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PERIODIC SOLUTIONS FOR NON-AUTONOMOUS
SECOND-ORDER DIFFERENTIAL SYSTEMS WITH
(¢,p)-LAPLACIAN

CHUN LI, ZENG-QI OU, CHUN-LEI TANG

ABSTRACT. Some existence theorems are obtained for periodic solutions of
nonautonomous second-order differential systems with (g, p)-Laplacian by us-
ing the least action principle and the saddle point theorem.

1. INTRODUCTION

Consider the second-order system

d . _o.
S (IO 2 (1)) = Vu, F (8w (1), ua (1)),
d .. _o.
&(‘UQ(t)V’ 2u2(t)) = V7L2F(t7u1(t)7u2(t))a a.e. t € [O7T]7 (11)
u1(0) = ur (T) = 1 (0) = 0a (T) = 0,
uz(0) — ua(T) = 1z(0) — i2(T) =0,
where 1 < p, ¢ < oo, T > 0 and | - | denotes the Euclidean norm in RV. F :
[0,T] x RN x RN — R satisfies the following assumption
(A1) — F is measurable in ¢ for each (z1,z2) € RY x RY;

— F is continuously differentiable in (21, z2) for a.e. t € [0,T];
— there exist a;,az € C(Ry,Ry) and b € L*(0,T;R,) such that
[F(t, 21, 22)|, |Va, F(t,21,22)], [Vau F(t,21,22)] < [ar(Jz1]) + az(|a2])]b(t)
for all (z1,72) € RN x RY and a.e. t € [0,7].
We denote by W%’p the Sobolev space of functions v € LP(0,T;RY) having a
weak derivative @ € LP(0,T;RY). The norm in W%’p is defined by

T . 1/p
g = ([ Qute)? + facoyr)ae)
The corresponding functional ¢ : W — R given is

T LT T
SD(U1>U2):§/O |1 (2)] dt+§/o [da ()] dt+/0 F(t,uq(t), uz(t))dt,
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where W = W% x W;” is a reflexive Banach space and endowed with the norm
[(ur, ua)llw = lluallyza + fluzllyze-

It follows from assumption (A1) that the functional ¢ is continuously differentiable
and weakly lower semicontinuous on W. Moreover,

<<P/(U17 uz), (v1, UQ))

T
= /0 [(Jaa (01721 (t), 01(8)) + (Vay Pt un (), ua (1)), w1 (¢))]dt
+/0 (a2 ()P~ 2aa(t), 02(t)) + (Vay F (8, ua (£), u2(t)), v2(t))]dt

for all (ul,u2), (01,1}2) ew.
For each u € W%’p can be written as u(t) = @ + @(t) with

/ / at)dt = 0.

We have the Sobolev’s inequality (for a proof and details see [4])

]l co < Cullttllp, [|0]loc < Cill0]l, for each u € WP, v e Wi,

and Wirtinger’s inequality (see [4])
lally < Collilly, [[Tllg < Callolly for each u € Wp*, ve Wy,

where
T P 1/p
= t t) , o =
fully = ([ o) Jull = e (o).
A function G : RN — R is called to be (), u)-subconvex if
G(AMz +y)) < u(G(z) + Gly))
for some A\, pp > 0 and all z,y € RY (see [19]).
The existence of periodic solutions for the second-order Hamiltonian system
i(t) = VF(t,u), a.e. te][0,T],
u(0) = u(T) = u(0) —u(T) = 0,
has been extensively investigated in papers, such as [I}, 2, B 4, 12} 13| 14} [15] [16,
18, [19] and the reference therein. Many solvability conditions are given, such as
the coercive condition (see [I]), the periodicity condition (see [18]), the convexity
condition (see [3]), the boundedness condition (see [4]), the subadditive condition
(see [12]), and the sublinear condition (see [14]). When the gradient VF(¢,z) is
bounded; that is, there exists g € L*(0,T; R, ) such that
IVE(t,z)| < g(t)

for all z € RY and a.e. t € [0,7]. Mawhin and Willem [4] obtained the existence
of solutions for problem (|1.2)) under the condition

(1.2)

