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SECOND-ORDER BOUNDARY-VALUE PROBLEMS WITH
VARIABLE EXPONENTS

GIUSEPPINA D’AGUÌ

Abstract. In this article, we study ordinary differential equations with p(x)-

Laplacian and subject to small perturbations of nonhomogeneous Neumann

conditions. We establish the existence of an unbounded sequence of weak
solutions by using variational methods.

1. Introduction

In this article, we consider the following boundary value problem involving an
ordinary differential equation with p(x)-Laplacian operator, and nonhomogeneous
Neumann conditions:

−(|u′(x)|p(x)−2u′(x))′ + α(x)|u(x)|p(x)−2u(x) = λf(x, u) in ]0, 1[

|u′(0)|p(0)−2u′(0) = −µg(u(0)),

|u′(1)|p(1)−2u′(1) = µh(u(1)).

(1.1)

Here p ∈ C([0, 1],R), f : [0, 1] × R → R is a Carathéodory function, (that is
x → f(x, t) is measurable for all t ∈ R, t → f(x, t) is continuous for almost every
x ∈ [0, 1]), g, h : R → R are nonnegative continuous functions, λ and µ are real
parameters with λ > 0 and µ ≥ 0, α ∈ L∞([0, 1]), with ess inf [0,1] α > 0.

The necessary framework for the study of problems involving the p(x)-Laplacian
operator is represented by the functions spaces with variable exponent Lp(x)(Ω)
and Wm,p(x)(Ω). The basic properties of such spaces can be found in [10, 13], and
for a complete overview on this subject we refer to [7, 16].

Differential problems with nonstandard p(x)-growth have been studied by many
authors, see for instance [5, 6, 8, 9, 15, 17, 19] and the references therein.

When p(x) = p is constant, (1.1) reduces to the ordinary p-Laplacian problem

−(|u′(x)|p−2u′(x))′ + α(x)|u|p−2u = λf(x, u) in ]0, 1[

|u′(0)|p−2u′(0) = −µg(u(0)),

|u′(1)|p−2u′(1) = µh(u(1)).

(1.2)

2000 Mathematics Subject Classification. 34B15, 34L30.

Key words and phrases. Neumann problem; p(x)-Laplacian; variable exponent Sobolev spaces.
c©2014 Texas State University - San Marcos.

Submitted December 17, 2013. Published March 7, 2014.

1
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Some results concerning such a problem, when h ≡ g, can be found in [4] (see for
instance Theorem 4.1), where the authors obtain infinitely many solutions for a
class of variational-hemivariational inequality by using the nonsmooth analysis.

In [11], the authors obtain one solution for weighed p(x)-Laplacian ordinary
system, generalizing some results obtained by Hartman [12] and Mawhin [14] which
studied, respectively, the constant cases p(x) = 2 and p(x) = p.

Zhang [21], via Leray-Schauder degree, obtained sufficient conditions for the
existence of one solution for a weighted p(x)-Laplacian system boundary value
problem.

By using minimax methods, in [20], the authors study the periodic solutions for
a class of systems with nonstandard p(x)-growth.

In the present paper, under an appropriate oscillating behaviour of the primitive
of the nonlinearity and a suitable growth at infinity of the primitives of g and h, the
existence of infinitely many weak solutions for (1.1), is obtained, for all λ belonging
to a precise interval and provided µ small enough (Theorem 3.1). We refer also to
[1, 2] and the references therein for arguments closely related to our results. Here,
as a particular case, we point out the following result on the existence of infinitely
many solutions to problem (Pλ,µ), when α(x) = 1 for all x ∈ [0, 1].

Theorem 1.1. Let p ∈ C([0, 1],R) such that 1 < p− := minx∈[0,1] p(x) ≤ p+ :=
maxx∈[0,1] p(x) and let f : R → R be a nonnegative continuous function. Put
F (ξ) =

∫ ξ
0
f(t)dt for all ξ ∈ R and assume that

lim inf
ξ→+∞

F (ξ)
ξp−

= 0 and lim sup
ξ→+∞

F (ξ)
ξp+

= +∞.

