f(T,U(T))dT}dS.

t

Here 72 ,
i=1 i=1

For A > 0, lim; g+ Zx(t) < 0 and lim; ,;- z) ,(¢) > 0. Indeed we can rewrite
xiu(t) as

3u(t)
m—2 13

- (-5

- ] [/ M (7, ulr ))dT]der/Ot @pl[/: Af (7, u(r))dr]ds).

By (F1), there exists he € A such that

0< /Ot @pl[/: )\f(T,u(T))dT}dS < /Ot @pl[/: hQ(T)dT]dS,

lim tgo;l [/: )\f(T,u(T))dT} ds = 0.

t—0t 0

and

Clearly lim;_,q+ xiu(t) > 0, and thus lim; o+ x4 (f) < 0. In a similar manner we
can show lim; ,1- x,(t) > 0. Since z) , is continuous and strictly increasing in
(0, 1), there exists a unique zero Ay, € (0,1) such that z ,(Ax) = 0. For A =0,
we may take Ay, = 0 since zg,, = 0. Then, for (A, u) € [0,00) x K,

Aléjm[fwﬁ[lA”Aﬂauvmhps+AAM¢;[LM”AﬂﬂMﬂM4@

:B—lgbi /: w;l[/AM Af(T,u(T))dT}dH/l (p;l[/s A (ryu(r)dr | ds.

A)\,’U. A)x,u
Define H : [0,00) X K — C’[O 1] as

ATy 2 a; Jo ent [fSA*’” M (7, u(r))dr]ds

+hw VMM (rulr))dr]ds, 0<t< Ay,
e be<p [fo M (7, u(r))dr]ds

+fAA L L, M u(n)dr]ds, Ay St

H\u)(t) =
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In view of the definition of Ay ,,, H(A, u) is well-defined, ||H (X, w)|| = H(A, u)(Ax ),
and H(A u) € K for all (\,u) € [0,00) x K (see, e.g., [§, Lemma 2.2]).

Lemma 2.1. Problem (L.1)-(1.2) has a positive solution w if and only if H(X,-)
has a fized point u in IKC for A > 0.

Proof. We assume that u is a positive solution of problem -. If A\=0,
u = 0 by the facts that 0 < 2?212 a; < land 0 < Z:’;Q b; < 1. Thus A > 0.
Since u’ is strictly decreasing in (0,1), v € K. From the fact that u satisfies
(BC), max{u(0),u(1)} < u(§;) for some 1 < j < m — 2, and there exists a unique
A, € (0,1) such that u'(A,) = 0. Integrating (Py) from s to A,, we have

u'(s) = <p;1 [/\ /SAu f(T,u(T))dT]. (2.1)

Again integrating (2.1]) from 0 to ¢, we have
t

u(t) :u(0)+/0 @pl[/;" Af(T,u(T))dT}ds, te0,1).

Then u(&;) = u(0) + fo& oyt [fSA“ A (7, u(r))dr]ds and

u(0) = 3 asulé)

i=1

m—2 3 Ay
a;u(0) + Z a; /0 o, { A (T, u(T))dT} ds.
i=1

S

Thus

u(0) :A’lnfai /0& gapl{/Au Af(T,u(T))dT}ds.
i=1 s

Similarly, integrating (2.1)) from ¢ to 1,

u(t) = u(l) + /tl <p;1 [/S )\f(T,u(T))dT} ds, t € (0,1]

u

and

u(l) = Blgbi /; <p;1 [/AS )\f(T,’UJ(T))dT:| ds.

Then, by the definition of Ay ., A, = Ay, and consequently H(\, u) = u.
Conversely, if we assume that there exists u € K such that H(\, u) = u for A > 0,
then one can easily see that u is a positive solution of problem (L.1))-(1.2). O

Lemma 2.2. Let M > 0 be given and let {(An,un)} be a sequence in [0,00) x K
with [An| + Junl] < M. If Ay — 0 (or 1) as n — oo, then A\, — 0 and
1H(Ap,upn)|| — 0 as n — oo.

n,Un

Proof. We only prove the case Ay, ., — 0 as n — oo since the other case can be
showed in a similar manner. By the definition of A) ,, we can easily know A, — 0
as n — oo. By (F1), there exists hp € A such that f(t,u) < hp(t), t € (0,1),
u € [0, M]. For sufficiently large n, we have Ay, ., < &1,
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<A Al/gmz 1[/§m2h dr|a
> An Yp M(T) T|as,
0 s

and

Aknvun Aknvun
1Ol = HOwu) O+ 3 [ o [ [ han(ryar]as.
0 s
Thus ||H (M, un)|| — 0 as n — oo since hyy € A and A\, — 0 as n — oo. O
Lemma 2.3. H :[0,00) x K — K is completely continuous.