T
/ F(t,z)dt — +oo(or —o0), as |z| — oco.
0

Tang [I4] proved the existence of solutions for problem (1.2)) when
IVE(t, )] < f(#)]2]" + g(t) (1.3)
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for all x € RY and a.e. t € [0,T], where f,g € L*(0,T;R) and « € [0,1). And, F
satisfies the condition

T
|x\_20‘/ F(t,z)dt — +o0 (or —o0), as |z| — oo.
0

Tang and Meng [16] studied the existence of solutions for problem under the
conditions or

IVE(t,2)| < f(t)|z] + g(t)
for all x € RY and a.e. t € [0,T], where f,g € L*(0,T;R,). The results in [16]
complement those in [I4] Theorem 1 and 2].

Recently, Pagca and Tang [9] established the existence results for problem
which extend [14, Theorems 1 and 2]. By applying the least action principle, Pagca
[7] proved some existence theorems for problem which generalize the corre-
sponding Theorems of [I9]. Using the Saddle Point Theorem, Pagca and Tang [10]
obtained some existence results for problem . Pagca [§] studied the existence of
periodic solutions for nonautonomous second-order differential inclusions systems
with (g, p)-Laplacian which extend the results of [5] [6] 9] [14].

In this paper, motivated by references [7, [0, 14 [T6], we consider the existence
of periodic solutions for problem by using the least action principle and the
Saddle Point Theorem. Our main results are the following theorems.

Theorem 1.1. Suppose that F' = Fy + F5, where Fy and Fy satisfy assumption
(A1) and the following conditions:

HO) Fi(t,-,-) is (A, p)-subconver with X > 1/2 and 1/2 < pn < 2771 \" fora.e.t €
1 1
[0,T], where r = min{p, q};
(Hl) there exist fhglvh’b € Ll(O,T; R+)7 i= 172: o1 € [qu - 1): Q2 € [Ovp_ 1)¢
B e0.p/d'), B2 €[0,q/p'), " =q/(qg—1) and p" =p/(p—1)
Ve Bo(tswr,a2)| < fi(0)]n|* + g1 ()]a2]™ + ha(t)
Vo Fa(t, 21, 20)| < fo(t)22]* + ga(t)]x1]7 + ha(t)

for all (z1,22) € RN x RY and a.e. t €[0,T);
(H2)

1 1 T T
(*/ Fl(t,)\xl,)\xg)dt—i—/ Fg(t,x1,a:2)dt) > 2K,
0 0

lim ——mM
=00 [z1]7 + [22]72 \ it

where |z| = \/|x1]? + |22|?, 11 = max{q o, Bop’}, 72 = max{p'as, 61¢'}
and

49792071 || 1|2 Cr)T 4P /P (2P| fo| 1 Cr)P’
q Y ’
49/9(2% | gy || .1 C1) 7 4p’/p(2ﬁ2||92||L101)p,}
7 ’ Y '
Then problem has at least one solution in W.
Corollary 1.2. Suppose that F = Fy + F», satisfies (HO), (H1) and
(H2?)

szax{

7(7/ F (t A A 2)dt+/ Fg(t Q)dt) —
x X T1,T o0
‘1‘1‘)1 +‘$2|)2 M Jo e b 0 L
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as |x| — +oo. Then problem (1.1) has at least one solution in W.

Remark 1.3. Corollary generalizes Theorem 1 of [7]. In fact, it follows from
Corollary [[.2] by letting 81 = 32 = 0. There are functions satisfying the assumptions
of our Corollary and not satisfying the assumptions in [7, [0]. For example, Let
aq :052:15/4’ ﬁl :ﬁQ:11/4ap:q:57p/:q/:5/47 and
Fl(t,xl) =54+ sin(|3:1|6 + |1‘2|6)7
2T
Fy(t,z1,22) = (? — ) (Jea M7 + [ "+ [P 4o |P4).
Theorem 1.4. Suppose that F(t,x1,x2) satisfies (H1) and
(H3)
. 1
lim ———
|z|— 00 |501|71 —+ |’JJQ|’72
Then problem (1.1) has at least one solution in W.
Corollary 1.5. Suppose that F(t,x1,x2) satisfies (H1) and
(H3)

