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BOUNDARY VALUE PROBLEM FOR A COUPLED SYSTEM OF
FRACTIONAL DIFFERENTIAL EQUATIONS WITH
p-LAPLACIAN OPERATOR AT RESONANCE

LINGLING CHENG, WENBIN LIU, QINGQING YE

ABSTRACT. In this article, we discuss the existence of solutions to boundary-
value problems for a coupled system of fractional differential equations with
p-Laplacian operator at resonance. We prove the existence of solutions when
dim ker L > 2, using the coincidence degree theory by Mawhin.

1. INTRODUCTION

Along with the development of sciences and technology, the subject of fractional
differential equations (FDEs for short) has emerged as an important area of investi-
gation. Indeed, we can find a large number of applications in physics, electrochem-
istry, control, biology, etc. (see [10, [20]). Recently, many results on FDEs have
been obtained; see for example [II, 8] [ [5, [12], 13}, 18]. Many authors have studied
boundary value problems (BVPs for short) of FDEs; see [2] [6], [7], 14l 24], [25], 26], 27].

The papers [8], 9], 15 [16] considered the BVPs of FDEs with p-Laplacian operator.
In 2012, Chen et al. [9] showed the existence solutions by coincidence degree for
the Caputo fractional p-Laplacian equations

Dy ép(Dgra(t)) = f(t,x(1), Dge(t), 0<t<1,
D, x(0) = D§yz(1) =0,

where 0 < a, f < 1, 1<a—|—6<2 bp(s) = |s|P2s,p>1, f:]0,1] x RZ > Ris
continuous, D, and DP o+ are Caputo fractional derivatives. They used the operator

Lu= 0+¢p(DO+x( )) with D§, x(0) = D§,.2(1) = 0 and obtained dimker L = 1.

Articles [I1] 22] considered BVPs for a coupled system of FDEs. In 2009, Su [22]
showed the existence result by Schauder fix-point theorem for the coupled system
of FDEs:

t):f( ,u(t), D* (t)) 0<t<l,
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where 1 < o, 3<2, p,v >0, a—v>1,8—pn>1, f,g:[0,1] x R? — R are given
functions and D is the standard Riemann-Liouville dervative. In 2012 Jiang [I1]
considered the existence results for a coupled system of FDEs:

Dau(t) = f(tvu(t)’v(t))7 ’LL(O) =0, Dy |f 1= ZazDv |f &is

Dﬁv(t) = g(tau(t)’v(t))7 U(O) =0, |t 1 Z bi D(s |t Ni»

wherete[(),l],1<a,6§2,0<7§a—1,0<5§ﬂ—1,0<§1<§2<---<
En<L,0<m <mp < -+ <my <1, and proved that dimker L = 1.

As we know, there are only a few papers devoted to investigate the BVPs for a
coupled system of FDEs with p-Laplacian operator at resonance. What is more,
the case of dimker . > 2 have not been studied. In this paper we will study the
BVPs for higher order FDEs as follows:

0+¢p<D0+u( ) = f(t,v(t)),
Dy, ép(Dgi0(t)) = g(t, u(t)), (1.1)
Dg.u(0) = Dy u(1) = DE.v(0) = D, (1) = 0

where t € 0,1, n—1 < o,80 < n, 0 <~y <1, fig:]0,1] xR — R are
continuous functions, Dg@,Dg + and Dg+ are Caputo derivatives, and ¢,(s) =

0 s=0
(Dg+¢p(D8+U) Dg+¢p(Do+v)) and
dom L = {(u,v) € X|(DJ; ¢p(DG+u), Dy, dp(D 0+”)) €y,
Dg.u(0) = Dgu(1) = DE, v(0) = DZ,v(1) =0},
then dimker L =n,n > 2.

|s|P=2s s #0,
is a p-Laplacian operator with p > 1. Hence, if L(u,v) =

2. PRELIMINARIES

For convenience, we present here some necessary basic knowledge and a theorem,
which can be found in [19].

Let X and Y be real Banach spaces and L : dom L C X — Y be a Fredholm
operator with index zero, P: X — X, @ : Y — Y be projectors such that

ImP=kerL, kerQ=ImL, X=kerL®kerP, Y =ImL®ImQ.
It follows that
Lldom Lrker p : dom LNker P — Im L,

is invertible. We denote the inverse by f,.