Proof. By Lemma [2.2] Ascoli-Arzela theorem, and Lebesgue dominated conver-
gence theorem, one can easily show the completely continuity of H (e.g., see [1L[19]).
Thus we omit the proof here. [

Next we introduce the generalized Picone identity due to Jaros and Kusano
([16]). Let us consider the following operators:

plyl = (ep(¥) + a(t)ep(y),
Lylz] = (‘Pp(zl))/ + Q(t)pp(2).

Theorem 2.4 ([20 p 382]). Let q(t) and Q(t) be measurable functions on an inter-
val I. If y and z are any functions such that y, z, ¢, (y'), @p(2') are differentiable
a.e. on I and z(t) # 0 fort € I, then the following holds

d g lylPep(z') /
%{W — ypp(y )}
= (a- QM ~ [ + - DIE — pyl'ep(5)] — wlyl] + L2

©p(2)

Ly[z].
(2.2)
Remark 2.5. By Young’s inequality, we have

\p yzl D / ZI
W1+ (0= DI = pep)y'ep(7) 20,
and the equality holds if and only if ¢’ = y2'/z in (a,b).
Finally we recall a well-known theorem for the existence of a global continuum
of solutions by Leray and Schauder [17].
Theorem 2.6 ([31, Corollary 14.12)). Let X be a Banach space with X # {0} and
let IC be an ordered cone in X. Consider
x = H(p, ), (2.3)
where p € [0,00) and x € K. If H : [0,00) X K — K is completely continuous and
H(0,2) =0 for all x € K. Then the solution component C of (2.2)) in [0,00) x K

which contains (0,0) is unbounded.

3. MAIN RESULTS

Since H(0,u) = 0 and H(X,0) # 0 if A # 0, by Lemma Theorem we
obtain the following proposition.

Proposition 3.1. Assume that (F1) holds. Then there exists an unbounded con-
tinuum C emanating from (0,0) in the closure of the set of positive solutions of

problem (L.1)-(1.2) in [0,00) x K.



6 C.-G. KIM, E. K. LEE EJDE-2014/38

To see the shape of C, we need lemmas regarding \-direction block and a priori
estimate. Using the generalized Picone identity (Theorem and the properties
of the p-sine function [7], 2], we obtain the following two lemmas.

Lemma 3.2. Assume that (F1) and (F2) hold. Then there exists X > 0 such that
if problem (L.1)-(1.2) has a positive solution uy, then A < \.

Proof. Let u) be a positive solution of problem —. Since f(t,u) > 0 for all
(t,u) € (0,1) x [0,00), by (F2), there exists C; > 0 such that

f(t,u) > Crpp(u) for u € [0,00), t € [, []. (3.1)
It is easy to check that w(t) = Sy (my(t — @)/(6 — ), where S, is the ¢-sine func-

tion and % + % =1, is a solution of

(p(w' (1)) + (

Tq

) enlwl) =0, t€ (@)
w(e) = w() = 0.

Taking y = w, z = uy, q(t) = (7,/(8 — @))” and Q(t) = A f(t,un)/pp(ur) in (2.2)
and integrating from « to 3, by Remark

A t
/ (( 721 ) il ’u*))|w|1’dt > 0.
a VB« ©p(ur)
It follows from (3.1)) that

((ﬁiqa)pml)/ﬁwlpdtzo,

(e

and thus the proof is complete. O

Lemma 3.3. Assume that (F1) and (F2) hold, and let J = [D, E] be a compact
subset of (0,00). Then there exists My > 0 such that if u is a positive solution of

problem (L.1)-(1.2) with A € J, then ||u|| < M.

