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PERSISTENCE AND EXTINCTION IN STOCHASTIC SIRS
MODELS WITH GENERAL NONLINEAR INCIDENCE RATE

YANLI ZHOU, WEIGUO ZHANG, SANLING YUAN, HONGXIAO HU

ABSTRACT. In this article, a SIRS epidemic model with general nonlinear inci-
dence rate is proposed and investigated. We briefly discuss the global stability
of the deterministic system by using Lyapunov function. For the stochastic
version, the global existence and positivity of the solution are studied, and the
global stability in probability and pth-moment of the system are proved under
suitable assumptions on the white noise perturbations. Furthermore, the suffi-
cient conditions for the persistence and extinction of the disease are obtained.
Finally, the theoretical results are illustrated by numerical simulations.

1. INTRODUCTION

In this article we shall consider the stochastic differential system

B BSI SI
dS = (b— ;o —dS + R}t — o = dB(1),

_ . BST S1 (1.1)
Al = [ = (b p ) I]dE + o= dB(),

dR = [ul — (d+ ~)R]dt,

as a stochastically perturbed system of the ordinary deterministic system

- BST

S=0b Tral? dS + VR,
_ BSI (1.2)
= Tial (d+n+wl,

R=pul — (d+7)R,

where S(t) + I(t) + R(t) = N(t), denotes the total number of a population at
time t; S(¢), I(t) and R(t) denote the numbers of the population susceptible to the
disease, of the infective members, and of the members who have been removed from
the possibility of infection through full immunity, respectively. It is assumed that all
newborns are susceptible. The assumptions on system (L.2): b is the recruitment
rate of the population; 3 is the daily contact rate, i.e., the average number of
contacts per infective per day. The contact of an infective is an interaction which
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results in infection of the other individual if it is susceptible; d the natural death
rates, 1 the additional disease-caused rate suffered by the infectious individuals and
1 is the daily recovery rate of infective individuals; 7 is the rate at which recovered
individuals lose immunity and return to the susceptible class and «, h are positive
parameters. Of course, b, 8,d,n, pu,v € Ry.

In the past the classical infectious disease model with bilinear incidence 35T is
often used. But in the actual incidence S and I may not be linear relationship. The
nonlinear incidence rate g(I) = % was used by Capasso and Serio [6] in their
modeling of cholera. Then, Liu, Levin and Iwasa introduced a more general nonlin-
ear rate g(I) = %(h > 1) into epidemic models [I5], where 517 measures the

infection fore of the disease and ﬁ measures the inhibition effect from the be-

all
havioral change of the susceptible individuals when their number increases or from
the crowding effect of the infective individuals. This incidence rate seems more
reasonable than the bilinear incidence rate 5S1, because it includes the behavioral
change and crowding effect of the infective individuals and prevents the unbound-
edness of the contact rate by choosing suitable parameters. A variety of nonlinear
incidence rates have been used in the literatures [8] [O] 13| 16} 191 2T, 23] 22] 25].

These important and useful studies on deterministic models provide a great
insight into the effect of epidemic models. As a matter of fact, the epidemic models
are often subject to environmental noise, i.e., due to environmental fluctuation,
parameters involved in epidemic models are not absolutely constant, and they may
fluctuate around some average values. Based on these factors, more and more
people investigated stochastic epidemic system [3] [5], [, 10} [IT], 12, 20l 24 26].

Taking into account the effect of randomly environment, we incorporate white
noise in system , by replacing the contact rate 8 in system by 5+ 0B,
where B is a white noise (i.e., B(t) is a Brownian motion) and ¢ represent the
intensity of the white noise. Therefore, system can be described by stochastic
system .

This paper is organized as follows: for system , we firstly consider the global
stability of the equilibrium by means of constructing suitable Lyapunov functions.
In section 3.1, we prove the existence, uniqueness and positivity of the solution of
the stochastic system . In section 3.2, we show pth-moment exponential sta-
bility and almost surely exponential stability of the disease-free equilibrium under
certain conditions. In section 3.3, we obtain that stochastic system is stochastically
permanent and persistence in mean. In section 3.4, we discuss the stochastic extinc-
tion of system (L.1). Finally, we perform some numerical simulations to compare
the dynamic behaviors of stochastic system and deterministic system .