If Q is an open bounded subset of X, domLNQ # 0, the map N : X — Y
will be called L-compact on Q if QN(2) is bounded and K,(I — Q)N : Q — X is
compact.

Theorem 2.1 ([19]). Let L : dom C X — Y be a Fredholm operator of index zero
and N : X — Y be called L-compact on Q. Assume that the following conditions
are satisfied:

(1) Lz # ANz for every (x, ) € [(dom L\ ker L) N 99 x (0,1);
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(2) Nz ¢ Im L for every x € ker L N 0S);
(3) deg(QN|kerr,2Nker L,0) # 0, where Q : Y — Y is a projection such that
ImL =kerQ.

Then the equation Lx = Nx has at least one solution in dom L N Q.
In this article, we take X = C*~1[0,1] x C”~1[0, 1] with norm
(2, 0) | = max{[[ull o, [0]loo, DG ulloos Do vlloo s
and Y = C[0, 1] x C[0, 1] with norm
1(f; 9) |l = max{]| f(z)|oo, l9()lloc },
where C*71[0,1] = {u|u, D§,u € C[0,1]}, CP[0,1] = {U‘U,Dng’U € C[0,1]}.
Define the operator L : dom LN X — Y by
L(u(t), v(t)) = (Dgs ép(Dgr u(t)), Dy, dp(Dgs v(t)), (2.1)
where
dom L = {(u,v) € X|(Dgs ¢p(Dgu(t)), Dy dp(Dgsv(t))) €Y,
Dg,u(0) = Dg.u(1) = DY, v(0) = DJ,v(1) = 0}.
Define the operator N : X — Y, by
N(u(t),v(t)) = (Nyu(t), Nav(t)), t € [0,1],

where Nyu(t) = f(¢,v(t)), Nav(t) = g(¢, u(t)).
It is easy to see that X is a Banach space, and problem (|1.1)) is equivalent to the
operator equation
L(u,v) = N(u,v), (u,v) € dom L.
The following definitions can be found in [20, 23].
Definition 2.2. The Riemann-Liouville fractional integral of order @ > 0 of a
function w : (0,1) — R is given by
1 t
ISu(t) = — [ (t—s)* tu(s)d
outt) = g [ (=9 u(s)as.
provided that the right side integral is pointwise defined on (0, +00).
Definition 2.3. The Caputo fractional derivative of order o > 0 of a continuous
function w : (0,1) — R is given by
« n—o dnu(t) 1 ! n—a—1,n
o) = o il = s [ s
where n is the smallest integer greater than or equal to «, provided that the right
side integral is pointwise defined on (0, +00).

Lemma 2.4 ([I7]). Let o > 0.The fractional differential equation D, u(t) = 0 has
solution
u(t) =C1+ Cot + Cgt2 4+ o4 Cntn_l_

Lemma 2.5 ([12]). Assume that u(t) with a fractional derivative of order o > 0.
Then

& DS u(t) =u(t) + Cr+ Cot +Cst? + -+ Cpt™™ !, CieRi=1,2,...,n,

where n is the smallest integer greater than or equal to a.
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3. MAIN RESULT

In this section, a theorem on existence of solutions for problem (L.1]) will be
given. Define the operators T and 75 as follows:

1 1
Tipn(s) = / (1—5)* y(s)ds, Tays(s) = / (1 - 5)" Yy (s)ds.

Theorem 3.1. Let f,g:[0,1] x R — R be continuous and assume that
(H1) there exist nonnegative functions a(t),b(t),c(t),d(t) € C|[0,1], such that
[f(t,0)] < a(t) +b@)lP™  g(t,u)| < eft) + d(t)|ulP~
(H2) for (u,v) € dom L, there exist constants M; > 0, i = 1,2, such that, if
either |u(t)| > My,t € [,1], or |v(t)| > Ma,t € [n,1], then either
TiNyu#0, or ToNov #0;
(H3) there exist a positive constant B, such that for each (u,v) € ker L, if
min{|m;|,|7}|} > B, i=1,2,...n
Then either (1)