T
/ F(t,z1,20)dt < —(2¢ +2p' + 1)2K.
0

1 T
7/ F(t,x1,x2)dt — —00
|21+ Jaa|72 Jy
as |x| — oco. Then problem (L.1) has at least one solution in W.

Remark 1.6. Corollary [1.5| extends [9, Theorem 2]. In fact, it follows from Corol-
lary by letting By = B2 = 0. There are functions satisfying the assumptions
of our Corollary and not satisfying the assumptions in [9]. For example, Let
a1 =apy=15/4, 81 =P =11/4, p=q=5,p =¢ =5/4, and

T
F(t,;gh;(;Q) = (g _ t)(|$1|19/4 + |$2‘19/4 + ‘SL’1|5/4|332|5/4).

2. PROOFS OF MAIN RESULTS
Tian and Ge [I7] proved the following result which generalizes a very well known
result proved by Jean Mawhin and Michel Willem [4, Theorem 1.4].

Lemma 2.1 ([I7]). Let L: [0,T] x RN x RN x RN x RN — R, (t,21,22,91,%2) —

L(t,z1,22,91,y2) be measurable in t for each (x1,22,y1,y2), and continuously dif-

ferentiable in (z1,x2,y1,y2) for a.e. t € [0,T]. If there exist a; € C(R4,Ry),

i=1,2,b€ LY0,T;Ry), and ¢; € LP(0,T;R,), c2 € L0, T;R,), 1 < p,q < o0,

such that for a.e. t € [0,T] and every (z1,22,y1,y2) € RY x RN x RV x RN one
has

|L(t, 1,22, y1,92)| < (a1(|z1]) + az(|z2]))

| Dz, L(t, w1, 32, y1,y2)| < (a1(|@1]) + az(|22|

| Dy, L(t, 21, 22,1, y2)| < (a1(|21]) + az(|z2]

[ Dy, L(t, 21, 22, 41, y2)| < (a1(|z1]) + a2(|z2]))

| Dy, L(t, 21, 22, y1,y2)| < (a1 (|1]) + az(|22]))

then the function o : Wp? x W%’p — R defined by

(b(t) + |y2|® + [y2|P),
|22
|

)
= ))0() + y2/7),
= )(b(t) + [y1]9),
(er(t) + 177,
(ca(t) + [y2|"~ ),

QD(’U,l,’LLQ) = /0 L(t7’u,1(t),UQ(t),L'Ll(t),ﬂQ(t))dt
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is continuously differentiable on W% x Wi and

Corollary 2.2. Let L:[0,T] x RN x RYN x RN x RN — R be defined by
1 1
L(t7xlax27yl7y2) = 6|y1|q + ;|1/2|p + F(t,l‘l,.’L’Q)

where F - [0, T] x RN x RN — R satisfies condition (A1). If (u1,ug) € W9 x WP
is a solution of the corresponding Euler equation ¢’ (u1,ug) = 0, then (uy,us) is a

solution of problem (|1.1)).

Remark 2.3. The function ¢ is weakly lower semi-continuous (w.l.s.c.) on W as
the sum of two convex continuous functions and of a weakly continuous one.

We will prove Theorem by using the least action principle [4, Theorem 1.1],
and Theorem by using the saddle point theorem [I1, Theorem 4.6].

Proof of Theorem[I.1]. Let § = logyy(21). Then 0 < 8 < r. For |z| > 1, there
exists a positive integer n such that

n—1 <logy, |z| < n.

So, we have |z|? > (2X)(*~D8 = (24)"~1 and |x| < (2A)". Then, by (A1) and (HO0),
one has

Fy(t, 1, 22) < 2uFy (8, 21/(20), 22/(2X)) <
< (2u)"Fi(t, @1/ (2X), 22/ (2)))
< 2pulz|” (a10 + az0)b(t)
for a.e. t € [0,7] and all |z| > 1, where a;0 = maxo<s<1 a;(s), ¢ = 1,2. Therefore,
Fy(t, w1, w2) < (272 u|21)® + Ja2|?) + 1) (a10 + a20)b(t) (2.1)

for a.e. t € [0,T] and all (z1,22) € RN x RV,
It follows from (H1), Sobolev’s inequality and Young’s inequality that