2. GLOBAL STABILITY OF (|L.2)

For system , the basic reproduction number Ry = % is the threshold
of the system for an epidemic to occur. It is easy, by simple computations, to
conclude that system has two equilibrium states. If Ry < 1, system has
only a disease-free equilibrium P°? = (%, 0,0), which is globally asymptotical stable.
That is to say, the disease will disappear and the entire population will become sus-
ceptible. If Ry > 1, P° becomes unstable and there is a unique positive equilibrium
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P* = (S*,I*, R*), which is called the endemic equilibrium and determined by

S d d

where
ad(d + p+n)(d +3)(I)" + Bld(d +7)(d + ) + du]I*
+(d+y)[dd+p+n)—0b5)=0.
Through calculation, we can prove the equation has only a positive root I'* if
and only if d(d + p+n) — b5 < 0.
The objectives of this section are to prove the global stability of the disease-free
equilibrium and endemic equilibrium. It is easy to see that

(2.1)

b
I‘:{(S’,I,R):SEO,IEQRZO,S—i—I—&—RSE}
is a positive invariant set of system (|1.2)).

Theorem 2.1. When Ry < 1, the disease-free equilibrium P° is globally asymptot-
ically stable in T.

Proof. Define a Lyapunov function

V(t) =1(t).
Then the derivative of V' along the positive solution of system (|1.2)), we obtain
BST

Notice that 1+ al” >1,S+ 1+ R < % and Ry < 1, from the above, we have that

) Bb
Vigg <7 —(d+n+pll = (d+n+p)(Ro -1 <0.
Thus, the disease-free equilibrium PP is globally asymptotically stable. [

Theorem 2.2. Whenever Ry > 1, the unique endemic equilibrium P* is globally
asymptotically stable in T.

Proof. Through summing the equations of system (1.2)), we obtain that the total
population size verifies the equation,

N=0b—dN —nl. (2.2)

It is convenient to choose the variable (N, I, R) instead of (S,I,R). Then, we
consider the system

N =b—dN —nl,
. [BIN-I-R)I
[=——"—(d I 2.3
T alt (d+n+pl, (2.3)
R=pul — (d+v)R.
So the endemic equilibrium P*(S*, I*, R*) of system ([1.2]) corresponds to the en-
demic equilibrium P*(N*, I*, R*) of system (12.3)). In order to simplify the expres-
sions, we define

f(I)=1+al"
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So system ([2.3)) becomes

P=|

Let us consider the function

1 I (RfR*)2 (NfN*)2
—-I-I"-TI"In—)+ +

( ) 2uf(I*) 2nf(I*)

VULRN) =5 =

Then the derivative of V' along the solution of is
_(d+'y)(R — R*)? B d(N — N*)? B (I —1%)2
pf (1) nf(I*) f(I7)
W I =R - I — fUI)]
S f(IF)
It is clear that f'(I) > 0, so (I —I")(f(I) — f(I*)) > 0. Obviously, V is positive
definite and V is negative definite. Therefore the function V is a Lyapunov function

for system (2.4) and consequently, by Lyapunov asymptotic stability theorem [17],
the equilibrium state P* is globally asymptotically stable. [

Viga

3. StocHASTIC SIRS MODEL

In this paper, unless otherwise specified, we let (Q, F, {F; }:1>0, P) be a complete
probability space with a filtration satisfying the usual conditions (i.e., it is right
continuous and Fy contains all P-null sets). Let B(t) be the Brownian motion
defined on this probability space. Denote

RY ={zeR":2; >0forall 1 <i<n}.
In general, consider the n-dimensional stochastic differential equation [I1]
dz(t) = f(z(t),t)dt + g(x(t),t)dB(t), for ¢t > to. (3.1)

Denote by C%1(R™ x [tg,00);Ry) the family of all nonnegative functions V(z,t)
defined on R™ X [tp,00) such that they are continuously twice differentiable in x
and once in ¢. Define the differential operator L associated with (3.1)) by