Then, for each g : R→ R and for each h : R→ R nonnegative continuous functions
such that

lim
ξ→+∞

g(ξ)
ξp−−1

= lim
ξ→+∞

h(ξ)
ξp−−1

= 0,

the problem

−(|u′(x)|p(x)−2u′(x))′ + |u|p(x)−2u = f(u) in ]0, 1[

|u′(0)|p(0)−2u′(0) = −g(u(0)),

|u′(1)|p(1)−2u′(1) = h(u(1))

admits infinitely many distinct pairwise nonnegative weak solutions.

It is worth mentioning that in the study of existence of infinitely many solutions
for the p(x)-Laplacian, symmetric assumptions (see [19]) or change sign hypothesis
on the nonlinearity (see [5]) are requested, while, in our main result such conditions
are not required (see also Remark 3.4). In particular, here, we can study problems
with positive nonlinearity (see Example 3.3).

This paper is arranged as follows. In Section 2, some definitions and results
on variable exponent Lebesgue and Sobolev spaces are collected. In particular, in
Proposition 2.1, an appropriate embedding constant of the space W 1,p(x)([0, 1]) into
C0([0, 1]) is estimated. Moreover, the abstract critical points theorem (Theorem
2.3) is recalled. Finally, in Section 3, our main result is established, then some
particular case and some example are presented.
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2. Variable exponent Lebesgue and Sobolev space

Here and in the sequel, we assume that p ∈ C([0, 1],R) satisfies the condition

1 < p− := min
x∈[0,1]

p(x) ≤ p+ := max
x∈[0,1]

p(x). (2.1)

The variable exponent Lebesgue spaces are defined as follows

Lp(x)([0, 1]) =
{
u : [0, 1]→ R : u is measurable and

∫ 1

0

|u|p(x)dx < +∞
}
.

On Lp(x)([0, 1]), we consider the norm

‖u‖Lp(x)([0,1]) := inf
{
λ > 0 :

∫
Ω

|u(x)
λ
|p(x)dx ≤ 1

}
.

Let X be the generalized Lebesgue-Sobolev space W 1,p(x)([0, 1]) defined by

W 1,p(x)([0, 1]) :=
{
u : u ∈ Lp(x)([0, 1]), u′ ∈ Lp(x)([0, 1])

}
,

endowed with the norm

‖u‖W 1,p(x)([0,1]) := ‖u‖Lp(x)([0,1]) + ‖|u|‖Lp(x)([0,1]). (2.2)

It is well known (see [10]) that, in view of (2.1), both Lp(x)([0, 1]) and W 1,p(x)([0, 1]),
with the respective norms, are separable, reflexive and uniformly convex Banach
spaces. Moreover, since α ∈ L∞([0, 1]), with α− := ess infx∈[0,1] α(x) > 0 is as-
sumed, the norm

‖u‖α := inf
{
σ > 0 :

∫ 1

0

(
|u
′(x)
σ
|p(x) + α(x)|u(x)

σ
|p(x)

)
dx ≤ 1

}
,

on W 1,p(x)([0, 1]) is equivalent to that introduced in (2.2).
Next, we give an estimate on the embedding constant m of W 1,p(x)([0, 1]) with

norm ‖ · ‖α in C0([0, 1]).

Proposition 2.1. For all u ∈W 1,p(x)([0, 1]), one has

‖u‖C0([0,1] ≤ m‖u‖α, (2.3)

where

m =


2
[

1

α

p+

p−(1−p+)
− +1

]1/p+
+
[
1− 1

α

p+

p−(1−p+)
− +1

]1/p+
2

α
1/p−
−

if α− < 1

2
[

1

α

1
1−p+
− +1

]1/p+
+
[
1− 1

α

1
(1−p+)
− +1

]1/p+
2

α
1/p+
−

if α− ≥ 1.

