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SECOND-ORDER BOUNDARY-VALUE PROBLEMS WITH
VARIABLE EXPONENTS

GIUSEPPINA D’AGUI

ABSTRACT. In this article, we study ordinary differential equations with p(z)-
Laplacian and subject to small perturbations of nonhomogeneous Neumann
conditions. We establish the existence of an unbounded sequence of weak
solutions by using variational methods.

1. INTRODUCTION

In this article, we consider the following boundary value problem involving an
ordinary differential equation with p(z)-Laplacian operator, and nonhomogeneous
Neumann conditions:

— (| (@) "D 72 (2)) + al@)u() PO Pu(z) = M (2,u) 0, 1]
[/ (0)[P©=20/ (0) = —pg(u(0)), (L.1)
o/ (P72 (1) = ph(u(1)).

Here p € C([0,1],R), f : [0,1] x R — R is a Carathéodory function, (that is

x — f(x,t) is measurable for all ¢ € R, ¢ — f(x,t) is continuous for almost every
€ [0,1]), g,h : R — R are nonnegative continuous functions, A\ and p are real

parameters with A > 0 and > 0, a € L*([0, 1]), with essinf}g 1y o > 0.

The necessary framework for the study of problems involving the p(z)-Laplacian
operator is represented by the functions spaces with variable exponent Lp(’”)(Q)
and W™ () (Q). The basic properties of such spaces can be found in [10} T3], and
for a complete overview on this subject we refer to [7, [16].

Differential problems with nonstandard p(z)-growth have been studied by many
authors, see for instance [5l [6] 8, @] [I5] 17, 19] and the references therein.

When p(x) = p is constant, reduces to the ordinary p-Laplacian problem

—(Ju' (@)~ (2)) + al@)[ul""Pu = Af(z,u) 0,1
[/ (0)P~*4/(0) = —pg(u(0)), (1.2)
[/ (D[P~ (1) = ph(u(1)).
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Some results concerning such a problem, when h = g, can be found in [4] (see for
instance Theorem 4.1), where the authors obtain infinitely many solutions for a
class of variational-hemivariational inequality by using the nonsmooth analysis.

In [I1], the authors obtain one solution for weighed p(x)-Laplacian ordinary
system, generalizing some results obtained by Hartman [12] and Mawhin [14] which
studied, respectively, the constant cases p(x) = 2 and p(z) = p.

Zhang [21], via Leray-Schauder degree, obtained sufficient conditions for the
existence of one solution for a weighted p(x)-Laplacian system boundary value
problem.

By using minimax methods, in [20], the authors study the periodic solutions for
a class of systems with nonstandard p(x)-growth.

In the present paper, under an appropriate oscillating behaviour of the primitive
of the nonlinearity and a suitable growth at infinity of the primitives of g and h, the
existence of infinitely many weak solutions for , is obtained, for all A belonging
to a precise interval and provided p small enough (Theorem . We refer also to
[1, 2] and the references therein for arguments closely related to our results. Here,
as a particular case, we point out the following result on the existence of infinitely
many solutions to problem (P ,), when a(z) =1 for all z € [0, 1].

Theorem 1.1. Let p € C([0,1],R) such that 1 < p~ := mingep 1y p(z) < pt =
maxme[()’”p(x) and let f : R — R be a nonnegative continuous function. Put
F(¢) = fg' f(t)dt for all ¢ € R and assume that

PE _, F(E)

liminf —% = and limsu = 400
E—+o0 é‘p §—>+Oop €p+

Then, for each g : R — R and for each h : R — R nonnegative continuous functions
such that

im 9© o, RO 0,

E—+oo fp’—l £—+4o0 €p -1

the problem
—(Ju' (@) P72 (@) + [ufP P = fu) in]0,1]
[/ (0)[P©~2u'(0) = —g(u(0)),
[/ (D)PD 72 (1) = h(u(1))

admits infinitely many distinct pairwise nonnegative weak solutions.

It is worth mentioning that in the study of existence of infinitely many solutions
for the p(z)-Laplacian, symmetric assumptions (see [19]) or change sign hypothesis
on the nonlinearity (see [5]) are requested, while, in our main result such conditions
are not required (see also Remark . In particular, here, we can study problems
with positive nonlinearity (see Example [3.3)).