L1 - 0?
+Zfz . t 5 Z:: )]zj 8;1026%
If L acts on a function V € C*}(R™ x [ty, o0); R4), then
1
LV(z(t),t) = Ve(z, 1) + Va(z, 1) f(2,8) + 5 tracelg” (, £)Veu (2, 1)g(2, 1)),

where V; = m,Vm (‘W ~~—n)ande:(

0z, 0z v Jnxn- By Ito formula,

Ox;x;

dV(z(t),t) = LV (z(t), t)dt + Vu(2z(t))g(z(t), t)dB(t).
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3.1. Positive and global solutions.

Theorem 3.1. For any given initial condition (S(0),1(0),R(0)) € T, there is a
unique positive solution (S(t),I(t), R(t)) to (L.1) on t > 0, and the solution will
remain in I' with probability one. Namely, (S(t),I(t), R(t)) € T for allt > 0 almost
surely.

Proof. Let (5(0),1(0),R(0)) € I'. Obviously, since the coefficients of system (1.1
are locally Lipschitz continuous, for any given initial value (S(0),1(0), R(0)) € T,
there is a unique local solution (S(¢),I(t),R(t)) on t € [0,7.), where 7, is the
explosion time. First, we show S(t) + I(t) + R(t) < £ for all t € [0,7.]. The total
population in system (|1.1]) verifies the equation

AN(t) = [b— dN — pI]dt < [b— dN]dt. (3.2)
Assume X (t) is the solution of differential equation

dX(t) = (b—dX(¢t))dt,
X(0) = N(0),

where N(0) = S(0) + I(0) + R(0). By comparison theorem, we obtain

N@nggg,temnM@ (3.3)

Next, we show the solution is global, we have only to prove that 7. = co a.s. We
consider an integer ko > 0 sufficiently large such that (S(0),1(0), R(0)) € [k—lo, kol3.
For each integer k > kg we define the stopping time

. 1 1 1
T = inf{t € [0,7.) : S(t) & (E’k)’l(t) ¢ (E,k) or R(t) & (%,k)}, (3.4)
where throughout this paper we set inf ) = oo (as usual @) denotes the empty set).
Obviously, 7 is increasing as k — 00. Set Too = limy_, 50Tk, Whence 7o, < 7. a.s.
If we can show that 7., = oo a.s. then 7. = oo a.s. and (S(¢), I(¢), R(t)) € I as.
for all ¢ > 0. So we need only to prove that 7., = 0o a.s. If this statement is false,
there are two constants € € (0,1) and T > 0 such that

P{reo <T} > e (3.5)
Hence, there is an integer k1 > kg such that
P{ry <T}>¢, forany k> k.
Consider the function V(S(t), I(t), R(t)) defined for (S(t),I(t), R(t)) € T by
ds dI dR

V(S(). 1(0), R(t) = —In > —1n 5 —In =,

Using It6 formula,
o(I—-25)
= LVdt+ ——~dB(t
dVv V +1+alhd (1),
where

b+~R GBI 38
S +d+1+alh71+alh

By (3.3), we obtain

b b
LV§3d+n+u+7+ﬂg+02(ﬁ)2 = K.

o%(I? + S?)
2(1 + alh)?’

I
+d+n+u—%+d+7+

LV =—
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Therefore, we obtain

o(I—2S5)
1+ alh
By integrating both sides of from 0 to 7, AT and then taking the expectation
of both sides, it yields

ElV(S(tix ANT),I(tx NT), R(m;; NT))] < V(5(0),1(0), R(0)) + KT.