Proof. First we observe that

|u(t)| ≤
∫ 1

0

|u′(t)|dt+
∫ 1

0

|u(t)|dt, ∀u ∈W 1,p(x)[(0, 1)].

Moreover, taking into account Hölder inequality in variable exponent Lebesgue
space (see, for instance, [7, Lemma 3.2.20]), one has

‖u‖L1[0,1] ≤ 2‖u‖Lp(x)[0,1],

‖u′‖L1[0,1] ≤ 2‖u′‖Lp(x)[0,1].

Therefore,

‖u(t)‖C0([0,1]) ≤ 2‖u‖Wp(x)[0,1], ∀u ∈W 1,p(x)[(0, 1)]. (2.4)
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In the variable exponent Sobolev space, we consider the equivalent norm

‖u‖α := inf
{
λ > 0 :

∫ 1

0

(
|u
′(x)
λ
|p(x) + α(x)|u(x)

λ
|p(x)

)
dx ≤ 1

}
= inf{λ > 0 : ρα(

u

λ
) ≤ 1}.

From definition of ‖u‖α one has

1 ≥ ρα
( u

‖u‖α
)

=
∫ 1

0

(
|u
′(x)
‖u‖α

|p(x) + α(x)| u(x)
‖u‖α

|p(x)
)
dx

≥
∫ 1

0

(
|u
′(x)
‖u‖α

|p(x) + α−|
u(x)
‖u‖α

|p(x)
)
dx.

Now we suppose that α− < 1, one has

1 ≥
∫ 1

0

(
|u
′(x)
‖u‖α

|p(x) + | u(x)
( 1
α− )1/p−‖u‖α

|p(x)
)
dx.

This leads to ∫ 1

0

|u
′(x)
‖u‖α

|p(x)dx = k ≤ 1 (2.5)∫ 1

0

| u(x)(
1
α−

)1/p− ‖u‖a |p(x)dx = 1− k ≤ 1. (2.6)

From (2.5) and (2.6), dividing by respectively by k and 1− k, we obtain

‖|u′|‖Lp(x) ≤ k1/p+‖u‖α,

‖|u|‖Lp(x) ≤
(1− k)1/p+

α
1/p−

−
‖u‖α.

Therefore,

‖|u|‖Wp(x) ≤ k1/p+‖u‖α +
(1− k)1/p+

α
1/p−

−
‖u‖α =

(
k1/p+ +

(1− k)1/p+

α
1/p−

−

)
‖u‖α

≤
{[ 1

α
p+

p−(1−p+)
− + 1

]1/p+
+
[
1− 1

α
p+

p−(1−p+)
− + 1

]1/p+ 1

α
1/p−

−

}
‖u‖α.

In a similar way, we work when α− ≥ 1 and we obtain

‖|u|‖Wp(x) ≤
{ 1(
α

1
1−p+

− + 1
)1/p+ +

[
1− 1

α
1

(1−p+)
− + 1

]1/p+ 1
α1/p+

}
‖u‖α.

Now, taking also into account (2.4), we claim the thesis. �

Remark 2.2. It is worth mentioning that if α− ≥ 1, the constant m does not
exceed 2. Instead, when α− < 1, m depend on α− and in particular is less than
2(1 + 1

α−
).
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In the sequel, f : [0, 1] × R → R is an L1-Carathéodory function, g, h : R → R
are two nonnegative continuous functions, and λ and µ are real parameters. We
recall that f : [0, 1]× R→ R is an L1-Carathéodory function if:

(1) x 7→ f(x, ξ) is measurable for every ξ ∈ R;
(2) ξ 7→ f(x, ξ) is continuous for almost every x ∈ [0, 1];
(3) for every s > 0 there is a function ls ∈ L1([0, 1]) such that

sup
|ξ|≤s

|f(x, ξ)| ≤ ls(x)

for a.e. x ∈ [0, 1].
Put

F (x, t) =
∫ t

0

f(x, ξ)dξ for all (x, t) ∈ [0, 1]× R,

G(t) =
∫ t

0

g(ξ)dξ for all t ∈ R,

H(t) =
∫ t

0

h(ξ)dξ for all t ∈ R.

