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BLOW UP OF MILD SOLUTIONS OF A SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS WITH DISTINCT
FRACTIONAL DIFFUSIONS

JOSE VILLA-MORALES

ABSTRACT. We give a sufficient condition for blow up of positive mild solutions
to an initial value problem for a nonautonomous weakly coupled system with
distinct fractional diffusions. The proof is based on the study of blow up of a
particular system of ordinary differential equations.

1. INTRODUCTION

Let ¢ € {1,2} and j = 3 — 4. In this paper we study blow up of positive mild
solutions of

Ou;(t, x) B: d
— = gi(t)Aa,ui(t, x) + hi(t)uj' (t,x), t>0, z€R, (11)
u;(0,z) = @;(z), xeRY,
where A, = —(=A)*/20 < a; < 2, is the o;-Laplacian, §; > 1 are constants,

; are non negative, not identically zero, bounded continuous functions and h;, g; :
(0,00) — [0, 00) are continuous functions.

If there exist a solution (uj,us) of defined in [0,00) x R?, we say that
(u1,us) is a global solution, on the other hand if there exists a number ¢, < oo such
that (u;,usz) is unbounded in [0,¢] x R?, for each ¢ > t., we say that (uy,usz) blows
up in finite time.

The associated integral system of (1.1]) is

wltia) = [ piGilt)y — herlu)dy
E (1.2)

+/0 /dei(Gi(S,t),y—x)hi(s)u?i(s’y)dyds’

Here p;(t,z) denote the fundamental solution of % —A,, and
t
Gi(s,t) = / gi(r)dr, 0<s<t,
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where G;(t) = G;(0,t). We say that (u1,us) is a mild solution of (1.1)) if (uy,us) is
a solution of (|L.2)).

Our main result reads as follows.

Theorem 1.1. Assume that 3;8; > 1 and

tlgglo G;(t) = o0. (1.3)
Let a € {1,2} such that
o, = min{ag,az} and b=3—a. (1.4)
Define
— Gut) i
filt) = hl(t)<(Gj(t)ab/aj +Gb(t»ﬁi) , >0 (1.5)

Then the positive solution of (1.2)) blows up in finite time if

/ " P(s)ds = oo, (1.6)

where . ) ,
F(t) _ (fi(t)l/(ﬁiJrl)fj(t)l/(,é’jJrl))(5i+ )(Bi+1)/(Bi+Bi+ ).

It is well known that a classical solution is a mild solution. Therefore, if we
give a sufficient condition for blow up of positive solutions to (1.2)) then we have a
condition for blow up of classical solutions to (1.1).

(1.7)

Corollary 1.2. Moreover, assume that p; >0, 0; > —1 and
dpy  0i(1+5;) +0,(1+ ;)

+1
ay 0B; + ﬂj +2 (1 8)
Pi Pb Pi  Pb
> A A A l j 1 sy T j 'L 1 oy T )
T Bi+ 5 +2[5 % + )maX{aj ab}—'—ﬁj(ﬁ * )maX{ai v )
then each (classical) solution to
6ui(t7 (E) i—1 i, Bi d
—a = pit” " At ) + 70 (G ), t>0, x €RY (1.9)

u;(0,z) = @i(z), =z eR%L
blow up in finite time.

In applied mathematics it is well known the importance of the study of equations
such as . In fact, for example, they arise in fields like molecular biology,
hydrodynamics and statistical physics [I3]. Also, notice that generators of the
form g;(t)A,, arise in models of anomalous growth of certain fractal interfaces [g].

There are many related works. Here are some of them:

e When oy =ap =2, py = p2 =1, 01 =02 =0 and ¢1 = ¢ in (1.9), Fujita [3]
showed that if d < ay/01, then for any non-vanishing initial condition the solution
of is infinite for all ¢ large enough.

e When oy = an, p1 = p2, 01 = 02 and 1 = ¢ in , Pérez and Villa [11]
showed that if o1 +1 > dpy (61 — 1) /a1, then the solutions of blow up in finite
time.

e When oy =as =2and py = pas=11in , Uda [I5] proved that all positive

solutions of (1.9)) blow up if max{ (02+ﬁ11)g21ff1+17 (Gl'z)gjjfﬁl} > 4
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e When a; = ag, g1(t) = ¢2(t) = t*71, p > 0, and hi(t) = ha(t) = 1 in
, Pérez [I0] proved that every positive solution blows up in finite time if
mm{%7 m} > d.

e When p; = p2 =1 and the nonlinear terms in are of the form h(t, z)u”,
h(t,z) = O(t?|z|7), Guedda and Kirane [5] also studied blow up.