(1) (Z?:l 7T£)T1N1U > 0, (Z?:l ﬁi)TgNQ’U >0,

(ll) (Z?:l 7T£)T1N1U > 0, (Z?:l 7T1')T2N2’U < 0;
or (2)

(1) (Z?:l ﬂ';)TlNlu < 07 (Z:‘Lzl ﬂ-i)TQNQU < 07

(i) O, ) TiNwu <0, (X1, m)TeNov > 0, where b(t), d(t) satisfy
(C(y+1))° (fnf(a +DT(B+1)

4 1+ +n)
Lemma 3.2. Let L be defined by (2), then

ker L = {uv e X: thz 1 Zwtz 1

i T ER,1:1,2,...,n,t€ [0,1]},
Im L = {(y1,y2) € Y[T1y1 = 0, Toys = 0}. (3.2)

Proof. By Lemmas and and ¢, '(s) = ¢q(s), 1/p+1/q = 1, the equation
Dy, ¢p(D§u(t)) = 0 has solution

[1blloclldlloc < )i

(3.1)

u(t) = Igh dg(c) + Zﬂ'iti_l, mER, i=1,2,...,n,

which satisfies D, u(t) = ¢4(c), combining with the boundary value condition
D°‘+u( ) =0, we can get u(t) = Y ., mt" !, similarly v(t) = >, w1 So, it

has ) holds.

On the one hand, if (y1,y2) € Im L, then there exist two functions u,v € dom L
such that

y1 = Dy, ¢p(Dgsu(t)), y2 = Dy ¢p(D 0+U(t))
Based on Lemma and Dg,u(0) = D§,v(0) =0,

Dgyu(t) = ¢gly.y1, Dgsult) = bl ya.
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From condition the D, u(1) = D0+v( ) = 0, we obtain that

1 1
T = [ (=9 a(o)ds = 0. T = [ (1= )" a(s)ds =0
0 0

On the other hand, for each (y1,y2) € Y satisfying T;y; =0, i = 1,2. Let

u(t) = +¢q( +yl( ), v(t) = +¢q( )+y2( ))s
then (u,v) € dom L and
L(u(t),v(t)) = (D3 ¢p(Dgsu(t)), Dy ép(Dgs v(t))),
so that (y1,y2) € Im L. Therefore, holds. The proof is complete.

O

Lemma 3.3. Let L be defined by (2.1)), then L is a Fredholm operator of index
zero, and the linear continuous projector operators P : X — X, Q :Y — Y can be

defined as
P(u(t),v(t)) = (Pru(t), P2o(t)),
Qy1(1),y2(t)) = (Q1y1 (1), Q2y2(1)),
where
n—1
Pru(t) = u(0) + Z uDtt, Pyu(t )+ Z vt
=1

n

Qyi(t) = A(Z At )Ty (1), Qaya(t) = A/(Z At ) Toys(t),

1 & AT ()T(0) B)T(7)
A —~ T(a+1) A’ Z I‘ﬂ—i—z) ’

Furthermore, the operator K, : Im L — dom L N kerP can be written as
Kp(yi(t), v2(t)) = (Kpyi(t), Kpyya(t))
= (5 0q (I3 1 (1)), I b (15, y2(1))), ¥t € [0,1).
Proof. For each (y1,y2) € Y and (3.4), we have

Qiyi = Ql[A(zn:Aiti_l)lel(t)]
i=1
_ A(intifl)m(jml)ml@
- A(zn:Aiti_l) Z Ti (1)

i=1 =1

- AZ 5 F((fﬁ) )Ql

From 1+ =>"", ALEOTE) e obtain

I'(a+i)
Qly = Q.
Similarly, we can derive

Q%ZD = Q1y1-

(3.3)
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So, for each (y1,y2) € Y and t € [0,1] , it follows from (3.5) (3.6]) that

Q*(y1,12) = Q(Qy1, Q1y1) = (QIy1, Q3y2) = (Q1y1, Q1y1) = Q(y1, y2).
Obviously,
ker () = {(ylqu) e Y Thyr = Toys = 0} =ImL.