‘ /OT(F2(t,u1(t),u2) — F2(t,ﬂ1,ﬂ2))dt‘

= ‘ /OT /Ol(Vsz(t,fal + sﬁl(t),EQ),ﬂl(t))dsdt’

T 1 T 1
< / / il + s (£)| |ax (£)|dsdt + / / 01 (8) o) [ (1) | st
/ /hl ‘Ul |d8dt

<297 (@[ + IS aalloo |l frll e + [zl @ o llgnllze + aa lloolla | e

<277 full e I + 207 full e Ol |l g
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+ Chllgallzr [T2] ™ a1 llq + Crllhall e il
497792971 fy ]| 11 C1)7

’
|ﬂ1 |q [e51
q/

_ . 1.
<271 OP | fullpa llaa g+ 1g g +

. 4779(||ga || 1+ C1)”
!

gl + 2] P4 + Culla [l [l g

4779297 || fi ]| 12 Cr)”

—MW+TTWWMMMW“+ v [y 7o

49/4(]|g1 || 12 C1)7
+ 7

/ .
|t2|7 P + C1 || ha | [lin ]l q

and
T
[ Pas @), 0a(0) = s 1) )

_ ‘/OT/Ol(VzQFQ(t,ul(t),ﬂg+sﬁ2(t)),ﬁ2(t))dsdt’

T 1 T 1
§/ /hW%+%®W%wWﬁﬁAAgNWW%NWW
/ / hg |UQ \dsdt

< 277 (Ja2|* + a2l $)aalloo |l foll o + 27 (Ja ™ + [1an |1 22) |92l 19220
+ [[a2]| o [h2 ]l 1

< 2PORHY| fo| oo [l |52 4+ 207 Cu | fall oo s | kol + Ca [l [l
+ 2%l goll 2 Ol i 152 + 27 |1 gal| 11 Cr 1ol 22 |

47/ (27| o2 O

1 . _ /
<2TOP | lla iy + llanlh + v |ag|” 2
1 4717 (2% | gol| s CT* ) o1
. . ﬁ .
+ @Ilwlli + p [ llg*” + @Ilwlﬁ

47 /P(2%% | ga | 11 C1)”
+ "

@] %2 + Cy|ha| o ||zl

47222 o[ 11 Cr)”

= *IIUzH” + 22710 fol o [l 52t + ; [P

4r'/p (282 Loty e /(26 Oy ,
+ ( ||92|/|L Y ||ul||§2p+ ( H9I2HL 1) g |27
p p
+ Cillha| L1 [[dzlp

for all (u1,u2) € W. So, one has

’ AT(FQ(t,’UJl(t)a’U«Q(t)) - Fg(t7ﬂ1’ﬁ2))dt’

< ‘/OT(Fg(t,ul(t),UQ) _ Fg(t,ﬁl,ﬂg))dt’
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+‘/ (Fa(t, u (), ua(t)) — Fa(t, ur (), ) dt
0

1 3
< — | ||? + —||ual|? + C1l|h ! C1llh !
< 2q||u1||q+ 4pHu2||p+ Pl zallnllq + Crllhz| L2 ||z,

+ 207 OP Y full ol 1G22 OR | fol| o a2

49792971 fu| 2 )T
+ /!
q

4v'/p(9p—1 )P , 4P’ /P (9B2 C)?

BN OP e, | ¥ ol C)
p p

4717 (2%||ga | . OF* )
+ »

, 449’ /q C)? ,
g7+ (||91|/\L1 1) 5|7 1

|a1|p/52

. /
e 127

for all (uy,us) € W. Hence, we obtain from (HO), (2.1)) and the above expression
that

T T T
gO(Ul,UQ) = é/o \ul (t)lth + ]%/0 |u2(t)|pdt +/O F1 (t,u1 (t), UQ(t))dt

T T
+/0 (Fg(t,ul(t),u2(t)) 7F2(t,ﬂ1,ﬂ2))dt+/0 Fg(t,ﬂl,ﬂg)dt

1 1
> lan)le + ——llaall? — Cullhallzs llinllg — Collhall el
> 2qHu1||q 4p||U2||p kil pallallg — Crllha |l oozl