We recall that u : [0, 1] → R is a weak solution of problem (1.1) if u ∈
W 1,p(x)([0, 1]) satisfies the condition∫ 1

0

|u′(x)|p(x)−2u′(x)v′(x)dx+
∫ 1

0

α(x)|u(x)|p(x)−2u(x)v(x)dx

− λ
∫ 1

0

f(x, u(x))v(x)dx− µ[g(u(0))v(0) + h(u(1))v(1)] = 0,

for all v ∈W 1,p(x)([0, 1]).
To prove our main theorem, we use critical point theory and in particular [3,

Theorem 2.1], that we recall here.
Let X be a reflexive real Banach space, Φ : X → R is a (strongly) continu-

ous, coercive, sequentially weakly lower semicontinuous and Gâteaux differentiable
function, Ψ : X → R is a sequentially weakly upper semicontinuous and Gâteaux
differentiable function. For every r > infX Φ, put

ϕ(r) := inf
u∈Φ−1(]−∞,r[)

(
supv∈Φ−1(]−∞,r[) Ψ(v)

)
−Ψ(u)

r − Φ(u)
,

γ := lim inf
r→+∞

ϕ(r), δ := lim inf
r→(infX Φ)+

ϕ(r).

Theorem 2.3. Under the above assumptions of X, Φ and Ψ, the following alter-
natives hold:

(a) for every r > infX Φ and every λ ∈]0, 1
ϕ(r) [, the restriction of the functional

Φ−λΨ to Φ−1(]−∞, r[) admits a global minimum, which is a critical point
(local minimum) of Φ− λΨ in X.

(b) if γ < +∞ then, for each λ ∈]0, 1
γ [, the following alternative holds: either

the functional Φ−λΨ has a global minimum, or there exists a sequence {un}
of critical points (local minima) of Φ−λΨ such that limn→+∞ Φ(un) = +∞.

(c) If δ < +∞ then, for each λ ∈]0, 1
δ [, the following alternative holds: either

there exists a global minimum of Φ which is a local minimum of Φ − λΨ,
or there exists a sequence {un} of pairwise distinct critical points (local
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minima) of Φ−λΨ, with limn→+∞ Φ(un) = infX Φ, which weakly converges
to a global minimum of Φ.

3. Main Result

In this section, we establish an existence result of infinitely many solutions to
problem (1.1). Put

A := lim inf
ξ→+∞

∫ 1

0
max|t|<ξ F (x, t)dx

ξp−
, B := lim sup

ξ→+∞

∫ 1

0
F (x, ξ)dx
ξp+

,

and

λ1 =
‖α‖1
p−B

, λ2 =
1

p+mp−A
, (3.1)

where ‖α‖1 is the usual norm in L1(Ω) and m is given by Proposition 2.1.

Theorem 3.1. Let f : [0, 1]× R→ R an L1-Carathéodory function. Assume that

lim inf
ξ→+∞

∫ 1

0
max|t|<ξ F (x, t)dx

ξp−
<

p−

p+mp−‖α‖1
lim sup
ξ→+∞

∫ 1

0
F (x, ξ)dx
ξp+

.

Then, for each λ ∈ ]λ1, λ2[, for each g : R→ R and for each h : R→ R nonnegative
continuous functions such that

G∞ = lim sup
ξ→+∞

G(ξ)
ξp−

< +∞, H∞ = lim sup
ξ→+∞

H(ξ)
ξp−

< +∞,

and for each µ ∈ [0, δ[, with

δ =
1−mp−p+λA

mp−p+[G∞ +H∞]
,

problem (1.1) admits a sequence of weak solutions which is unbounded in the space
W 1,p(x)([0, 1]).