Let (y1,42) = [(y1,92) — Q(y1,%2)] + (y1,¥2), then (y1,92) — Q(y1,2) € kerQ =
ImL,Q(y1,y2) € ImQ. For (y1,y2) € ImL NImQ, we can get (y1,y2) = (0,0),
then we have

Y=ImL®&ImQ.

For each (u,v) € X by (3.3]), we have

n—1
P2u(t) = Py(u(0) + Z u®t?)

n—1 n—1
=u(0) + Y _(u(0) + > ut)D],_ot’
=1 1=1

n—1
=u(0) + Y ul’
=1
= Pru(t);
that is,
Plu(t) = Pyu(t). (3.7)

Similarly, we can derive that
Plu(t) = Pyu(t). (3.8)
So, for each (u,v) € X and t € [0,1], it follows from that
P2(u(t), v(t)) = P(u(t), o(t)).
Obviously, Im P = ker L,
ker P = {(u,v) € X : u(0) = v(0) = uD(0) = v (0) =0,i =1,2,...,n — 1}.

Let (u,v) = [(u,v)— P(u,v)]+ P(u,v), we can get (u,v) — P(u,v) € ker P, P(u,v) €
Im P, so X = ker P+ker L. By simple calculation, we can get ker LNker P = (0, 0),
then
X =ker L @ ker P.
Thus
dimker L = dimIm @ = codimImL =n, n > 2.

This means that L is a Fredholm operator of index zero.

From the definitions of P, K, it is easy to see that the generalized inverse of L
is Kp. In fact, for (y1,y2) € Im L, we have

LKp(y1,y2) = LUG $g(Igsy1(1)), I 64 (I3 y2(1))) = (y1, o). (3.9)
Moreover, for (u,v) € dom L Nker P, we get u(0) = v(0) = u®(0) = v(D(0) = 0,
i=1,2,...,n— 1. Hence

KpL(u,v) = Kp(D} 6p(Dgu(t), DY 6y (DY v(0) = (wv).  (3.10)

Combining (3.9) and (3.10)), we know that Kp = (L|dom Lakerp) *. The proof is
complete. O
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Lemma 3.4. Assume ) C X is an open boundary subset such that dom LNQ # 0,
then N is L-compact on ().

Proof. By the continuity of f,g, we can get that QN(Q2) and Kp(I — Q)N (Q)
are bounded. So, in view of the Arzela-Ascoli theorem, we need only prove that
Kp(I —Q)(Q) C X is equicontinuous.

From the continuity of f, g, there exists a constant M > 0 such that

(I = Qi)Ni(u,v)| <M, Vtel0,1], (u,v) €Q, i=1,2,
where I : C[0,1] — C]0, 1] is the indentity mapping. Furthermore, denote Kp g =
Kp(I — Q)N and for 0 < 1 < ta < 1,(u,v) € 2, we have
Kpq(u(ta),v(t2)) — Kpq(ul(ty),v(t1))
= (Kp,(I — Q1)Nyu(t2) — Kp, (I — Q1)Nru(ts),
Kp,(I — Q2)Nau(ta) — Kp,(I — Q2)Nau(ty)),

From
|Kp, (I —Q1)N1u(te) — Kp, (I — Q1) Nyu(ts)]
L " )4 1 — )i u(7)dr)ds
— gl [ =9 o [ = @o(rana
—/0 (t1 — 5)°~ qﬁq(m/o (s — 7)1 — Qu)Nyu(r)dr)ds|
. ¢;<24) | / (ta— )% — (11 — 5" V)ds + /t (ts — 5)°1ds]
¢q M a g«
< o) (t ),
and
|Dg K p, (I = Q1) Nuu(ts) — Dy Kp, (I = Qu)Nyu(t)]
| 2%(% /Os(s—T)W-l(I—Ql)Nlu(T)dT)ds
/ s /(3—7)7_1(1—Ql)Nlu(T)dT)ds\
1 [t [ - @omrinas
§¢q( )(t2 — t1).
Similarly,

|Kp,(I — Q2)Nyu(ts) — Kp,(I — Q2)N1u(ty)| < Pq(M) (tg 7t?)’