Proof. Suppose on the contrary that there exists a sequence {u,} of positive so-
lutions of problem (1.1)-(1.2) with A, instead of A\, and {\,} C J = [D, E] and
lun|| = 00 as n — oo. It follows from the concavity of u,, for all n that

un(t) = min{e, 1 = SHlunll, ¢ € (). (3.2)
Take C = 2D~ ! (7,/(B — ))” > 0. By (F2), there exists K > 0 such that f(¢,u) >

Cop(u), for t € (o, 8), v > K. From the assumption, we get ||un| > (min{a, 1 —
B}) 71K, for sufficiently large N. Therefore, by (3.2)), we have

ftun(t)) > Cop(un(t), t€(a,f).
As in the proof of Lemma if we take y(t) = Sy (m4(t — @) /(8 — @)) and z = uy,
by Theorem and Remark
C< D! _Tq P
<D (M)
This contradicts the choice of C, and thus the proof is complete. (]

Setting A* = sup{u > 0: for all A € (0,pu), there exists at least two positive
solutions of problem (1.1)-(1.2), then A* > 0 is well-defined. Indeed by Proposition

C emanates from (0,0), and problem (1.1])-(1.2)) has a small solution near (0, 0)
for A € (0,s) with small s > 0. On the other hand, for any M > 0, define
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Cv = {(Mu) € C: |lul| > M} and the projection of Cps to the A-axis as Ap;.
Then, by Lemma and Lemma for large M, Ap; = (0,ap], where apr > 0
and it is decreasing in M. This implies that, for any interval (0,s) with small
s > 0, problem — also has a large solution for A € (0,s). Thus \* > 0 is
well-defined. Moreover it follows from an easy compactness argument that problem
(L.1)-(L.2) has at least two positive solution for A € (0, A*) and at least one positive
solution for A = \*.
The following is the first result in this work.

Theorem 3.4. Assume that (F1) and (F2) hold. Then there exists Ax > A* > 0
such that problem (L.1)-(1.2) has at least two positive solutions for A € (0, \*), at
least one positive solution for X € [A*, A.], and no positive solution for A > A,.

Proof. Define A\, = sup{\ : problem — has at least one positive solution}.
Then by Lemma [3.2] A* < A, < oco. We only consider the case A\* < A, since the
proof is done for the case A* = .. For A € [A\*, \,), there exists \e [A, Ax) such
that — with \ instead of A, has a positive solution, say @. Consider the
modified problem

(ep(u/' (1)) + Af(t,u(t)) =0, t€(0,1),
m—2 m—2 (33)
u(0) = ' aiu(§), u(l) = Z biu(&:),

where f(t,u) = f(t,7(t,u)) and v: (0,1) x R — R is defined as

(t), ifu>a(t),
if 0 <u<a(t),

U
y(t,u) =< u
0 if u <0.

Then all solutions u of (3.3) are concave and non-trivial. Define Ty : C[0,1] —
C0,1] as

A‘lz;n:f a; fog <p;1 [ fSA (T, u(T))dT} ds

t A7 N

T (u)(t) = + fo 901;:_[!3 A{(T’U(T)s)dT,] ds, 0<t< A
BTS20 o, oy [ SR (ru(m)dr]ds

+ [aey [ 3 A (7 ulr))dr] ds, A<t<l1.

where A satisfies

A‘lgai [l Aty ds + / o] / A utryar)as

:B_lgbi /; @;1[/; Af(T,u(T))dT}dH/; <p;1[/; Af(r,u(r))dr | ds.

It is easy to check that T) is completely continuous on C|0, 1], and w is a solution of
if and only if u = Thu. It follows from the definition of v and the continuity
of f that there exists Ry > 0 such that [|[Thul|| < Ry for all w € C[0,1]. Then by
Schauder fixed point theorem, there exists uy € C[0, 1] such that Thuy = uy, and
uy is a positive solution of (M)).



8 C.-G. KIM, E. K. LEE EJDE-2014/38

We first claim that uy(0) < @(0). If the claim is not true, ux(0) > @(0). Put
x(t) = ux(t) — 4(t). Then

m—2 m—2
0<1’(0):u Zaxfz Szazxgj <£ij)
=1

where z(§;) = max{z (&)1 <i < m—2} Similarly, (1) < x(&;). Thus, there exists
€ (0,1) and a € [0,0) such that z(0) = max,c[,1 (t) > 0, 2'(0) = 0, x(a) = 0,
and z(t) > 0 for t € (a,0]. Since A\ < A, for t € (a,0], (p,(u4 (1)) > (@, (@' (1))
and integrating this from ¢ to o, v} (t) < @/(t). Again integrating from a to o, we
have (o) = ux(0) —@(0) < ur(a) —@(a) = z(a). This is a contradiction. Thus the
claim is proved. Similarly, we have u)(1) < 4(1). Next we show that wuy(t) < 4(t)
for t € (0,1). If it is not true, it follows from uy(0) < @(0) and uy(1) < (1) that
there exists an interval [t1,t2] C [0, 1] such that uy(t1) = @(t1), ux(t2) = 4(t2) and

ux(t) > u(t) for all t € (t1,t2). Then
(Lp(ur () > (p(@' (1)), t € (t1,t2) (3.4)

and we can choose an interval [b,c] C [t1,t2] such that u)(b) > @/ (b) and u)(c) <
4/(¢). Using (3.4), we can get the contradiction