Let Qp, = {7 < T}, then P(Qy) > €. Note that for every w € Q, there is at least
S(1g,w), I (1, w), R(T,w) equals k or %, since

AV < Kdt + dB(t). (3.6)

d dk 1 dk dk
fln%:fln?~ﬁ:fln?Jranszln?, (k> ko >1),
SO
dk d dk
V(S(tk,w), I(g,w), R(Tk,w)) > fln? A fln% > —1In 5

It then follows that
V(5(0),1(0),R(0))+ KT > E[lq, (w)V(S(tx AT),I(1x NT),R(m: AT))]
= Ellg, (w)V(S(1k,w), I (75, w), R(Tk, w))]

> E[-Iq, (w)In d—:]
dk

= 7III?E[IQIV (w)]

> — ln%

- € b )

where Iq, (w) is the indicator function of Qj(w). Letting k& — oo, it leads to the
contradiction

00 > V(S(0), I(0), R(0)) + KT = oo,

so we have 7, = oo a.s., which completes the proof. ([l

3.2. Behavior of (1.1) when Ry < 1. For the deterministic SIRS system ,
we prove that P? = (g,0,0) is the disease-free equilibrium and it is globally stable
if Ryg = % < 1. Notice that P° = (%, 0,0) is also the disease-free equilibrium
for the stochastic system . In this section, we present the following theorem
which gives some conditions for the pth-moment exponential stability of the disease-
free equilibrium of stochastic system in terms of Lyapunov function [I].

Moment exponential stability.

Lemma 3.2. Let p,cy,co and c3 be positive numbers. Suppose that there exists a
function V (t,x) € CH2(Ry,R™) such that

alzlP <V(t,x) < colx|?,
and

LV(t,l’) < *63“T|pa t> 07

the equilibrium of system (3.1) is pth-moment exponentially stable. When p = 2, it
is usually said to be mean square exponentially stable and the equilibrium x = 0 is
globally asymptotically stable.
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Lemma 3.3. Set p>2 and e,xz,y > 0. Then

-1 1 -2 2
. D )EIPJF 1y’ and aP~Py? < p )€Ip+ ==y’

p pe 2

2Py <

pe
This lemma can be proved easily by using the elementary inequality
wiv' M <qu+ (1—-qv, 0<qg<l,

so we omit its proof.

Theorem 3.4. Setp > 2. If Ry < 1 and 3(p — 1)0?(%)? < (d+ p+n)(1 — Ro)
hold, the disease-free equilibrium P° of system (1.1)) is pth-moment exponentially
stable in T

Proof. Set p > 2 and (S(0),1(0), R(0)) € I, in view of Theorem [3.1] the solution of
system (|1.1)) remains in I'. Considering the Lyapunov function

b 1
V=(-=-9+-I"+RP,
(d )P+ » +
by It6 formula, we obtain
I 1P
S poS 4B

b
dV = LVdt = —g)yr-t
+pol ) 1+ alh +1+alh ’

d

where
SI b _

o PG TOTR

b 025212 BSIP

I —-QyY2_—~ - JP

+plp=1)(G = 9) 21 + alh)? (d+n+mI"+ =
o

)2(1+alh)2

In view of Theorem we have max{S, I, R} < 2, hence

b b
LV = —pd(5 = S)? +pB(5 = 8)""

+(p— + pul RP™ — p(d + ) RP.

b b b
LV < —pd(a - S)P + Epﬂ[(g —S)yr-t

p(p_]') 2&229_ p—2 _ D 9 P
P02 (2115 = S)72 = (d+n+ I + 2p1

-1 b
w2 Cyer i purrrt — pla+ ) me

+

+

Simplifying the above, we obtain

b b -1 b
LV < —pd(l )7~ pld+n +) — opp~ P22 Oy gy
b b _ -1 b b _ _
+ opart sy P2 o By b gy
Using Lemma[3.3] for any € > 0, we obtain
b _ (p—1)e b 1
Z Gyl M T2 gy JP
Gospirs2ZEC _gps Lo,
RPI < MR” + L 1P,
peP~!
b _ (p—2),b 2
I2(Z — 9" 2 < Z _G)p IP.
Q=9 =T G o

pe
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Substituting these three inequalities in the above inequality, we obtain

v < —fpd— (B2 o202 g0 sy
~[p(d+7) — ulp ~ DeIR? ~ [(d+ 0+ )1 By) — L D2y

b b 2-p
— Bl = (p— o ()% — I

We choose € sufficiently small such that the coefficients of (% — S)P and RP be

negative, and since (d+n+p)(1— Rp) — @—;1)02(%)2 > 0, the coefficient of I must
be negative. According to Lemma [3:2] the proof is complete. O

Remark 3.5. From Lemma [3.2] Theorem [3.4] and the case p = 2, we get that if

the conditions Ry < 1 and 20%(%)? < (d+n+ p)(1 — Ry) hold, the disease-free P°

of system (1.1]) is globally asymptotically stable in T
Almost sure exponential stability.

