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SOLVABILITY OF FRACTIONAL MULTI-POINT
BOUNDARY-VALUE PROBLEMS WITH p-LAPLACIAN
OPERATOR AT RESONANCE

TENGFEI SHEN, WENBIN LIU, TATYONG CHEN, XIAOHUI SHEN

ABSTRACT. In this article, we consider the multi-point boundary-value prob-
lem for nonlinear fractional differential equations with p-Laplacian operator:

D0+¢P(D0+u( )) = f(tvu(t)ngJ:Qu(t) D0+ u( ) D0+u( ))7 te (07 1)7
u(0) = u'(0) = D§yu(0) =0, Dg;lu z:mDOJr u(n;),

where2 < a<3,0<3<1,3<a+8<4,3>",0;=1, DOJr is the standard
Riemann-Liouville fractional derivative. ¢, (s) = |s|P~2s is p-Laplacians oper-
ator. The existence of solutions for above fractional boundary value problem
is obtained by using the extension of Mawhin’s continuation theorem due to
Ge, which enrich konwn results. An example is given to illustrate the main
result.

1. INTRODUCTION

In recent years, fractional differential equations play a important role in many
fields such as physics, engineering, biology, control theory, etc., see [II, 12} [15] [I7]
18]. It has been studied extensively by scholars have obtained many results, see
2. 5, 10} (1], (14, [19} 22].

However, the existence of solutions for fractional boundary value problems at
resonance is less studied, see [3 4 [7, @, 20} 21]. There are few articles which consider
the boundary value problems (BVPs for shorts) at resonance for nonlinear fractional
differential equation with p-Laplacian operator. In 2012, Chen, Liu and Hu [6]
considered existence of solutions of boundary value problems for a Caputo fractional
differential equation with p-Laplacian operator at resonance by coincidence degree
theory by Mawhin:

Dy ep(Dgu(t)) = f(t,u(t), D u(t), ¢ € (0,1),
D u(0) = Dgyu(l) =0,

where 0 < o,8 < 1, 1 < a+ f < 2, D§, is a Caputo fractional derivative,
¢p(s) = |s|P72s is a p-Laplacian operator, f :[0,1] x R? — R is continuous.

(1.1)
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In this article, we study fractional multi-point boundary value problem with p-
Laplacian operator at resonance by using the extension of Mawhin’s continuation
theorem due to Ge,

Dg+ @p(Dg+u(t)) = f(ta u(t)v Dg—%—_Qu(t)’ Dg—%—_lu(t)’ Dngu(t)), te (07 l)a

3 n _ (1.2)
u(0) = o/(0) = Dgeu(0) = 0, D3 u(1) = " ouDg  uln).
i=1
where 2 < <3,0<<1,3<a+p<4,n¢e(0,1),0cR Y" 0 =1,
L < my,m € N, py(s) = |s|P7?s, 1 < p,1/p+1/q = 1, ¢, is invertible and its
inverse operator is ¢4, D, is Riemann-Liouville standard fractional derivative,
f:]0,1] x R* — R is continuous.

There are few articles to investigate fractional multi-point boundary value prob-
lem with p-Laplacian operator at resonance. By constructing suitable continuous
linear projectors and using the extension of Mawhin’s continuation theorem due
to Ge, the existence of solutions were obtained. Our paper perfect and generalize
some known results.

To investigate the problem, we use the condition

1 " _
)(1_2017735 ﬁ+1) #0
i=1

R R ) T T

The rest of this article is organized as follows: In Section 2, we give some nota-
tions, definitions and Lemmas. In Section 3, basing on the extension of Mawhin’s
continuation theorem due to Ge, we establish a theorem of existence result for BVP

).
2. PRELIMINARIES

For the convenience of the reader, we present here some basic knowledge and
definitions for fractional calculus theory, that can be found in [2] 8, [12].

Let X and Y be two Banach spaces with norms || - ||x and ||ully, respectively.
A continuous operator

M|d0ml\/lﬁX : XNdomM — Y

is said to be quasi-linear if
(i) ImM = M(X Ndom M) is a closed subset of Y,
(ii) ker M := {u € X Ndom M : Mu = 0} is is linearly homeomorphic to R",
n < o0.

Let X1 = ker M and X5 be the complement space of X7 in X, then X = X;® X5.
On the other hand, suppose Y7 is a subspace of Y and Y5 is the complement space
of YinY sothat Y =Y, &Y5. Let P: X — X be a projector and Q : Y — Y] a
semi-projector, and 0 C X an open and bounded set with origin 8 € Q2. Where 6
is the origin of a linear space.