— 207 OP Y ol g = 207 PR fa o ke 2
4712 (2P2| gy || 2 CF2 )P 49792971 | f1 | 1 C1)
_ p ;
Al OO, @l
q 14
4P’ /P (982 o , T
_ ( ||g/2||L1 1) |,al|/32p +/ Fg(t,ﬂl,’l_l,g)dt
p 0

1 T T
+ */ Fl(t,Ath)\ag)dt— / Fl(t, —ﬂl,—ﬂg)dt
K Jo 0

[ [ |7

_ p’a
|t [P 2

1 1 47" P (2P2|| gg || L P2 Y ,
> a9 + =||es||P — 1 o || B2
> 26]Hulllq 4cplluzll,, pr [ |5

= 2L fullga g+ = 277 O ol g a2
— Ci|ha |l |l g — Chllhellpr ||,
T
. (Zﬁ/ZHC’fu(HMHg + ||122H£) + 1) (a0 + a20)/0 b(t)dt

_ _ 1 1 T o
+(|U1|71+|U2|72)<W(;/0 Fy(t, Mg, Aug)dt

T
+/ Fy(t, a1, ug)dt) — 2K) — Ko
0
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for all (u1,uz) € W and some positive constants K and Ky. It follows that
o(ur,uz) — 400 as ||(ur,u2)|lw — oo due to (H2). By [4 Theorem 1.1] and
Corollary The proof is complete. O

Proof of Theorem[I1.]} Firstly, we prove that ¢ satisfies the (PS) condition. Sup-
pose that {(u1n, u2,)} is a (PS) sequence for ¢, that is, ¢’ (1, u2,) — 0asn — oo
and {p(u1p,u2,)} is bounded. In a way similar to the proof of Theorem we
have

T
‘/0 (leF(t,uln(t)7u2n(t))7a1n(t))dt

497792971 f1]| 11 C1)T

1 L e 3. - da
<29 101“Llllfll\Ll||U1n||ql+1+qulﬂln\lg+ ¢ |t |
44'/a (95 LOPrt . 49 /a(96 e ,
+ ( ||91|/|L 1) H"hn”?lq + ( ||9/1||L1 1) |a2n‘tIﬂ1
q q
+ Cillha 22 ldan i
and
T
| [ (V2P0 (0 w2 (1) 72 0
0
_ e 3. 4P /P (2P| fol 2 C1)P -
<Ol sl + iy + L g e
4r' /P (982 cPthye . 4P /P(2P2 o ,
N ( ||92\/\L1 ) liall®2 + ( HgleLl 1) (i1 [P
p p
+ Cullhell L [ltzn
for all n. Hence, one has
||(~1naa2n)HW
Z <S0/(u1n7 u2n)a (alny ﬂQn»
T
- /0 ((Vay F(t, uan(t), ugn (8)), @1 (t)) + (Ja1n (8)] 7 *i1n (1), tn(t))
(VP t1n (1), 00 (1), 2 (0) + (i (O~ (1) 2 (1))
4q—3 . 4p—3 . — o . 1
> 1 [[d1nllg + " l[iznllh = 297 CT | full o [l I
B 4q'/q(2B1||gl||Llclﬁl+1)q/ s 49792071 £y || 12 CT don (2.2)
q Hu2n||p p \u1n|
44’ /a4 (9P o LA N -
- B OO gy 5 — 10 s i
’ 1 / / _ /
_ 4v /p(252||92||L101BQ+ )? & Hﬁzp’ _ 4v /p(2p HIfollz: C1)P |a |p’a2
p, 1Inllq p, 2n

4P'/7(292| go || 11 O )P’
_ .