Other related results (when a1 = a3 = 2) can be found, for example in [, 2] [6] 9]
and references therein.

It is worth while to mention that Guedda and Kirane [5] observed that to reduce
the study of blow up of to a system of ordinary differential equations we must
have a comparison result between p;(t,z) and p;(t,z). Therefore, the goal of this
paper is to use the comparison result given in [7, Lemma 2.4] to follow the usual
approach, see among others [14] or [4].

When a1 = as =2, p1 = p2 =1 and 01 = 02 = 0 the Uda condition , the
Pérez condition and the condition become

2(max{f, 02} + 1)

d< Ey— = Cy, (1.10)
2
d < W = CA, (111)
fr+Pa+2

respectively. Since C'y < Cy < Cpy we see that the Uda condition is the
best. Also, from this we see that Cy, given in (L.12)), is not the optimal bound
(critical dimension), but we believe that it is the best we can get by constructing a
convenient subsolution of the solution of . In fact, the condition coincides
with the condition for blow up given by Pérez and Villa [11].

This article is organized as follows. In Section 1 we prove the existence of local
solutions for the equation (L.2). In Section 2 we give some preliminary results
and discuses a sufficient condition for blow up of a system of ordinary differential
equations, finally in Section 3 we prove the main result and its corollary.

2. EXISTENCE OF LOCAL SOLUTION

The existence of local solutions for the weakly coupled system follows form
the fix-point theorem of Banach. We begin introducing some normed linear spaces.
By L>*(R%) we denote the space of all real-valued functions essentially bounded
defined on R?. Let 7 > 0 be a real number that we will fix later. Define

Er = {(u1,up) : [0,7] = L®(R) x L=(R?), [[|(u1, us)||| < o0},
where
[(ur, u2)[[| = sup {{lur()[loc + [luz(t)]oc}
0<t<r
Then E, is a Banach space and the sets, R > 0,
P = {(ulaUQ) €E;, up >0,up > 0}7
B, = {(uhu?) SR |H(U17U2)H\ < R}7
are closed subspaces of FE,.

Theorem 2.1. There exists a T = 7(p1, p2) > 0 such that the integral system (1.2)
has a local solution in B, N Py.
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Proof. Define the operator ¥ : B, N P, — B, N P, by
U (uy, u2)(t, x)

= (/Rd p1(G1(1),y — 2)p1(y)dy, /Rd p2(Ga(t),y — x)@z(y)dy)
+ (/Ot /Rd p1(Gi(s,t),y — x)hl(s)ugl(g,y) dy ds,
/Ot /}R’i p2(Ga(s,t),y — w)hg(s)ufZ (s,9) dy ds).

We choose R sufficiently large such that ¥ is onto B, N P,. We are going to show
that U is a contraction, therefore ¥ has a fix point. Let (u1,u2), (41, 02) € B N P;
with U; (0) = ﬂi (0)

W (u1, u) — (i, u2)|

([ [ 765,00 = a6 ()~ ]y
[ttt 0 5.0 ~ s,y as) |

<me/4ﬂ (5,8),y = @)hi(s) [ () = @ (5) | dy ds.

7 te[0,7]
Let w,z > 0 and p > 1, then
|wP — 2P| < plw V 2)P 7w — 2|.
Using the previous elementary inequality we obtain
[ (s,2) = @ (s,)| < By (s,) V iy (5, 2)% " fuy (s, @) — it (5, 2)]
< B Ry — iy oo,
from this we deduce

11y, ) — whw|n<§jsw>/ (5)3iR% s (5) — s (5)| s

i—1 t€[0,7]
(ZﬁRﬁl_l/h )ds)[||(u1, uz) — (a1, as)||]-
i=1

Since lim;_,q fg hi(s)ds = 0 , we can choose 7 > 0 small enough such that ¥ is a
contraction. [l