1Dy Kp, (I = Qo) Nyu(ts) — Dy Kp, (I = Q1) Nau(ty)] < ¢g(M)(ts — th),

and since t*, t% are uniformly continuous on [0, 1], we can get that Kp(I-Q)N(Q) C
X is equicontinuous. Thus, we get that Kp(I — Q)N : Q@ — X is compact. The
proof is complete. O
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Lemma 3.5. Suppose (H1)—(H2) hold. Then the set
Q1 = {(u,v)|(u,v) € dom L\ ker L, L(u, v) = AN (u,v), A € (0,1)}
is bounded.
Proof. Take (u,v) € Qy, then N(u,v) € Im L. By (3.2),we have
TyNyu=0, ToNyv=0.
By L(u,v) = AN (u,v) and D§, u(0) = D0+v(0) =0, we have
(u(t), v(t))

= L t —g)o ! 1 85777*1 7,v(7))dT)ds nilc-i

M [ =97 Yougs [ = mr mateind DI
L )l (e 55—7'7_1 7,u(T))dr)ds ”_10”
w5, =9 iy [ = ot atmanas + ).

Together with (H2) means that there exist constants tg € [£, 1], t; € [n, 1] such that
|u(to)| < M, [v(t1)] < M. By (3.11), we have

n—1

i L ' _Safl L ' _T'yfl Folr ds

gyM%SMﬁwﬁnAO 1 onls [ (=0 (vl
(3.12)

"—1/¢ L 1 s L 1 I s

;Iciltl §M2+F(ﬁ>/0 (1-s) ¢q(r<7)/() (1 — 1) Yg(r, u(r))dr)ds.
(3.13)

It follows from (H1) and (3.11]) (3.12)) that
Ju(t))|

n—1

1 ' a—1 L ' _T'y—l T v ds c c
Sm/o(l—s) ¢q(r(7)/0(1 Y7 f(r, () |dT)d +|o|+ Z'Z“O

My | 14¢ ! _gja-l b ! JEPRTES Y ()P dr)ds
< gy [ =0 e [ = a0 bl P

My 1+¢ [ NIV B -1 -1
§?+@@Aaﬂ>¢ﬁﬁﬁuwwmmwwmwgwm
_ M 1+¢ 1

v||p7t
ra ff(a+l)¢ (1—\(7_’_1)(”0’”00"’_”1)”00” 155))
My 2971(14¢) l[alloo 18l oIV 135"

My 27148 lallso g1 Mblloo ygorp 0 .
SE T o) Taen) TG e
that is,

M; 20711 +€)
(] < 20 204

[1blloc \q—1
m) lv]lo0)-

lallse yq-1
()" +
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Similarly, from (H1), (3.11), (3.13) and ¢, (s +t) < 2P(¢,(s) + ¢p(t)), s,t > 0, we

obtain
M2 2q71(1 —+ 77)

e
Jo(0)]e < 22 +

lellos -1 .
(Fory) ™+ ) Il

Let
My 2“_1(1+€)( llallo JilZ A 2"‘1(1+§)( 116l
€ " (a+1) T(y+1) To(a+1) T(y+1)
M, 2q_1(1+n)( l[elloo Jol = A 2q‘1(1+77)( lld]| oo
7 nr(B+1) "T(y+1) oG +1) T(y+1)

then, the condition

)q_l =B,

)q—l — B/7

(T(y+1)* &l(a+1)T(B+1)

1—
[oleldloe < (A
which by Theorem could written as BB’ < 1, so, we obtain
A+ A'B A"+ AB’
H“( )Hoo S1_-BB" [|lv(t )Hoo S1-BB
By and we have
M, 1 ! o 1t o
st§+a@Aas>%wwﬁuﬂvmmwwm
M,y 2¢-1 lalloo \g-1 [blloc \q—1
<P+ e ey o) ko)
(3.14)
/ M, 1 ! B—1 1 ! -1
oal € 52+ e [ 0= o [ =it lar)as
M, 2071 lellse \g-1 ldlloe g1
= TaEen Ty T Teen)
(3.15)
Then, by (3.11)), (3.12) and (3.13) we obtain
PE0 < [ o [0 s anas + e
M, 2‘1 1(1 +&0(a+1))  lallse g1 [1bllsc g1
< a (ot 1) ((F(’erl))q + (m)q [v]loc )
1 1 / n—p3
B—1 1 —1 Cn71|t
Dy~ u(t)| §/0 ¢q(m/o (1-1)" |f(T7U(T))|dT)d3+m
My 27'(1+qD(B+1))  lalles (41 ldlloe \g—1
<% i ) Gy ).
Hence the Q; is bounded in X. The proof is complete. O

