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SIGN-CHANGING SOLUTIONS OF A FOURTH-ORDER
ELLIPTIC EQUATION WITH SUPERCRITICAL EXPONENT

KAMAL OULD BOUH

ABSTRACT. In this article we study the nonlinear elliptic problem involving
nearly critical exponent

A2y = [u|¥/(=Dtey in Q,
Au=u=0 on 09,
where 2 is a smooth bounded domain in R™ with n > 5, and ¢ is a positive
parameter. We show that, for € small, there is no sign-changing solution with

low energy which blow up at exactly two points. Moreover, we prove that this
problem has no bubble-tower sign-changing solutions.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this article, we consider the semi-linear elliptic problem with supercritical
nonlinearity
APy = |[ufP~ ey in Q,
Au=u=0 on 99,
where 2 is a smooth bounded domain in R™, n > 5, € is a positive real parameter
and p+1 = -2 is the critical Sobolev exponent for the embedding of H2(Q)NH{ (1)
into LPTL(R).

Problem is related to the limiting problem (when ¢ = 0) which exhibits
a lack of compactness. In fact, van Der Vorst [25] [26] (see also [19]) showed that
(1.1) with e = 0 has no positive solutions if €2 is a starshaped domain. Whereas
Ebobisse and Ould Ahmedou [I3] proved that with € = 0 has a positive
solution provided that some homology group of €2 is non trivial. This topological
condition is sufficient, but not necessary, as examples of contractible domains
on which a positive solution exists as shown in [I4] (see also [I5]). Note that
some problems of type ([1.1f) were studied in case of Riemannian manifolds, see for
example [I7] and [20].

In view of this qualitative change of the situation for with e = 0, it is
interesting to study the problem (1.1)) with ¢ < 0 and ¢ > 0 and to understand
what happens to the solutions of (if they exist) as € — 0.

Observe that, when ¢ < 0, the existence of solutions of has been proved in
B [7] (see [3, 4, [@] for the Laplacian case) for each € € (1 — p,0). For the positive

(1.1)
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solutions, Chou and Geng [10] made the first study, when 2 is a convex domain.
They gave the asymptotic behavior of the low energy positive solution. They used
the method of moving planes to show that the blow-up point is away from the
boundary of the domain. The process is standard if the domain is convex. We
note that, for non convex regions, this method still works in the Laplacian case
through the applications of Kelvin transformations, see [16] (since the problem is
invariant under these transformations). However, the Navier boundary conditions
are not invariant under the Kelvin transformation of the biharmonic operator. But
the method of moving planes also works for convex domains, see [10]. To remove
the convexity assumption, Ben Ayed and El Mehdi [5] used another method based
on some ideas introduced by Bahri in [I]. This result is the analogous one to the
one in [24] and [16] where the Laplacian operator was studied.

Concerning the supercritical case, € > 0, the problem becomes more delicate
since we lose the Sobolev embedding which is an important point to overcome. We
recall that, when the biharmonic operator in is replaced by the Laplacian
one, there are many works devoted to the study of the positive solutions of the
counterpart of (1.1)). It was proved in [6] that has no positive solution which
blows up at a single point. This result shows that the situation is different from the
subcritical case. However, Del Pino et al [I1] (see also [18]) gave an existence result
for two blow up points, provided that ) satisfies some geometrical conditions. In
sharp contrast to this, very little study has been made concerning the sign-changing
solutions, see [8].

It is well known that problem (with e < 0) has always a positive least
energy solution u. which is obtained by solving the variational problem

Jo |Au|?

inf J(u)  where J(u) := ([ lufpie)®/ @1

u€ H*(Q)NHQ), u#0.