Suppose Ny : Q — Y, X € [0,1] is a continuous operator. Denote N7 by N. Let
Yy ={u€Q: Mu= Nyu}. N, is said to be M-compact in  if thereisa Y1 C Y
with dim Y7 = dim X; and an operator R : Q x [0,1] — X continuous and compact
such that for A € [0, 1],

(- QN\@) C Im M C (I - Q)Y, (2.1)
QNyxz=60,\€ (0,1) & QNx =0,
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R(-A) [sv=( = P) |5, (2.3)
and R(-,0) is the zero operator,
MI[P + R(-,)\)] = (I — Q)N,. (2.4)

Lemma 2.1 ([8]). Let (X, || ||x) and (Y, || -|ly) be two Banach spaces, and Q C X
an open and bounded nonempty set. Suppose M : X Ndom M — Y is a quasi-linear
operator Ny : Q — Y, XA € [0,1] is M-compact in Q. In addition, if:
(i) Mu # Nyu for all (u,\) € (dom M NoQ) x (0,1),
(ii) QNu # 0 for all u € 02 Nker M,
(iii) deg(JQN,ker M N, 0) # 0, where J : Im Q — ker M is a homeomorphism
with J(0) = 6 and N = Ny,

then the equation Mu = Nu has at least one solution in dom M N €.

Definition 2.2. The Riemann-Liouville fractional integral of order a@ > 0 of a
function u is given by

L t — $)* Yu(s)ds
| e,

provided that the right side integral is pointwise defined on (0, +00).

Definition 2.3. The Riemann-Liouville fractional derivative of order o« > 0 of a
function u is given by

oy L d [t ()
5.0 = ) f, G

provided that the right side integral is pointwise defined on (0, +00).

Lemma 2.4. Assume that v € C(0,1) N L(0,1) with a fractional derivative of
order a > 0 that belongs to C'(0,1) N L'(0,1). Then

I§, Dgu(t) = u(t) + ert® 4 eot® 2 + - eyt N,

for some ¢; € R, i = 1,2,..., N, where N is the smallest integer grater than or
equal to a.

Lemma 2.5. Assume u(t) € C[0,1] and 0 < 8 < a, then Dg+lg‘+u(t) = gfﬁu(t).
And, for all « >0, 8 > —1, we have

rg+1) -
DgtP = ———_¢th
7 T TB-a+1)
giving in particular DG t*~™ =0, m = 1,2,..., N, where N is the smallest integer

grater than or equal to «.

In this article, we take X = {ulu, Dgf2u, Dg‘flu, Dg,u € C[0,1]} with the norm
lullx = max{llulloc, D5 *ullo [Dg "ullcn DG oo} where [u]loc = maxsego.y
lu(t)], and Y = C[0,1] with the norm |y|ly = ||yllcc- By means of the linear
functional analysis theory, it is easy to prove that X and Y are Banach spaces. so,

we omit it.
Define the operator M : dom M C X — Y by

Mu = D€+<Pp(Dg+U(t))7 (2.5)
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dom M = {u € X : DP,gp(Dgu) €Y, u(0) = u/(0) = DG u(0) =0,
) m ) (2.6)
Dy u(l) = ZaiDg‘f u(nl)}
i=1
Define the operator Ny : X — Y, A € [0,1],
Nyu(t) = f(t,u(t), Dy *u(t), Dy u(t), Dgiu(t)), t € [0,1],
then (|1.2)) is equivalent to the operator equation Mu = Nu, where N = Nj.

3. MAIN RESULT

In this section, we show existence of solutions for BVP (|1.2). Let us make some
assumptions which will be used throughout this article.

(H1) There exist nonnegative functions a, b, c¢,d,e € Y such that
[t u,0,w,2)] < alt) + (O ulP ™!+ e(t) 0P+ d(t)[wP~ + e(t)]2[P7

for all t € [0,1], (u,v,w, z) € R%.
(H2) There exists a constant A > 0 such that

/01 <pq<ﬁ /OS (s — 7')[3_1]”(7,11,1)7107 z)d7>ds

m

Ni 1 s
—ZG’Z'/ @q(—/ (s — 7)1 f (1, u,v,w, 2)d7)ds # 0,
- Jo L'(B) Jo
for all t € [0,1], (u,v,w, z) € R, |v] + |w| > A.
(H3) There exists a constant B > 0 such that

1 s
0#A:= C%(/o Soq(l"(lﬁ)/o (s — 1)L f (1, er® L T (a)7, (), 0)dr)ds

— Z(n /Om Sﬁq(ﬁ /OS (s — T)ﬁflf('r, CTail,CF(Oz)T, cF(a),O)dT)ds),

for all |¢| > B, c € R.