0> [pp UA( ) — ‘Pp(uA(b))] - [‘Pp(a/(CD - ‘Pp(a/(b))]
/ { [op (U ()] = [pp(a }dt > 0.

Therefore, by the definition of v, uy turns out a positive solution of problem -
(1.2). Furthermore, by Lemma and the complete continuity of H, we can show
that problem —, with A, instead of A, has a positive solution u,, and thus
the proof is complete. O

Now we consider f(t,u) = h(t)g(t,u) and let u. be a positive solution of problem
(1.1)-(1.2), with A, instead of A.

Lemma 3.5. Assume that (F1) and (F2) hold. Assume in addition that g satisfies
the conditions (Al) and (A2). Then, for all A € (0, ), there exists 65 > 0 such
that ax(t) = u«(t) + o satisfies
(ep(@) (1)) + An(t)g(t, ax(t)) <0, te(0,1). (3.5)
Proof. Let A be fixed in (0, A.). Put
1
= —\JA—1] inf g(t, u.(t .
SO 1]t glt.(0) >0
By (Al), there exists dy > 0 such that if u,v € [0, ||u.|| + 1] and |u — v| < dx, then
lg(t,u) — g(t,v)| <€, t€(0,1). Put ax(t) = us(t) + 0x. Then
(ep(ah(®)) + Af (£ an(t)) = (pp(ul(t)) + Af (£, us(t) + 6x)
From this, if @) does not satisfy (3.5]), there exists to € (0,1) such that
—Axg(to, ux(to)) + Ag(to, u«(to) +dx) > 0,
and then \
9(to, ux(to) +6x) = fg(to,u*(to))-
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By the choice of 9y,

Ax
€ (7 —1)g(to, us(to)),
which contradicts the choice of €. This completes the proof. O

Proof of Theorem[I1]. Suppose on the contrary that \* < .. Let A be fixed with
A* < XA < Ai. Then by showing that . . has at least two positive solutions
for A € [A*, \,), we get a contradiction to the definition of A\*, which completes the
proof. By Lemma there exists dy > 0 such that a)(t) = wu.(t) + J satisfies
. Consider the modified problem

(pp(u/ (1)) + An(t)g(t, 71 (t, u(t))) =0,
m—2 m—2 3.6
Z a;u(€ u(l) = Z biu(&;), (3.6)
i=1 i=1
where 71 : (0,1) x R — [0, 00) is defined as
ax(t), ifu>ax(t),
y1(t,u) = < u, if 0 <u < ay(t),
0, if u < 0.
Let u be a positive solution of . Set
Q={ueC0,1]] —1<u(t) <ax(t), te][0,1]}.

Then © is bounded and open in C[0,1]. We claim that if u is a positive solution of
(3.6), then v € QN K. Indeed, by the similar argument as in the proof of Theorem
0 <u(t) <axt),te [O, 1] and

3
w

m—2
a;u(§;) < Z azax (&)

o
:Pﬂ

3
b

az(u*(gz + 5>\ Z AU gz + 0

1 1=1

= *( )+ 0x = ax(0).
Similarly, ax(1) > u(1). If the claim is not true, then there exists [to,¢1] C (0,1)
with ¢9 < ¢; such that 0 < w(t) = ax(t), t € [to,t1] and 0 < wu(t) < ax(t),
t € (to — 01,t1 + 61) \ [to, 1] for some &; > 0. Since ) satisfies (3.5)),

o max ((@(04(1) + Ab(D(tor (1)} = —e1 <.