Proof. Our aim is to apply Theorem 2.3. To this end, fix λ, µ, g and h satisfying
our assumptions. Let X be the Sobolev space W 1,p(x)([0, 1]). For any u ∈ X, set

Φ(u) :=
∫ 1

0

1
p(x)

(
|u′|p(x) + α(x)|u|p(x)

)
dx,

Ψ(u) :=
∫ 1

0

F (x, u(x))dx+
µ

λ
[G(u(0)) +H(u(1))].

It is well known that they satisfy all regularity assumptions requested in Theorem
2.3 and that the critical points in X of the functional Iλ = Φ−λΨ are precisely the
weak solutions of problem (1.1). Let {cn} be a real sequence of positive numbers
such that limn→+∞ cn = +∞, and

lim
n→+∞

∫ 1

0
max|t|<cn

F (x, t)dx

cp
−
n

= A.

Put rn = 1
p+

cp−
n

mp− , for each n ∈ N and Φ(v) < rn, then, owing to [5, Proposition
2.2], one has

‖v‖α ≤ max{(p+rn)
1

p+ , (p+rn)
1

p− } =
cn
m
,
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and so, by (2.3),
max
x∈[0,1]

|v(x)| ≤ m‖v‖α ≤ cn.

Therefore, one has

ϕ(rn) ≤
supv∈Φ−1(]−∞,rn[) Ψ(v)

rn

≤
∫ 1

0
max|t|≤cn

F (x, t)dx+ µ
λ max|t|≤cn

[G(t) +H(t)]
1
p+

cp−
n

mp−

≤ p+mp−
∫ 1

0
max|t|≤cn

F (x, t)dx+ µ
λ [G(cn) +H(cn)]

cp
−
n

, for all n ∈ N.

Then
γ ≤ lim inf

n→+∞
ϕ(rn) ≤ p+mp−A+

µ

λ
p+mp− [G∞ +H∞] < +∞.

Now, let {ηn} be a real sequence of positive numbers such that limn→+∞ ηn = +∞,
and

lim
n→+∞

∫ 1

0
F (x, ηn)dx

ηp
+

n

= B. (3.2)

For each n ∈ N, put wn(x) = ηn, for all x ∈ [0, 1]. Clearly wn(x) ∈ W 1,p(x)([0, 1])
for each n ∈ N. Hence, we have

Φ(wn) =
∫ 1

0

1
p(x)

(
|w′n|p(x) + α(x)|wn|p(x)

)
dx

=
∫ 1

0

1
p(x)

α(x)ηp(x)
n dx

≤
∫ 1

0

1
p−
α(x)ηp

+

n dx =
ηp

+

n

p−
‖α‖1.

Now, for each n ∈ N, one has

Ψ(wn) =
∫ 1

0

F (x,wn(x))dx+
µ

λ
[G(wn) +H(wn)]

=
∫ 1

0

F (x, ηn)dx+
µ

λ
[G(ηn) +H(ηn)],

and so

Iλ(wn) = Φ(wn)− λΨ(wn)

≤ ηp
+

n

p−
‖α‖1 − λ

[ ∫ 1

0

F (x, ηn)dx+
µ

λ
[G(ηn) +H(ηn)]

]
.

Now, consider the following cases.
If B < +∞, we let ε ∈]0, B − ‖α‖1λp− [. From (3.2), there exists νε such that∫ 1

0

F (x, ηn)dx > (B − ε)ηp
+

n , for all n > νε,

and so

Iλ(wn) <
ηp

+

n

p−
‖α‖1 − λ

[
(B − ε)ηp

+

n +
µ

λ
[G(ηn) +H(ηn)]

]
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= ηp
+

n

[‖α‖1
p−
− λ(B − ε)

]
− µ[G(ηn) +H(ηn)].

Since ‖α‖1p− − λ(B − ε) < 0, one has

lim
n→+∞

Iλ(wn) = −∞.

If B = +∞, fix M > ‖α‖1
λp− . From (3.2), there exists νM such that∫ 1

0

F (x, ηn)dx > Mηp
+

n , for all n > νM ;

moreover

Iλ(wn) <
ηp

+

n

p−
‖α‖1 − λ[Mηp

+

n +
µ

λ
[G(ηn) +H(ηn)]]

= ηp
+

n

(‖α‖1
p−
− λM

)
− µ[G(ηn) +H(ηn)].