/ . .
|t1a [P P2 — Ctllhel|p1 [[d2n]lp — Cullha |l L2 [ g
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for large n. It follows from Wirtinger’s inequality that
(@1, ton)lw = G1nllywa + lG2nllyre
< (L+CDY il + (1 + C5)VPlizal, (2.3)
< max {(1 +C)"9, (1 + CHYP} (|laanlly + liznll,)
for all n. So, it follows from and that

K(|ﬂ1n|p/52 + |a2n\p'0‘2 + |a1n‘q’a1 + |a2n‘qlﬁl)

q'/q(9a—1 q , 449’ /a (961 q ,
> 497/49(2 !,/flLlcl) 1|7 ( ||9l1||L101) (i
4p'/p(9p—1 )P , 4P /P (982 )P ,
L ( ||/f2||L1 1) (o |P'2 + ( Hpg/?”Ll 1) T
4g—3. . 4p—3,
> 17 [ ld + " ([%2n I}
B ) 49'/4(9b1 g oty ,
e P e [
B ) 4P /P (282]|go || L1 CP2 LY ,
_ 9P 1Of2+1”f2||L1 ||u2n‘|g2+1 _ ( ||gp|/ ) Huln”qﬁw
= Cil|hallpa [d2nllp — Crllhallzr[[dinllq = [(@in, 2n) lw
4q -3 . p—-3 . . .
> 17 llt1n |3 + ™ lt2nly — Cillh2|lLt [[d2nlly — CrllRal L1 lld1n g

4719(2% ||g1 || 2 O )7

|y a0 — | g 219
B ) 4P’ /v (982 L P2y ' ,

Oy i 2 — P ”gjg'f C " g, 12
- (1 + Cg)l/p”ﬂ%Hp - (1 + Cg)l/q”uhl”q

g—1,. p—1,.
> T Lyl 2= L — K,

1, . 1, .
= Ll + 2 lianll -~ K

for large n and some positive constant K;. Hence, by the above expression, we
obtain

. 1 1 . .
2K (|t | + |a2n]7) > mln{?, 17}(H“1n||3 + [lznlly) — Ko (2.4)

for large n and some positive constant Ks. By the proof of Theorem we have
T
| / (F (1w (0) 0 (1) = F(t, 10, 52,) |
0

1 .. 3 .. . .
< iHuln”Z + @Hwnﬂg + Cil|hallr[[ianllq + Crllhel 22 ||d2n

+ 27Ol i 5+ 277 O e a2
AT A ) 4/l gu 112 o)
q/ /

|ﬂ1n|q'a1 + \ﬂ2n|q"@1
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@ ol O

, 47" /p(9B2 P ,
p/ |a2n|Pa2+ ( ”pg,?”L1 1) |a1n|P52
4P /P (202 gy || a CP2 TP ,
+ ( ||9p|JL 1 ) ||U1n||§2p

for all n. It follows from the boundedness of {p(u1n,u2,)}, (2.4) and the above
inequality that

KB S Qp(ulny UZn)

1 [T 1 [T
= */ |15 ()|7dt + */ |ti2n (t)[Pdt
q.Jo P Jo

T T
+ / [F(t, win(t), tan(t)) — F(t, Grn, )] dt + / F(t, iy, fian )t
0 0

3. [ . .
< ggltanlla + g lienlly + CrllPallzr fénnlly + Crllha |z llizn

+ 207 1OP T ful ol g + 22RO fe o a2

LA ) 4/1( g 11 C1)”

/ |T1n |7 + ; [t |77
q q
4r'/p(9p—1 c,)” / 4v'/p (20> Cy)” !
) ( ||;f2||L1 1) g [P0 ( Hg/2||L1 1) i1 |22
v P
4p//;l7 9682 1C¢ﬂz+1 P’ . , T
+ LI O iy o+ [ (e aa )
0

T
< 2([[drnllg + [[t2nlly) + 2K (Jt1n]™ + [U2,]") +/ F(t, tp, tgn)dt + Ky
0
T
< (2max{q,p'} + 1)2K (|t1,|" + |ti2n|"?) +/ F(t, U1p, Uon)dt + Ks
0