This paper is arranged as follows. In Section [2 some definitions and results
on variable exponent Lebesgue and Sobolev spaces are collected. In particular, in
Proposition an appropriate embedding constant of the space W1(#) ([0,1]) into
C°([0,1]) is estimated. Moreover, the abstract critical points theorem (Theorem
is recalled. Finally, in Section |3| our main result is established, then some
particular case and some example are presented.
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2. VARIABLE EXPONENT LEBESGUE AND SOBOLEV SPACE

Here and in the sequel, we assume that p € C([0, 1],R) satisfies the condition

1<p := mi <pt:= } 2.1
P xren[gll}p(x) <p zrél[gﬁ]p(x) (2.1)

The variable exponent Lebesgue spaces are defined as follows
1
LP@)([0,1]) = {w:[0,1] = R : u is measurable and / JuP® dz < +00}.

0

On LP) ([0, 1]), we consider the norm
. u(x
[ull Lo ([o,17) 3= Inf {A >0 /Q \¥|p(“)dx <1}
Let X be the generalized Lebesgue-Sobolev space W) ([0, 1]) defined by
WEPEO([0,1)) := {u: u € LPD([0,1)),u € L ((0,1])},

endowed with the norm

ullwrre go,17) = lull Lo 0,1y + wlll Lo (o,1))- (2.2)

It is well known (see [10]) that, in view of (21]), both LP(*) ([0, 1]) and W'*()([0, 1]),
with the respective norms, are separable, reflexive and uniformly convex Banach
spaces. Moreover, since a € L>([0,1]), with a_ := essinf,¢cjo,;j(x) > 0 is as-
sumed, the norm

1 /
ol =t {o>0: [ (2P0 4 o) 2P ar < 1),
0 g a

on WP)([0,1]) is equivalent to that introduced in (2.2).
Next, we give an estimate on the embedding constant m of WP(®)(]0, 1]) with
norm || - || in C°([0,1]).

Proposition 2.1. For all u € WHP(®)([0,1]), one has

lullcogo,ny < mllulla, (2.3)
where
1/pt 1/pt
o|—F—|" +[1-—F—|" == #a<1
—_— af’(lfp+)+1 af*(lfp+)+1 -
1/pt 1/pt
2[%} + [1 - — } 2 ifa_ > 1.
ai7p+ +1 a£17p+) +1 Q-

Proof. First we observe that

1 1
u® < [ e+ [ Juolan e wr),1)
0 0

Moreover, taking into account Holder inequality in variable exponent Lebesgue
space (see, for instance, [7, Lemma 3.2.20]), one has

lullzro,n < 2llullpseio,),

[u'll 21,1y < 2[W/ | o 0,17
Therefore,

[w(®)llcogo,)y < 2llullweepy, Yu€ whr@[(0,1)]. (2.4)
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In the variable exponent Sobolev space, we consider the equivalent norm

Jull =t (3> 0 [ (15290 4 (o) Yo < 1)

=inf{A>0: poé(E

D1

From definition of ||ul|, one has

u
b2 paf)

= [ (20 1 o e a

[ulla [lla

> [ (e + o- )i

Now we suppose that a_ < 1, one has

! ( ) p(z) u(x) p(z) v
12/,(n|a ey )

This leads to

1 /
/ |T|L (ﬁ”) P@dy =k < 1 (2.5)
ulla

/\ 1m|H|W”W=1—kSL (2.6)

From ({2.5) and (2.6)), dividing by respectively by k£ and 1 — k, we obtain

+
'l oy < B i,

.
(1— k)t
[ulll Lo < TIIUHw
Therefore,
+ (1—k)VP" v, (=R
lelllwoer < K7 ulla + ~—am—lulla = (K" + =7 Julla
o o
1 1/p* 1 /pt 1
Al———]" +[1-——] =}l
ai’ﬁ—v*) +1 aif(l—ﬁ) +1 -
In a similar way, we work when a_ > 1 and we obtain
1 1 1/pt 1
leulllwoenr < {— + 1 ———1"" = Hula-
T 1/pt E= al/P
T 1) a7 1
Now, taking also into account (2.4)), we claim the thesis. O

Remark 2.2. It is worth mentioning that if a«_ > 1, the constant m does not
exceed 2. Instead, when o < 1, m depend on a_ and in particular is less than
201+ 2).
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In the sequel, f :[0,1] x R — R is an L!-Carathéodory function, g,h : R — R
are two nonnegative continuous functions, and A and p are real parameters. We
recall that f :[0,1] x R — R is an L!-Carathéodory function if:

(1) z— f(x,€) is measurable for every £ € R;
(2) £ f(x,€) is continuous for almost every z € [0, 1];
(3) for every s > 0 there is a function I € L'([0, 1]) such that

sup |f(x,&)] < ls(x)

l€l<s
for a.e. x € [0,1].
Put

t
F(x,t) :/ f(x,&)de for all (z,t) € [0,1] x R,
’ t
G(t) = / g(§)d¢ for all t € R,
0

t
H(t) :/O h(€)d¢ for all t € R.