Theorem 3.6. If %52 < do? hold, then the disease-free equilibrium P° of system
(1.1) is almost sure exponential stable in T.

Proof. The proof is similar to [I4]. In view of Theorem we define the function
b
V:ln[(a - S)+I+R]

With the multi-dimensional 1t6 formula, we obtain

1 2BS1
[—b+ T4l

2025212
(5= S+1+R)*(1+alh)
2051

+— 7 B(t).
(g —S+I+R)(1+alh)

dV =

= +dS — (d+27)R
t—S+I+R (d+2)

—(d+n)I -

JJd

Set U = (%—S+If}é)(l+a1h)’ from the above equation, we obtain

d(5—8)+ (d+n)+(d+27)R

dV = [-202U? + 26U — dt + 20UdB(t
=20 p b_S+I+R ] oUdB(?)
< [-20%U? + 28U — d)dt + 20UdB(t)
32 — 2do?
<
< 5 —dt+20UdB(1),
namely,
2 2
av < 52722‘1"& +20UdB(t). (3.7)
g

Integrating both sides from 0 to ¢, we have

32 — 2do?

In[(% )+ T+R) < (2 —S(O)+10)+ RO)]+

t+ / tZUUdB(t). (3.8)
0
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Let M(t) = fo 20UdB(t). Obviously, M(t) is continuous local martingale and
M(0) = 0. Furthermore,

<MaM>t

li 40%(=)* <
imsup === < do7(5)7 < o0
By the strong law of large numbers [18 2], we obtain
M(t
im MO _ (3.9)

t—o00 t

Under the condition 2ﬁ2 < do? and it follows from (3.8)) and ( . ) that

b 2 -2d
hirisotipgln[(f—S)—i-I—i-R] 5270<0
This completes the proof. ([l

Remark 3.7. It is easy to see that if h = 1, then Theorems [3.4] and [3.6] become
Theorem 4 and Theorem 5 in [I4]. For detailed information of the asymptotic
behavior, we refer the reader to see [14].

3.3. Behavior of when Ry > 1. There is the endemic equilibrium P* of
system , but not the endemic equilibrium P* of system . Because system
does not have the endemic equilibrium, we wish to find out whether or not
the solution goes around P*.

Asymptotic behavior around the positive equilibrium P*. In this section,
we will investigate whether or not the solution goes around P*. The following
results give a positive answer.

Theorem 3.8. If 2d — v > 0 and 2d — p > 0, for any positive initial value
(5(0),1(0), R(0)), the solution (S(t),I(t), R(t)) of system (L.1) satisfies

Jim sup = /0 [(S— S*)2+ (I — )2 + (R — R*)?ds

t—o0
_ (5)20%(2d +n+ p) (1 + al*")I*
— m/B ?
where m = min{2d — v,2d — u} > 0.

Proof. Define a C%-function

2(2d + 0+ p)(1 +al*")

V(S,I,R) =V + 3 Vo + Vs,
where
* *\ 2 * *IHI *\2
Vi=lS—-S"+1-1I"°, Vo=(UI-1 II)V3 (R— R")".
Obviously, V7, V2 and V3 are positive definite. By It6 formula, we compute
dVy = LVide,
oS(I —1TI*)
=1L ————=dB
dVa Vodt + Tral” dB,
dVs = LVsdt,
2(2d 1+al"
av = av; + 2 n A al™) 4 gy