Theorem 3.1. Let f:[0,1] x R* — R be continuous and the condition (H1)-(H3)
hold. Then BVP (1.2)) has at least one solution provided that

1 DI|blo
D D||d 1. 3.1
w57 (et + Pliele + Dl +llelc) < (3.1)
Lemma 3.2. The operator M : dom M N X — Y is a quasi-linear, and
ker M = {u € X :u(t) =ct* ', vVt €[0,1], c € R} (3.2)
1 s
1
ImM = {y eyY: / wq(—/ (s — )% Yy(r)dr)ds
0 LB Jo (3.3)

m

o [C et | 50 utnands = o)

=1
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Proof. By Lemma [2.4] and Dg+ 0p(Dgu(t)) = 0, we have
Dgult) = pyleot®™).
From condition D(‘;‘+u(0) = 0, we obtain that ¢y = 0. Thus,
u(t) = et 4 eat® 2 4 3t 3,
Combined with u(0) = v/(0) = 0, we have ¢ = ¢3 = 0, u(t) = c1t* !, ¢; € R.

Thus, (3.2)) is satisfied.

If y € Im M, then there exists a function v € dom M such that
y(t) = Do op(Dgut)).
Then by Lemma and boundary value condition, we have
u(t) = (‘))‘+gpq(16 y(s)) +ert® ™,
DT u(t) = DO IS 0o (10, y(s)) + eiT(a).
Combing this with Y"1, 0; = 1, we obtain

1 1 s o
/ocP(I(F(ﬁ)/o (577')’3 y(7)dr)ds

m

— o0 " L 5577'[#1 T)dT)as =
So [ alggg | = manas o

On the other hand, suppose y € Y and satisfies (3.3]). Let u(t) = I, ¢, (Ioﬂy(t)),

then u € dom M and Mu(t) = Dmgop(Dwu( ) =y(t). soy € ImM and Im M :=
M (dom M) is a closed subset of Y. Thus, M is a quasi-linear operator. O

Lemma 3.3. Let Q C X be an open and bounded set, then Ny is M -compact in .
Proof. Define the continuous projectors P: X — X; and Q : Y — Y7 by

Pu(t) = ﬁpgglu(ow*l, te o],
o) =en 5[ enliry [ 6= umanas

_Zm /m . / (s — )0 Yy(r)dr)ds)), t € [0, 1].

Obviously, X; = kerM =1Im P and Y; = Im@. Thus, we have dimY; = dim X; =
1. For any y € Y, we have

Q*y=Q(Qy) = Qy@p(i(/ol @q(%) /O (s —7)°~'dr)ds

(8
— ;m‘ /0”1 @q(ﬁ /OS (s — T)ﬂ_ldr>ds>) = Q.

Hence, Q% = @, Q is a semi-projector. Based on the definition of M and Q, it is easy
to see that ker Q = Im M. Let 2 C X be an open and bounded set with 6 € 2. For
each u € Q, we can get Q[(I — Q)N (u)] = 0. Thus, (I —Q)Nx(u) € Im M = ker Q.
Taking any y € ImM and noting Qy =0, we can get y € (I — Q)Y. So holds.
It is easy to verify .
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Define R : Q x [0,1] — X, by

1 t a—1 1 ° -1
RO = s [ 0= 9" (5 | 6= - @Vautr)yaras.
By the continuity of f, it is easy to get that R(u, \) is continuous on 2 x [0, 1]. More-
over, for all u € (2, there exists a constant L > 0 such that |I5+ (I —Q)Nyu(r))| < L,
so we can easily obtain that R(Q, ), Dg7*R(Q, ), DS R(Q, A) and Dg, R(Q,\)
are uniformly bounded. By Arzela-Ascoli theorem, we just need to prove that

R:Q x [0,1] — X is equicontinuous.
ForueQ,0<t; <t2<1,2<a<3,0<p<1,3<a+p<4, wehave

[R(u, A)(t2) — R(u, A)(t1)]