3. PRELIMINARY RESULTS

Lemma 3.1. For any s,t > 0 and any z,y € R?, we have
(i) pilts,x) =t~ ip(s,t= 1 %)
(ii) pi(t,x) > (5)Y*pi(s,x), fort > s.
(ii)) pi(t, +(x — ) > pilt, 2)pi(t,y), f ps(t,0) <1 and 7> 2.
(iv) There exist constants ¢; € (0,1] such that
pl(ta JT) Z cipb(tab/a17x)a (31)

where b is as in (L1.4]).
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For the proof of (i)-(iii) see [I4, Section 2], and for (iv) see [7, Lemma 2.4].
Lemma 3.2. Let u; be a positive solution of , then
ui(to, ©) > ¢;(to)ps (270 Gi(to) ™/, z), Vo € RY, (3.2)
where

ailto) =627 [ py(Gult0)* /™ 20) )y

and ty > 1 is large enough such that

Po(Gi(to)™/*1,0) < 1. (3.3)
Proof. By (i) of Lemma and (|1.3]) there exist tg large enough such that
Do (Gi(to)ab/ai,O) = Gi<t0)_d/aipb(1, 0) < 1. (34)

Using (iii) and (i) of Lemma [3.1] we obtain
po(Gi(to)™/ ™,y — z) > py(Gi(to)™/ ™, 22) pp (G (to) ™, 2y)
=27y (27 Gi(to) ™, ) py (Gl (to) ™/, 2y).
From , (iv) of Lemma and the previous inequality we conclude

ui(to,z) = (Cﬂ_d/ po(Gi(to) ™™, 2y) @i (y)dy)py (2% Gy(to)*/ ™, ).
Rd
Getting the desired result. O

Observe that the semigroup property implies
Uj (t + to, (E)

= /Rd pi(Gi(to, t +to),y — 2)ui(to, y)dy (3.5)

t
+ / / pi(Gi(s +to,t +to),y — x)hi(s + to)ufi(S +to,y) dy ds.
0 JRd
Let
w;(t) :/ b (Go(t), x)ui(t, z)dx, t>0. (3.6)
Rd
Lemma 3.3. If u; blow up in finite time, then u; also does.

Proof. Let ty be given in Lemma Take ty < t; < oo the explosion time of u;.
From (1.3) we can choose t > t; large enough such that

Gy(t; +to,t +to) > 2% Gy(tj +to) /.
Thus, for each 0 < s < ¢,

t+to t+to
/ gi(r)dr > / gi(r)dr
s t

+to j+to

tj+t0 ai/ab
> 2% / gy(r)dr
() )
s+to Oti/Otb
> 2'“(/ gb(r)dr) ,
0
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hence
Gi(s + to, t+ to)l/ai

Gyp(s+to)t/ o -

T, =
On the other hand, (3.4) implies
Po(Go(s +10),0) < pp(Gy(to),0) = Gy(to) ™ **py(1,0) < 1.
Using (i) and (iii) of Lemma [3.1] we obtain

) _ 1
Po(Gi(s + to, t + 1)/ y — 2) = 77 py(Gy(s + to), ;(y — 1))

K2

> 1, Upy(G(s + to), 2)ps (G (s + t0), )-
From (3.5)), (iv) of Lemma [3.1] and Jensen’s inequality we deduce that
Us (t + %o, l’)

tj
ZCZ'-/ hz(s—l—to)/ pb(Gi(S+t0,t+to)ab/ai’y—1’)’U,j(8+t0’y)5i dy ds
0 R4

tj
2 G / 77 hi(s + to)py(Ga(s + to), ) (s + to) " ds.
0

Then u;(t + to,z) = co. The definition (3.6]) of @w; implies that w; blows up in finite
time, and working as before we conclude that u; also blows up in finite time. [

In what follows by ¢ we mean a positive constant that may change from place
to place. The following result is interesting in itself.

Proposition 3.4. Let v;, f; : [tg,00) — R be continuous functions such that
t
vit) > k+k [ fi(s)vi(s)Pids, t>tg,
to

where k > 0 is a constant. Then v; blow up in finite time if

/°° (fi(s)l/(ﬁiJrl)fj(S)l/(ﬁj+1))(/Bi+1)(6j+1)/(6i+ﬁj+2)d

to

s = oo.
Proof. Consider the system
4(t) = g + k/t fils)z(s)Pds, ¢ > to. (3.7)
t
Let N; = {t > to : zi(s) < vi(s),Vs EO[O,t]}. It is clear that N; # (. Let e; = sup V;.