B
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In detail,

LVi=2(S—S*+I1—-TI")b—dS+~vR— (d+n+ p)]
=2(S—S*+1—1)[dS*—dS+ (d+n+p) " —yR* +~vR — (d+n+ p)I]
=25 =85+ 1-I")[-d(S = §%) = (d+n+p)I = I") + (R - R")]
=—2d(S — S*)? —2(d+n+p)I —I*)? —22d+n+p)(S— SN —TI)
+2y(R— R*)(S — S*) + 2vy(R— R*)(I — I*)

(3.10)
and
S S* 1*0.252
LVo=(I-1T1" —
Va=( P ar 1+aI*h)+2(1+C¥Ih)2
S S S S* I*O_QSQ
=I-TI — -
( >ﬁ(1+a1h 1+0J*h+1+o¢]*h 1+o¢]*h>+2(1+a[h)2
ﬁ (I—I*)([*h—fh) 1*0.252

=—"(5-8I—I") + Bas

1+ al*" (1+Oth)(1—|—aI*h) 2(1 4 alh)?
S-S -1 I*a? b
S ﬁ( )( - )_|_ o (7)2.
1+ al* 2 d

(3.11)
Next, we calculate

LV3 =2(R— R")[ul — (d+ )R]
=2(R-R")[-(d+)(R—R")+pu(l —I")] (3.12)
=-2(d+7)(R—R*)* +2u(R— R*)(I - I").

It follows from ([3.10)), (3.11)) and (3.12) that
LV < =2d(S —S*)? = 2(d+n+p) (I —I")? —2(2d +n+ p)(S — S*)(I - I
2(2d 4 n+ p)(1 4 al*™)
B

] =2(d+7)(R~R")?

+29(R— R*)(S — S*) + 29(R — R*)(I — I*) +

J6] . o 170?82
— (S =5") I -I")+
1+aI*h( ) )

+2u(R—R*)(I-1TI%).
Since 2ab < a® + b2, we have
2(R—RH(I-1T")
2(S - S*)(R— R

x [

(R—R*)*+ (I 12
(S —S5*)2 +(R—R")>.
The, we have
LV < —(2d = 7)(S = %) = [2(d +n) + p— (I - I*)?
Io*(5)2(2d +n+ p)(1 + oI™")
5 .

—(2d— p)(R— R*)* +
Substituting these inequalities into dV', we obtain
dV < —m[(S = S*)? + (I = I*)* + (R — R*)?dt

Lo 2(5)2@d+n+ w1+ al*")
B
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2(2d +n + p)(1 4+ al*")oS(I - T*)
B(1+ alh)
where m = min{2d — 7,2d — u} > 0. This implies

dB(t),

Vi) - V(0) < /0 LVds + M(t)

< /t{m[(SS*)2+(II*)2+(RR*)2] (3.13)
0

Io*(8)2(2d +n+ p)(1 + oI™")
" 5

bds 4+ M(t),
where M (t) is a martingale defined by

t2(2d 1+ al*Mob (I —I*
= [ 2 sl o1
0 B(1+ alh)
The quadratic variation of this martingale is

dB(1).

t42d 21_|_ I*h22g2]_1*2
o, = [T G
0 A1+ alh)
42d +n+ p)*(L+ al*")?0*(5)* (5 +17)°
< 7 t.
By the strong law of large numbers for martingales [I8] 2], we have lim;_, @ =0
a.s. Then by (3.13),
1/t
litrn inf 7/ LVds > 0. (3.14)
— 00 0
Dividing both sides of (3.13)) by ¢, and letting ¢ — oo, it follows that
1/t
lim sup f/ (S— 82+ (I— ")+ (R— R
t—00 0
_Io 2(5)2(2d +n+ p)(1+ al*")
a.s.
mf
The proof is therefore complete. O

Remark 3.9. The disturbance intensity is relevant to the value of o. The smaller
the value of o is, the smaller the oscillation is. In other words, if the stochastic
perturbations become small, the solution of system (1.1)) will be close to the endemic

equilibrium P* of system ((1.2)).

Stochastic Persistence in Mean. Let us continue to discuss the long time be-
havior of the stochastic system . In view of ecology, the bad thing happens
when the disease exist. In this section, we will consider another stochastic persis-
tence; that is, stochastic persistence in mean. Now, we present the definition of
persistence in mean.