I'(a) = 5) ; - u(7)))ds
(04)|/ (t2 Yog(I5: (I = Q)Nau(r)))d

‘A (1 = 5)* o5 (T = Q)Nyu(r))ds|

Pq L) h —s a—1 _ —s a—1 s t2 — s a—1 S
< = = st [ (12— 0 )
_ SOq L) a o

- F(Oé+ 1) (t2 tl))

DR 2R (u, \)(t2) — DT 2R(u, \) (1)
4/2 ¢H$W'wa<m@747 eaI2, (I — Q) Nyu(r)))ds|
o[ =9~ 9o [ (12— a9

0 t1

— 22 )

and

| DG R(u, N)(t2) = DG R(u, A) (1)

:4A %@me@vam@fAI%u<u Q)Nyu(r)))ds
< pg(L)(t2 — t1).

Since t* is uniformly continuous on [0, 1], it follows that R(Q,\), D37 *R(Q,\)
and D§ ' R(Q, ) are equicontinuous. Similarly, we can get Ioﬁ+ (I = Q)Nyu(r)) C
C[0,1] is equicontinuous, Considering of ¢4(s) is uniformly continuous on [—L, L],
we have DJ, R(Q,\) = gaq(Ig+((I — Q)NA(Q))) is also equicontinuous. So, we can
obtain that R : Q x [0,1] — X5 is compact.

For each u € ¥, we have D€+gop(D8‘+u(t)) = Nx(u(t)) € ImM. Thus,

R(u, \)(t) = ﬁ/o (t—s)" / s —7)P7H((I = Q)Nu(r))dr)ds
- t —5) L (s — 7)1 oru(T))dr)ds
| e ﬁ/ D}, oy(Dg. ulr)dr)ds,
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which together with u(0) = u’(0) = D§, u(0) = 0 yields
1
(o)
It is easy to verify that R(u,0)(t) is the zero operator. So holds. Besides, for
any u € (2,
M[Pu+ R(u, \)](t)

_ L ' —g)e1 Ss—rﬂ_l — u(7))dr)ds
=Ml [ =9 el [ 6= - QM)

R(u, \)(£) = u(t) — =—— Dg7  u(0)t* ™! = (I — P)u(t).

1 oa— a—
+ @D(ﬁr 1u(0)t 1

= (I = Q)Nxu(t),
which implies . So Ny is M-compact in €. ]
Lemma 3.4. Suppose (H1), (H2) hold, Then the set
Q1 = {u€domM \ker M : Mu=ANu, A€ (0,1)}
1s bounded.
Proof. By 1emma for each u € dom M, D(O)‘flu € C0,1], we have
u(t) = IS DS u(t) + et 2 + et 2
Combining this with «(0) = «/(0) = 0, we get ¢; = ¢o = 0. Thus,

1 t
_ a—1na—1 a—2 a—1
[ulloe = g+ Do ullos < |m/0 (t —s)*“ds||| Dgi " ull

1
< —|ID% M| o
— F(CV)H 0+ UH
Take any u € Qy, then Nu € ImM = ker Q. Thus, QNu = 0 for all ¢ € [0,1]. Tt
follows from (H2) that there exists to € [0, 1] such that [ DS *u(to)|+ | DS Mu(to)| <
A. Thus
t
Dy u(t) = DS Multo) + | Dgyu(t)d,
to
t

D§2u(t) = DS Pulte) + [ DS tu(t)dt,
to

IDG ulloe < A+ DG 1l oo
IDGulloe < A+ DG ulloe < 24 + | Dfs ]l oo,

1
< — & .
Jull < gy (A + 105 ul)

Combined with Mu = ANu and D§, u(0) = 0, we obtain
oD u(t)) = A Nu(t).
From (H1) and X € (0, 1), we have

|op(Dg+u(t))] < — [ - $)77H £ (s,u(s), D§uls), Dy u(s), Dgu(s)) lds

=
~—~~
~—
o
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1 — 8 (a(s o)=L 4 o) DO=ag( =1
<5 [ =97 0 + A+ (o) D 2u(s)
+ d(3)|Dgéflu(8)|p_l + e(s)|D6¥+u(s)|p—1)d8
! p—1 a—2_p—1
< I‘(T—i—l)(Han + 10llso lul25t + llelloo | DS ul2

+ ldlloo| DG B + llellool| D ull27h), -Vt € (0,1,
which together with [¢,(Dg u(t))] = | Dy, u(t)[P~!, and the basic inequality (|a| +