Without loss of generality suppose that e; > e;. If e¢; < oo, then the continuity of
v; — 25, yields

k € k
0=y~ 2)(e) 2 &k [ 1) o) — 2(s)]as = &
to
Therefore, z;(t) < v;(t) for each t > ty. Define
Z(t) =logz(t)z;(t), t>to. (3.8)

Then, by ,
o Ji®)z(0) fi(t)zi(t)”
Z0=""00 ()
(fi®Y B 5 (1))5F (5 (1) B4 5 (1))

- zi(t)z;(t)
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From [I2, Proposition 1, p.259] we see that for each x,y > 0,
yPitt 4 Pt > ¢(gy) Bt DB+ D/ (Bit5542)

Using this and (3.8) we obtain
Z'(t) > C(fi(t)l/(ﬁi‘i’l)fj ()1 BiFD)
(t)) (BiBi—1)/(B:i+B;+2)

Bifi — 1
3 520,
Bi+ B +2
where F is like (1.7)). Consider the equation

)(ﬁz+1)(ﬁj+1)/(ﬁi+ﬂj+2)

X (Zl (t)Zj

= cF'(t) exp(

H'(t) = cF(t)exp(cH(t)), t>to, H(ty) =2log g

whose solution is

t —1/c
H(t) = log (e_CH(tO) - 02/ F(s)ds) .

to
Since H < Z then the result follows from (1.6]). O
4. BLOW UP RESULTS
Proof of Theorem[I.1. From (3.5) and (3.1,
(773 (t + to, I)

> [ emiGiltost +t0)™/* y ~ 2)us(to, )y
R

t
+/ hi(3+t0)/ Cipb(Gi(S+t0,t+t0)ab/ai,y—x)ufi(s+t07y)dyd8~
0 Rd

Multiplying by py(Gy(t + to), ) and integrating with respect to z we obtain

ui(t +to) > Ci/

p po(Gilto, t 4 t0)*/ % + Gy(t + to), y)ui(to, y)dy
R

t
+ ¢ / hi(s +to) / Po(Gi(s + to, t + o)™/ + Gy(t +to), y)
0 R
X u?’(s + to,y) dy ds.
The property (ii) of Lemma and Jensen’s inequality, rendering
ui(t +to) > ¢ / Db (Gi(to, t+0)™/ ™ + Gy(t + to), y)ui(tm y)dy
Rd
+C./t( Gb(8+t0)
" Jo “Gi(s+to, t 4 to)e/ @i + Gyt +to)
X hi(s +to)((s +to))  ds.
Moreover, (3.2) and that G;(s,-) is increasing implies
’I]i(t + to) > Cici(to)pb(L 0)(2Gl(t + to)ab/ai + QGb(t + to))_d/ab

t
Gy(s +to)
+ci | hi(s+t
C/O (54 10) GG T T o)™/ T 2Gat T 1)

)d/ab

)d/ab (ﬂj(s + to))ﬁids.
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Let
vit + to) = @it + t0) (Gi(t + t0) ™/ + G (t +10)) ¥/,
then t
vilt +to) 2 C+c/ fils + to)v; (s + to)*ds,
0

where f; is defined in (1.5). The result follows from Proposition and Lemma

RIB) [l
Proof of Corollary[1.3 Let
t0i+dpb/ah
fl(t) = (tpjab/aj +tpb)d,3i/ah’
then
t
() = (% + 193)04 (1% + 1% )fs
where
g, — 4P oi(146;) +0;(1+ 8;)
ap 2+ 08+ 065 ’
Pic dpi(B; +1)
0y = , O3=pp, Oy = ——————"—
2 aj 3= Pb, U4 w2+ G+ 5;)
05 = P O‘b’ O — _api(Bi+1)

a; T a2+ G+ 5
Using the elementary inequality
(tez + t03)94 (t95 + t93)96 < (thax{ez,eg})94 (thax{Gs,Og})Oe’ t> 1’
the result follows. O
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