Definition 3.10. System ([1.1)) is said to be persistent in mean [4], if

t—o00 t—o0

t
liminf — /S )ds > 0, liminf%/l(s)ds>0, hmlnf /R )ds > 0,
0

where (S(t), R(t), I(t)) is any positive solutions of system
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Theorem 3.11. Under the condition

(S*)2md?p I'md?3 (R*)?md?3
I*b2(2d +n+p)’ b2(2d +n+p)’ I*62(2d + 1 + 1) b
system 18 persistent in mean.

o? < min{

Proof. Using Theorem [3.8] we have

) 1/t e I*o?b2(2d +n + p)

hirisogpg/o(S—S)dsg md®5 ,
1/t I*0?b?(2d +n + p)

li — | (I-I")2ds <

e /0 U=I)ds < md3
1/t I*o?v?(2d +n + p)

lim sup ~ — R*)?ds <

im sup /o (R— R*)“ds < md®5

Notice that
2(58%)2 —25%5 = 25%(S* — §) < (S*)? + (S — §%)2,

namely,
* _oQ*)\2
9> S (S-57)
-2 25%
Then
¢ * 1 t _oQ*)\2
liminf = [ S(s)ds > — —hmsupf/ (S —5%) ds
t—oo 0 t—oo t 0 2S*
S* I*o?b?(2d +n + p)
2o - .
Z 25 md2 >0 as

By the same way, we obtain

I I 1[I —1%)?
liminff/ I(s)ds > — —1imsupf/ !ds
tJo 2 tJo

t—o0 t—00 20*
I o%%(2d + 1+ p)
> — — .S.
=3 omds 0 A
and
1 t R* 1 t R — R* 2
lim inf f/ R(s)ds > — limsup 7/ gds
t—oo ¢ 0 2 t—o00o 0 2.[*
R*  TI*0*b*(2d +n+ p)
> — .S.
=3 SRemd?g D A
The theorem is thus proved. ([l

3.4. Extinction. In the previous sections we have showed that under certain con-
ditions, the original autonomous model and the associated stochastic model
behave similarly in the sense that both have positive solutions which will not
explode to infinity in a finite time and, in fact, will be ultimately bounded and
permanent. In other words, we show that under certain condition the noise will
not spoil these properties. However, we will show in this section that if the noise
is sufficiently large, the disease to the associated stochastic system become
extinct, although the disease to the original system may be persistent.
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Theorem 3.12. For any given initial value (S(0),1(0),R(0)) € T, the solution
(S(t),I(t), R(t)) of system (L.1)) has the property that
52

) In I(t)

Proof. Define V(I(t)) = 1InI(t), by the It formula, we have

AV(I(1)) = TAT() — 5 (A1(1)?

212(1)
s — ) -

02S%(t)
(1+ al”(t))?

< [BS —0?S*(t) — (d+n+ p))dt + 1:5;%
ﬁZ

g[—(d—&-n—i—u)—l-%?]dt—klfi%

Integrating both sides from 0to ¢, we have

aS(t)

4t o

dB(t)

dB(t)

dB(t).

2

InI(t)—InI(0) < [—(d—i—n—l—,u)—l—f?]t—&—M(t), (3.15)

M(t) = /O ﬁ%dB(t).

where

Since
M, M
lim sup % <
t—o0

so limy_, o %(t) = 0 a.s. Dividing both sides of (3.15)) by ¢, and letting t — oo we
obtain

. Int 32

limsup == < —[(d+n+p) - ;5]
The proof is complete. (Il
Remark 3.13. Obviously, if o2 is sufficiently large such that o2 > 4«%;%7 then

the disease to this stochastic system will become extinct. In other words, the
theorem reveals the important fact that the environmental noise may make the
disease extinct.