T
S (2ql + 2pl + 1)2K(|ﬂ1n"yl + ‘7._L2n|’y2) + / F(t, ﬂlna 7._L2n)dt + K5
0

1
[Ty |7 + |t2n |72
+(2¢ +2p' + 1)2K) + K5

T
< (|n]™ + [G2n ) / F(t, i, iz )dt
0

for large n and some real constants K3, K4 and K5. The above inequality and (H3)
imply that (|t1,|" + |@2,]7?) is bounded. Hence, (41, u2y,) is bounded by
and (2-4). By the compactness of the embedding W*( or W) € C(0,T;RN),
the sequence {u1,} (or {usy,}) has a subsequence, still denoted by {uy,} (or {u2,})
such that

i

Ury (OF Ugp) — uy (or ug)  weakly in WP (or in Wi7), (2.5)

Ui (OF Uzp) — up (or up) strongly in C'(0,T;RY). (2.6)
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Note that
<90'(U1m Uzn), (Ul — Uln, 0)>

_ /O i1 (8)]P 2 (i (8), i1 — 1 (1))t 2.7)

T
- /O (Vi (1 (), i (£)), 0 () — 1w (£))dt — 0

as n — oo. From (2.6), {u1} is bounded in C(0,T;RY). Then we have
T
[Tt (0,0 (0), 1 () — w0
0
T
< [ 19 P w0 ()] - fa0) = w0
0

T

<Ko [ b0hus () = w0l
0

< Klbllzrlur = wanlloo

for some positive constant Kg, which combines with implies that
/OT(VIIF(t,uln(t)7u2n(t)),ul(t) —up(t))dt = 0 asn — oo.
Hence, by , one has
/OT 17 (8) P72 (A1 (2), 1 () — 1 (8))dt — 0 asn — oo .

Moreover, from ([2.6)) we obtain

/0 i (B P2 (), 01 (£) — wrn (£))dE — 0 a8 m — 00

Setting
T

1 T P Y P 1 q ¥ q
wWMm=EAOm@IHmeﬂ+gAUw®|Hw@H%

one obtains

T
(0 (U, iz ), (1 — 1t 0)) = /O s (8) P2 (1 (1), s () — uan () dt

T
b [ linn (@P (0 a(0) — (1)
0
and
(' (Ui, u2n), (U1 — u1n,0)) — 0 as n — oo. (2.8)
By the Holder’s inequality, we have
0 < (luanl P~ =llua [P~ (luanll = lluall) < (@' (win, uzn) =9 (u1, u2), (u1 —u1n, 0)),

which together with (2.8) yields |Ju1,| — ||ui]|. It follows that wy, — wu; strongly
in W,” by the uniform convexity of W,”. Similarly, we have ug, — uy strongly in
W%, Hence, the (PS) condition is satisfied.
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Let W = W% x WP be the subspace of W given by
W = {(ur,uz) €W | (a1, 2) = (0,0)}.
Then
@(u1,ug) — +00 (2.9)
as [|(u1, u2)[lw — oo in W. In fact, by the proof of Theorem one has

1 (T 1 (7
(p(ul,u2) = — / |’l'1,1(t)|th + - / |’ll2(t)|pdt
q Jo PJo

T T
+/ (F(t,ul(t),UQ(t))7F(t,ﬂ1,ﬂ2))dt+/ F(t,’ELl,’ELQ)dt
0 0
1 o le'
;Ilmlluflluzllp—ff e VAU Y Y e

41220 | gol | O
, [

p
T
*Cl||h1||L1||ﬁ1||q*Cl||h2||L1||’ll2||p+/ F(t,u1,uz)dt
0

= 221 fal o ez 12—

for all (uy,us) € W. By Wirtinger’s inequality, the norm
11 (w1, u)l[| = (61, d2)l[ Laxc e = [l llq + [zl

is an equivalent norm on W. Hence, ([2.9) follows from the above inequality.
On the other hand, one has

o(z1,22) — —00 (2.10)

as |(x1,z2)] — oo in RY x RY | which follows from (H3). Now, Theorem is
proved by (2.9), (2.10) and the Saddle Point Theorem (see [I1, Theorem 4.6]). O

Acknowledgements. This research was supported by the National Natural Sci-
ence Foundation of China (No. 11071198) and the Fundamental Research Funds
for the Central Universities (No. XDJK2010C055).

REFERENCES

[1] M. S. Berger, M. Schechter; On the solvability of semilinear gradient operator equations,
Adv. Math. 25 (1977), 97-132.