We recall that w : [0,1] — R is a weak solution of problem (L.1)) if v €
WLp@)([0,1]) satisfies the condition

1 1
J/ |u’cvnp°”*21/<x>v%aodm-+L/” o (@) [u(@) P2 u(z)o(z)dx
0 0

—AA.ﬂ%M@W@Mm—MﬂM@M@%+MMUMOH=Q

for all v € WP ([0, 1]).

To prove our main theorem, we use critical point theory and in particular [3]
Theorem 2.1], that we recall here.

Let X be a reflexive real Banach space, ® : X — R is a (strongly) continu-
ous, coercive, sequentially weakly lower semicontinuous and Gateaux differentiable
function, ¥ : X — R is a sequentially weakly upper semicontinuous and Gateaux
differentiable function. For every r > inf x ®, put

(7’) — inf (Supveéfl(]foo,r[) \I/(’U)) B \I/(’U,)
A we€d—1(]—c0,r[) r— ®(u) ’

7 := lim inf 0:= liminf .

v Tlgilgo QO(T), ra%irlrllfi(n{ﬂJr @(T)
Theorem 2.3. Under the above assumptions of X, ® and W, the following alter-
natives hold:

(a) for everyr > infx ® and every A €]0, ﬁ[, the restriction of the functional
& — AU to ®~1(]—o00,7[) admits a global minimum, which is a critical point
(local minimum) of ® — AV in X.

(b) if ¥ < 400 then, for each X €]0, %[, the following alternative holds: either
the functional ®— AV has a global minimum, or there exists a sequence {uy, }
of critical points (local minima) of ®—AV such that lim, 1 oo P(u,) = +00.

(¢) If 6 < 400 then, for each X €]0, %[, the following alternative holds: either
there exists a global minimum of ® which is a local minimum of ® — A\,
or there exists a sequence {u,} of pairwise distinct critical points (local
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minima) of ® — AV, with lim,,_, 4 o P(u,) = infx P, which weakly converges
to a global minimum of ®.
3. MAIN RESULT

In this section, we establish an existence result of infinitely many solutions to

problem (1.1f). Put

fol maxy<¢ F(x,t)dx fol F(x,€)dx

A := liminf > , B :=limsup < ,
§—+4o0 fp £—+oo é-p
e la
a1 1
A= A= ——— 3.1
1 » B’ 2 rmr A’ (3.1)

where ||a||; is the usual norm in L'(2) and m is given by Proposition
Theorem 3.1. Let f:[0,1] x R — R an L'-Carathéodory function. Assume that

1 1
F(z,t)d - F(z,&)d
lim inf fo max‘t|<€ (x ) v p7 lim sup 7f0 ($+§) x.

€00 134 prmP” [ally emqoo 134
Then, for each X € 1Ay, Aa|, for each g : R — R and for each h : R — R nonnegative
continuous functions such that

G(¢) H(¢)

Goo = limsup —2* < 400, Hy = limsup —=> < +o0,
E—too EP g—too &P

and for each p € [0, 9], with

_1—mP ptAA
 mP pt[Goo + Hoo

problem (1.1)) admits a sequence of weak solutions which is unbounded in the space
WErE((0,1]).

Proof. Our aim is to apply Theorem [2.3] To this end, fix A, u, g and h satisfying
our assumptions. Let X be the Sobolev space W) ([0,1]). For any u € X, set

2= [ L (WP + ),

U(y) = /0 F(z,u(z))dx + %[G(U(O)) + H(u(1))].

It is well known that they satisfy all regularity assumptions requested in Theorem
[2:3]and that the critical points in X of the functional I, = ® — A\ are precisely the
weak solutions of problem . Let {c,} be a real sequence of positive numbers
such that lim,,_, 4. ¢, = +00, and

fol max|y| <., F(z,t)dz

lim = A.
n—-—4oo C%’)L

_ 1 b
Putrn—p—Jr 2,

2.2], one has

for each n € N and ®(v) < 7, then, owing to [5l Proposition

1

o
[vlle < max{(p*ra)?*, (pTrn) 7 } =

Cn
)
m
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and so, by (2.3),

max [o(@)] < mlolla < cn.
z€[0,1]