By condition (A1), there exists d2 > 0 such that if |u —v| < §2 and u,v € [0, ||a]]],
then

|g(t?u) —g(t,U)| < €2,

1

where €2 = €1[2Amaxyepy,—s,,¢,46,) ()] 7" > 0, and then there exists an interval

[a,b] C (to — d1,t1 + d1) such that
(u—ay)(a) >0, (u—ay)(b) <0

and
—0 < y(t,u(t)) —ax(t) =u(t) —ax(t) <0, t€la,bl.
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Consequently,

ep(u'(a)) = pp(ai(a)) >0,  @p(u' (b)) — @p(ai(b)) <O,
g(t,y(t u(t)) < g(t,ax(t)) + e, t€[a,b].
Then, by the choice of e,

0> p(u' (b)) = p(ar (b)) — @p(u'(a)) + pp(ai(a)),

= [pp(/ (1) — 9p(t/(a))] = [p(1 (D)) — pp(@(a))]
b

= [ (1)) = (pp(r(t)))'} dt

b
= [ {=2An@®)g(t. vt u(t))) — (ep(ai (1))} dt

a
b

> [ A=Ayt an(t)) + 2] — (0p(ar (1))} dt

a

b
> / (=Mh(B)es — [(p(ah(£) + AR(t)g(t, ax ()])

b
> / (—Aesh(t) + e1)dt > 0.
This is a contradiction. Thus the claim is proved. Define

Ailz?lif a; fo& @;1 [fSA" M (T, 71 (T, u(T)))dT} ds
+ s ey L M (ron (7 ulr)))dr ] ds, 0<t< A,

BT b Lo [ [, M (mon(rul)dr] ds
+ f;u 90;1 [fL A (T, ’yl(T,U(T)))dT] ds, A, <t<1,

where A, is defined as

AL Z a; /Og (p];l [/SAU Af(T, ’yl(T,u(T)))dT} ds

+ /OAU oy [/SAU Af(T, 71(T,u(7-)))d7-} ds

Mu(t) =

m—2

= B! b; /1 @;1 {/6 )\f(T,’yl(T,u(T)))dT] ds

i=1 i Ay
+/A1 @;1{/: )\f(T,’ﬁ(T,u(T)))dT}ds.

Then M : K — K is completely continuous, and v is a positive solution of (3.6]) if
and only if © = Mwu on K. By simple calculation, there exists R; > 0 such that
|[Mul|| < Ry for allu € K and Q C Bg,. Applying [10, Lemma 2.3.1] with O = Bpg,,

i(M,Bg, NK,K) =1.
By the above claim and excision property,
(M, QNK,K)=1i(M,Br, NK,K) =1.

Since problem (|1.1)-(1.2)) is equivalent to problem (3.6) on Q N K, we conclude
(1.1)-(1.2) has a positive solution in N K. Assume H(A,-) has no fixed point in
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N NK, since otherwise the proof is done. Then, i(H (A, ), QNK, K) is well-defined,
and

W(HN ), QN K K) = i(M,QNK,K) =1 (3.7)

since Mu = H(A,u) for u € 2N K. By Lemma (1.1)-(1.2) with Ay, instead of
A has no solution in IC for An, > A. Thus, for any open subset O in X,

i(H(\ny, ), O NK,K) = 0.

By a prioriestimate (Lemma[3.3) with I = [X, Ay, ], there exists Ro(> R;) such that
all possible positive solutions u of (L.I)-(T.2) with x instead of A for p € [A, An,],
satisfy ||u|l < Ra.

Define h : [0,1] x (Bg, NK) — K as

h(r,u) = H(TANn, + (1 = T)A u).

Then h is completely continuous on [0, 1] x I, and it satisfies that h(7,u) # u for
all (1,u) € [0,1] x (0Br, N K). By the property of homotopy invariance,

i(H(\, ), Br, NK,K) =i(H(ANy, ), Br, N K,K) = 0.
By (3.7) and the additivity property,
Z(H()‘v ')7 (BR2 \ﬁ) N ICvlC) =-1

Thus problem (1.1)-(T.2)) has another positive solution in (Bg,\Q) N K. This com-
pletes the proof. O

Finally, we give the examples for the nonlinear term to illustrate our results.

Example 3.6. (1) Put fi(t,u) = [t(1 — )] 7P/ @+ Dexp(u). Then, it is easily
verified that f; satisfies the assumptions of Theorem (3.4

(2) Put fo(t,u) = (1 —t)"1g(t,u), where g(t,u) = c1t™% +co(u?+1). Then f,
satisfies the assumptions of Theorem [I.1]if o, 51 < p, ¢1 > 0,2 > 0, and ¢ > p—1.
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