4. SIMULATIONS AND DISCUSSIONS

In this section we analyze the stochastic behavior of system by means of
numerical simulations and compare it with the deterministic behavior of system
. One of main aims of this section is to show that stochastic noises play an
important role in determining the persistence or extinction of disease. Making use
of this numerical simulation method and with the help of Matlab soft-ware, by
choosing suitable parameters, we get simulations of system and system
when h = 2. The blue lines and the red lines in the figures represent solutions of
deterministic system and stochastic system respectively.

In Figure [1} we choose S(0) = 0.6, I(0) = 0.2, R(0) = 0.2, b = 0.4, u = 0.15,
n =015 a =40, 3=02,v=0.1,d=02and Ry < 1. The only difference
between conditions of Group(a) and Group(b) is that the values of o is different.



14 Y. L. ZHOU, W. G. ZHANG, S. L. YUAN, H. X. HU EJDE-2014/42

Group(a)
0 10 R()
2 0.4 0.2
0.3 0.15
1.5
0.2 0.1
1
0.1 0.05
0.5 0 0
0 50 0 50 0 50
t t
Groupd) gy 10 R()
0.4 0.2
0.3 0.15
1.5
0.2 0.1
1
0.1 0.05
0.5 0 0
0 50 0 50 0 50
t t t

F1cURE 1. Trajectories of stochastic system and determinis-
tic system with S(0) = 0.6, 1(0) = 0.2, R(0) = 0.2, b = 0.4,
nw=0151n=015 a=40, =02, v=01d=02;0=031in
Group (a) and o = 0.2 in Group (b)

In Group(a), we choose o = 0.3. At the same time, we choose ¢ = 0.2 in Group
(b). Figure [1| illustrates the situation where the intensity of noise o verifies the
conditions of the Theorem It is observed that disease-free equilibrium state P°
is stochastically stable.

In Figure [2] we choose S(0) = 0.6, I(0) = 0.2, R(0) = 0.2, b = 2, u = 0.15,
n =015 a = 4.0, 8 =0.5,v=0.1, d = 04 and Ry > 1. The only difference
between conditions of Group(a) and Group(b) is that the value of ¢ is different. In
Group (a), we choose o = 0.02. At the same time, we choose o = 0.1 in Group (b).
Figure [2] illustrates that the solution of system fluctuates around the solution
of system , which supports the conclusion of Theorem |3.8] From the figure,
the fluctuation is getting smaller and smaller when the intensity decreases.

In Figure 3] we choose the same parameters with Figure [2| The only difference
between conditions of Figure [2| and Figure [3]is that the values of ¢ is different. In
Figure 3] we choose o0 = 0.36. In view of Theorem the system will go to
extinction. Figure [3] confirms this. By comparing Figure [2] with Figure [3] we can
observe that small environmental noise can retain system permanent, however
sufficiently large environmental noise can make disease to extinct. Theorem [3.12
reveals that a large white noise will force the disease to become extinct while the
disease may be persistent under a relatively small white noise.

The results we get and the work of Lahrouz, Omari and Kioach [I4] differ in
that: in case of Ry > 1. When o is small enough, the result consist with the
deterministic system; that is, the solution converge to the positive equilibrium P*;
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Group(a)
S() It R(t)
4 0.8 0.4
3 0.6
0.3
2 0.4
0.2
1 0.2
0 0 0.1
0 50 100 0 50 100 0 50 100
Group(b) t t t
S(t) It R(t)
0.8 0.4
0.6
4 0.3
0.4
2 0.2
0.2
0 0 0.1
0 50 100 0 50 100 0 50 100
{ t t

FIGURE 2. Trajectories of stochastic system and determin-
istic system with S(0) = 0.6, I(0) = 0.2, R(0) = 0.2, b = 2,
n=015n1n=0.15 a=40, =02, v=0.1,d=04; 0 =0.02 in
Group (a) and o = 0.1 in Group (b)

When o is getting larger, the behavior of system become unstable; When o
is getting large enough, the disease to this stochastic system will become extinct.
All the above results are new. In the case of Ry < 1, we generalize the results
of [T4]. Evidently, if h = 1, Theorem Theorem and Theorem become
respectively equal to Theorem 1, Theorem 4 and Theorem 5 in [14].
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