[2] Y.-M. Long; Nonlinear oscillations for classical Hamiltonian systems with bi-even sub-
quadratic potentials, Nonlinear Anal. 24 (12) (1995), 1665-1671.

[3] J. Mawhin; Semi-coercive monotone variational problems, Acad. Roy. Belg. Bull. Cl. Sci. 73
(1987), 118-130.

[4] J. Mawhin, M. Willem; Critical Point Theory and Hamiltonian Systems, Springer-Verlag,
Berlin/New York, 1989.

[5] D. Pagca; Periodic solutions for second order differential inclusions with sublinear nonlin-
earity, PanAmer. Math. J. 10(4) (2000), 35-45.

[6] D. Pasgca; Periodic solutions for nonautonomous second order differential inclusions systems
with p-Laplacian, Commun. Appl. Nonlinear Anal. 16(2) (2009), 13-23.

[7] D. Pasca; Periodic solutions of a class of nonautonomous second order diffrential systems
with (q,p)-Laplacian, Bull. Belg. Math. Soc. Simon Stevin 17 (2010), no. 5, 841-850.

[8] D. Pasca; Periodic solutions of second-order diffrential inclusions systems with (g,p)-
Laplacian, Anal. Appl. (Singap.) 9 (2011), no. 2, 201-223.

[9] D. Pasca, C.-L. Tang; Some existence results on periodic solutions of nonautonomous second-
order differential systems with (q,p)-Laplacian, Appl. Math. Lett. 23 (2010), 246-251.



EJDE-2014/64 PERIODIC SOLUTIONS 13

[10] D. Pagca, C.-L. Tang; Some existence results on periodic solutions of ordinary (q,p)-
Laplacian systems, J. Appl. Math. Inform. 29 (2011), no. 1-2, 39-48.

[11] P. H. Rabinowitz; Minimaz methods in critical point theory with applications to differential
equations, CBMS Reg. Conf. Ser. in Math. No. 65, AMS, Providence, RI, 1986.

[12] C.-L. Tang; Periodic solutions of monautonomous second order systems with ~y-quasi-
subadditive potential, J. Math. Anal. Appl. 189 (1995), 671-675.

[13] C.-L. Tang; Periodic solutions of nonautonomous second order systems, J. Math. Anal. Appl.
202 (1996), 465-469.

[14] C.-L. Tang; Periodic solutions for nonautonomous second order systems with sublinear non-
linearity, Proc. Amer. Math. Soc. 126(11) (1998), 3263-3270.

[15] C.-L. Tang, X. P. Wu; Periodic solutions for second order systems with not uniformly coercive
potential, J. Math. Anal. Appl. 259 (2001), 386-397.

[16] X. H. Tang, Q. Meng; Solutions of a second-order Hamiltonian system with periodic boundary
conditions, Nonlinear Anal. 11 (2010) 3722-3733.

[17] Y. Tian, W. Ge; Periodic solutions of mon-autonomous second-order systems with a p-
Laplacian, Nonlinear Anal. 66 (1) (2007), 192-203.

[18] M. Willem; Oscillations forcées de systémes hamiltoniens, in: Public. Sémin. Analyse Non
Linéaire, Univ. Besancon, 1981.

[19] X.-P. Wu, C.-L. Tang; Periodic solutions of a class of nonautonomous second order systems,
J. Math. Anal. Appl. 236 (1999), 227-235.

CHUN L1
SCHOOL OF MATHEMATICS AND STATISTICS, SOUTHWEST UNIVERSITY, CHONGQING 400715, CHINA
E-mail address: Lch1999@swu.edu.cn

ZENG-QI1 Ou
SCHOOL OF MATHEMATICS AND STATISTICS, SOUTHWEST UNIVERSITY, CHONGQING 400715, CHINA
E-mail address: ouzengq707@sina.com

CHUN-LEI TANG (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICS AND STATISTICS, SOUTHWEST UNIVERSITY, CHONGQING 400715, CHINA
TEL 486 23 68253135, FAX +86 23 68253135

E-mail address: tangcl@swu.edu.cn



	1. Introduction
	2. Proofs of main results
	Acknowledgements

	References