1b])P < Cp(lal? + |bP), where C, = 2P~! when p > 1 and where C,, = 1 when
0<p<1,a,beR (see [13]). We can get
1
D p—1 < - b ~ p—1 o Doz—? p—1
I1Dgrulles™ < 7F(ﬂ+1)(lla|| F bllos lullEs™ + llelloo [ Dgs “ullEs
+ [ dlloo | DGT Bt + llelloo || DF ulB )
1 1 APl
< ————(Jlalloo + bl D(—~— || DS u||P5t + =~
< gy (ke + Wl Dl 105wl + smy)
+ [lelloo DP 7T AP + | DG ull55) + [|dlloo D(AP ™ + [ DEvul[B5)
+ llelloc | DG ullBs™).-
where D = max{1,2P=2}. From (3.1)), we can see that there exists a constant
M; > 0 such that

DG ulloe < My, |IDGT ulloo < A+ My = Mo,

1 A
D7 %ul|0 < 2A + My := Ms, o < ——M; + —— = M.
|| 0+ U” = + My 3 HU” = F(oz) 1+ F(Oé) 4
Thus
lull x = max {||ulloo, D5 *ulloo, Dy ulloos DG ulloo }
S maX{M17M2,M3,M4} = M.
Therefore, €7 is bounded. (I

Lemma 3.5. Suppose (H2) holds, then the set Qo = {u € ker M : Nu € Im M} is
bounded.

Proof. For each u € Qy, we can have that u(t) = ct®~! for all ¢ € R and QNu =
0. It follow from (H2) that there exists a to € [0,1] such that [Dy;  u(to)| +

\Dggr—?u(to)\ < A, which implies |¢| < m. Therefore, Q2 is bounded. O

Lemma 3.6. Suppose (H3) holds, then the set
Q3 ={ucker M : (—1)"\J tu+ (1 —=N)QNu=0,\c[0,1]}
1s bounded, where m =1 when A < 0 and m = 2 when A > 0.

Proof. Case 1, suppose A < 0, for each u € Q3, we can get that u(t) = ct*~! for all
c € R. We define the isomorphism J : Im@Q — ker M by J(c) = ct®* 1, c € R,t €
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[0,1]. So, we have

Ae=(1- )\)cpp(i(/ol wq(ﬁ /OS (s — 7)1 f(r, er®7 L, el ()T, T'(a), 0)dT)ds

- iai /0771‘ @q(ﬁ /OS (s — 1)~ f (7, er® 1, el ()T, cF(a),O)d7’)ds>>.
= (3.4)

If A\ =0, then |¢| < B because of the first part of (H3). If A € (0,1], we can also
obtain |¢| < B. Otherwise, if |c| > B, in view of the first part of (H3), one has

c(l— )\)gop(i(/ol @q(ﬁ /OS (s — 1) f (1, er®™ L el ()T, cD(a), 0)dT)ds
- Zm: o /O”i qu(ﬁ /OS (s =) f(r,er®™L el (a)T, (), 0)d7’>ds)) <0.

(3.5)

On the other hand, Ac¢? > 0 which contradicts to (3.4). Therefore, 3 is bounded.
Case 2, suppose A > 0, it is similar to case 1 to proof 23 is bounded. So, we
omit it. (]

Proof of Theorem[3.1 Assume that © is a bounded open set of X with Ui, Q; C Q.
By Lemma we obtain that N is M-compact on . Then by Lemmas and
we have

(i) Mz # Nyz for each (u,A) € (dom M\ ker M) x (0, 1),

(ii) QNu # 0, for all u € 9Q Nker M.
Thus, we need to prove that (iii) of Lemmais true, Let I be the identity operator
in the Banach space X, and H(u,\) = (=1)™AJ 1 (u) + (1 — \)QN(u). According
to Lemma we know that for each u € 9Q Nker M, H(u,\) # 0. Thus, by the
homotopic property of degree, we have

deg(JQN |ker pmr, 2 Nker M, 0) = deg(H(-,0), Q2N ker M,0)
=deg(H(-,1),2Nker M,0)
= deg(£I,Q2Nker M,0) # 0.

which means (iii) of Lemma is satisfied. Consequently, by Lemma the
equation Mu = Nu has at least one solution in dom M N Q. Namely, BVP (1.2
have at least one solution in the space X. ([
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