Lemma 3.6. Suppose that (H3) hold. Then the set
Qs = {(u,v)|(u,v) € ker L, N(u,v) € Im L}
is bounded in X .
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Proof. For (u,v) € g, we have (u (),v t) = T mt LY At €
Ry = 1,2,...,n and TyN; (X" miti=1) = TyNo(S P wlti=1) = 0. By (H3), w
obtain that max{|7rl| |7{|} < B,i=1,2,...,n, so max{HuHoo, lv]|eo} < 2B. Fur—

thermore,
1 K |7| B
Doc—l Hl = t— n—1l—-« . d n <
Do ult)] F(n—a)/o( 2 Imnlds < S =) S Tr =)
B
DP- <
| o+ U()‘—l—\(n_'_l_ﬁ)
Hence, €25 is bounded in X. The proof is complete. ([l

Lemma 3.7. Suppose that (H3)(1) holds. Then the set
Q3 = {(u,v) € ker L|AJ (u,v) + (1 — \)Q(N1u, 0N2v) = (0,0), A € [0,1]}

is bounded in X. If (H3)(1)(i) holds, then 6 =1, if (H3)(1)(ii) hold, then § = —1,
where, J : ker L — Im Q is a linear isomorphism given by

T w3 ) = (A A (Y w1, A (S AN i)

where A(STA;) # 0, /(7 AL) # 0.

Proof. For (u,v) € Q3, we have (u(t),v(t)) = (7wt =L, wlti=1), 7} €
R,i=1,2,...,n, by (H3)(1)(i), there exists A € [0, 1] such that

A (i it iwét“) + (1~ A)(A(i Ai)TlNl(i mit' ),
ZA T5 N, Zﬂtl 1)) = (0,0).

If A = 0, we can get that max{|m;|, |7;|} < B, i = 1,2, then max{||u|| o, ||V|loc } <
2B. Hence, 3 is bounded.

If \=1, thenu=v=0.

For A(0,1), let A; = m, A} = m;, i = 1,2,...,n, if min{|m|,|7}|} > B, i =
1,2,...,n, we have the following inequalities:

AQ_ T+ (=N m)TiN(D_mi) >0,
1 1 1
AQ ™)+ (1= N m)TaNo (Y 7)) >0

this contradicts (3.16]), so, 23 is bounded in X.
Similarly, if (H3)(1)(ii) holds, we have {23 is bounded in X. The proof is com-
plete. (I

Lemma 3.8. If (H3)(2) hold, then the set
Q3 = {(u,v) € ker L| — AJ (u,v) + (1 = \)Q(Nyu, ONzv) = (0,0), A € [0,1]}
is bounded in X.

(3.16)

The proof of the above lemma is similarly with Lemma [3.7] and it is omitted.
Now with Lemmas in hand, we prove our main result.
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Proof the Theorem[3.1l Let € is a bounded open set of X with U} ;, C Q. By

Lemma we can get that N is L-compact on €. Then by Lemmas|3.5| ﬁand 3.6, we

have (1) Lz # ANz for every (x,A) € [(dom L\ ker L) N 98] x (0,1); (2) Nz ¢ Im L

for every x € ker L N 9€); we need to prove only (3) deg(QN‘kerL, Nker L,0) # 0.
Take

H(u,v,\) = £AJ(u,v) + (1 — X\)Q(N1u, 0Nyv),

according to Lemma we have H(u,v,\) # 0 for (u,v) € 0Q Nker L. By the
homotopy property of degree, we can get

deg(QN|ker £, 2 Nker L, (0,0)) = deg(H(+,0),Q2 Nker L, (0,0))
=deg(H(-,1),Q2nNker L, (0,0))
= deg(+J, 2 Nker L, (0,0)) # 0.

By Theorem we obtain that L(u,v) = N(u,v) has at least one solution in
dom L N); i.e, problem (|1.1) has at least one solution in X, The proof is complete.
([l
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