Since ‖α‖1p− − λM < 0, this leads to

lim
n→+∞

Iλ(wn) = −∞.

Taking into account that

]
‖α‖1
p−B

,
1

p+mp−A
[⊆]0,

1
γ

[,

and that Iλ does not possess a global minimum, from part (b) of Theorem 2.3,
there exists an unbounded sequence {un} of critical points, and our conclusion is
achieved. �

As an immediate consequence, here we present an existence result for the homo-
geneous Neumann problem

−(|u′(x)|p(x)−2u′(x))′ + α(x)|u|p(x)−2u = λf(x, u) in ]0, 1[

u′(0) = u′(1) = 0.
(3.3)

Theorem 3.2. Let f : [0, 1]× R→ R an L1-Carathéodory function. Assume that

lim inf
ξ→+∞

∫ 1

0
max|t|<ξ F (x, t)dx

ξp−
<

p−

p+mp−‖α‖1
lim sup
ξ→+∞

∫ 1

0
F (x, ξ)dx
ξp+

.

Then, for each λ ∈]λ1, λ2[, where λ1 and λ2 are given in (3.1), problem (3.3) admits
a sequence of weak solutions which is unbounded in W 1,p(x)([0, 1]).

Example 3.3. Let p ∈ C([0, 1]) satisfying (2.1) and with p− ≥ 2, and let {bn}n∈N
and {an}n∈N be the sequences defined as follows b1 = 2, bn+1 = (bn)2(p++1) and
an = (bn)2p+ for all n ∈ N. Moreover let f : R → R be a positive continuous
function defined by

f(t) =



2(p++1)
√

1− (1− t)2 + 1 t ∈ [0, 2],

(an − (bn)p
++1)

√
1− (an − 1− t)2 + 1 t ∈ ∪+∞

n=1[an − 2, an],

((bn+1)p
++1 − an)

√
1− (bn+1 − 1− t)2 + 1 t ∈ ∪+∞

n=1[bn+1 − 2, bn+1],

1 otherwise.
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Put F (ξ) =
∫ ξ

0
f(t)dt for all ξ ∈ R. In particular, one has F (an) = an

π
2 + an for all

n ∈ N and F (bn) = (bn)p
++1 π

2 + bn for all n ∈ N. Hence,

lim inf
ξ→+∞

F (ξ)
ξp−

= lim
n→+∞

F (an)

ap
−
n

= 0,

and

lim sup
ξ→+∞

F (ξ)
ξp+

= lim
n→+∞

F (bn)

bp
+

n

= +∞.

Then, owing to Theorem 3.1, the problem

−|u′|p(x)−2u′ + |u|p(x)−2u = f(u) in ]0, 1[

|u′(0)|p(0)−2u′(0) = − 1
1 + (u(0))2

,

|u′(1)|p(1)−2u′(1) = u(1) arctanu(1),

admits infinitely many weak solutions.

Remark 3.4. In [19] the existence of infinitely many solutions to problem (1.1)
when α(x) = 1, is proved. Two of key assumptions of [19, Theorem 4.8] are

f(x,−u) = −f(x, u), for all x ∈ [0, 1], u ∈ R. (3.4)

g(−u) = −g(u), for all u ∈ R. (3.5)

Clearly, [19, Theorem 4.8] cannot be applied to the problem of Example 3.3, since,
there, the nonlinearity f and the function g are not symmetric for which (3.4) and
(3.5) are not satisfied.

Acknowledgements. The author was partially supported by Gruppo Nazionale
per l’Analisi Matematica, la Probabilità e le loro Applicazioni (GNAMPA) of the
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[1] G. Bonanno, G. D’Agùı; On the Neumann problem for elliptic equations involving the p-

Laplacian, J. Math. Anal. Appl. 358 (2009) 223–228.
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