Therefore, one has

< SUWPved-1(—co,r) W (v)

o(rn) < T
1
_ Jo maxjuj<e, F(a, t)d + § maxjy<., [G(t) + H(?)]
< o
pt mP~
1 2

e oz, P00+ §1Gl) 4 Hlen)] ey

cn

Then

7 < lim}_nfgo(rn) <ptmP A+ %p*‘m” [Goo + Hoo| < +00.
Now, let {n,,} be a real sequence of positive numbers such that lim, . 7, = +00,
and

1
fo F(x,n,)dz

lim a =B. (3.2)

n—-4oo 775

For each n € N, put w,(z) = n,, for all z € [0,1]. Clearly w,(z) € WP ([0, 1])
for each n € N. Hence, we have

O = [ L (WP + oo b i

b (@)
= ——a(x)nh®dx
[ e

1 +
1 + 14
< / L (@) de = T o],
o P P

Now, for each n € N, one has

V) = [P, @)ds + 560w, + Hw,)

:/0 Fa,mn)de + £1G) + Hn))

and so
I(wy) = ®(wy,) — AV (wy,)

' ' p
< T ol <[ [ Pan)de+ 560 + 1))

Now, consider the following cases.
If B < 400, we let € €]0, B — HA‘;%[ From (3.2)), there exists v, such that
1
/ F(z,n,)dx > (B — e)nﬁ'f, for all n > v,
0

and so

In(wn) < Pl = A(B = g+ §16(m) + Hm)]
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p+

—op (12l xB ) - e + Hm).

p
Since % — AM(B —¢€) <0, one has

ngrfoo I\(wy) = —oc0.

If B=+o0, fix M > Hﬁ%. From (3.2)), there exists vj; such that

1
/ F(z,n,)dx > Mnff, for all n > vy
0
moreover
' pt M
Ix(wn) < Fllal\l = MMz + G () + H (1))

=t (1ol sy e + H ).

Since % — AM < 0, this leads to

lim [T = —o00.
n g Trlwn) = o0
Taking into account that
el 1 1
] _ L — [g]oa :[7
p~B ptmPT A v

and that I, does not possess a global minimum, from part (b) of Theorem
there exists an unbounded sequence {u,} of critical points, and our conclusion is
achieved. ]

As an immediate consequence, here we present an existence result for the homo-
geneous Neumann problem

(@ @) )l = M) w0l
u'(0) = /(1) = 0. .
Theorem 3.2. Let f:[0,1] x R — R an L*-Carathéodory function. Assume that
1 1
F(x,t)d - F(x,8)d
lim inf fo max‘t|<€ (@, t)da p? lim sup fo(iw.
€—too 13 prmP [ally emqoo &

Then, for each A €]A1, Ao[, where A1 and Ay are given in (3.1)), problem (3.3)) admits
a sequence of weak solutions which is unbounded in WP ([0, 1]).

Example 3.3. Let p € C([0, 1]) satisfying and with p~ > 2, and let {b,, }nen
and {a,}nen be the sequences defined as follows by = 2, b1 = (bn)Q(er“) and
an = (bn)Qp+ for all n € N. Moreover let f : R — R be a positive continuous
function defined by

2D T (T —1)2 +1 te0,2],

(an — (bp)? ) /T—(an —1— )2 +1 t e UrX[a, — 2, an),
((bns1)” = an)y/T= (b1 — L= 02+ 1t € U b1 — 2, bug],

1 otherwise.
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Put F(§) = fog f(t)dt for all £ € R. In particular, one has F(a,) = a5 + a, for all
neNand F(b,) = (by,)? 1% + b, for all n € N. Hence,

lim inf ié) = lim La_n) =0,
E—+4o0 é-p n—-—+oo a/z
and r Flb
lim sup (ﬁ) = lim (f) = +00.
e & e g

Then, owing to Theorem [3.1] the problem
— [/ [P 72 4 |ufP @) "2y = f(u) in]0,1]
1
S (w(0))?
[/ (1)[PM =20/ (1) = w(1) arctan u(1),

admits infinitely many weak solutions.

[/ (0)[9 =24/ (0) =

Remark 3.4. In [I9] the existence of infinitely many solutions to problem (|1.1)
when a(z) =1, is proved. Two of key assumptions of [19, Theorem 4.8] are

fz,—u) = —f(z,u), forallze[0,1], ue€R. (3.4)
g(—u) = —g(u), forallueR. (3.5)

Clearly, [19, Theorem 4.8] cannot be applied to the problem of Example |3.3] since,
there, the nonlinearity f and the function g are not symmetric for which (3.4}) and
(3.5) are not satisfied.
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