Removing the assumption of the positivity of the solutions, the study of the
asymptotic behavior becomes difficult. The main difficulty is that the limit problem,
after a change of variable, which is

A2y = [ulP" 'y in R™, (1.2)

has many sign-changing solutions which are unknown. However, an interesting
information about the energy shows that [14] Lemma 2]

/ |Aw|? > 28™/4, (1.3)

for each sign-changing solution w of (|1.2]), where S denotes the best minimizers of
the Sobolev inequality on the whole space, that is

S = inf{|AU|%2(Rn)|u|;22n/(n74)(Rn) : AU S LQ, u e L2n/(n—4)7u ?—é 0}
When we add the positivity assumption, the solutions of (|1.2)) are the family

A(n—4)/2
(5(a7A)(SU) =Co (1 + )\2‘58 _ a|2)(nf4)/27

co = (n(n— )2 —0)" (1.4

with A > 0 and a € R™.
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The space H?(Q) N Hg () is equipped with the norm || - || and its corresponding
inner product (-, -) defined by

lu]l = (/Q |Au|2)1/2, (u,vy = /QAuAv, u,v € H*(Q) N Hy(Q). (1.5)

When we study problem (|1.2)) in a bounded smooth domain 2, we need to introduce
the function Pd(,, x) which is the projection of d(4, x) on HY(Q). Tt satisfies

A2P(5(a7)\) = A25(a,/\) in Q; APS(G,,\) = P(S(a’,\) =0 on 9N.

These functions are almost positive solutions of . Our first result deals with
the low energy sign-changing solution of with € > 0. We prove that there
is no solution which blows up at exactly two points. More precisely, we have the
following result.

Theorem 1.1. Let 2 be any smooth bounded domain in R™ with n > 5. There
exists eg > 0, such that for each £ € (0,e9), problem (1.1) has no sign-changing
solution u. which satisfies

Ue = Pda, 1 ) = Pac s 2) + Ve (1.6)
with the L= -norm of ue at the power e (|uc|S,) begin bounded and
as; €Q, A id(ac;,00) =00 fori=1,2
(Pd(a. i 1) Pdlacon.0y) =0 and |vel| =0 ase—0.

We point out that there are other important phenomena in sign-changing solu-
tions. Indeed, it is possible to find solutions having bubble over bubble (bubble-
tower solutions). In the case of the Laplacian operator, Pistoia and Weth [21]
constructed a family of sign-changing solutions of (¢ < 0) with &k bubbles,
k > 2, concentrated at the same point. This result gives a new phenomenon com-
pared with the positive case. In their paper, they conjectured that this phenomenon
cannot appear when ¢ > 0. In []], we gave an affirmative answer for the conjecture
of Pistoia and Weth. The following result deals with phenomenon of bubble-tower
solutions for the biharmonic problem with supercritical exponent.

Theorem 1.2. Let 2 be any smooth bounded domain in R™ with n > 5. There
exists €9 > 0, such that for each € € (0,eq), problem (L.1)) has no solution u. of the
form

k
Ue = Z(—l)zﬂrlP(S(amA”) + Ve, (1.7)
i=1
with Aen < Aep < -+ < Ao and |uc|S, bounded, where k > 2, a.;, € Q,

min(A i, A j)|@e,i — ac ;| is bounded, and v. — 0 in H}(Q), A\ ;d(ac;, 0N) — +o0,
(Pd(acine.)s Poac jxe)) — 0, fori#j, ase — 0.

Note that Theorem deals with the bubble-tower solutions at one point. How-
ever Theorem says that there are no solutions which blow up at two points.
Combining the ideas of the proof of Theorems and we are able to prove the
following result.

Theorem 1.3. Let Q) be any smooth bounded domain in R™ with n > 5. There
exists eg > 0, such that for each € € (0,e¢), problem (1.1 has no solution u. of the
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form
ue =3 (1P syt Y (F1) TP ) +ve = ul 4 u? + v, (18)
i=1 i=m-+1

with |ue|S, bounded, ||ve|]| — 0, as; — a for each i <m, a.; — b for each i > m+1
with a # b, and, for j = 1,2, if ul contains more than one bubble then it satisfies
the assumptions of Theorem[I.3

The proof of our results will be by contradiction. Thus, throughout this paper
we will assume that there exist solutions (u.) of which satisfy or (I.7). In
Section 2, we will obtain some information about such (u.) which allow us to develop
Sections 3 which deal with some useful estimates to the proof of our Theorems.
Finally, in Section 4, we combine these estimates to obtain a contradiction. Hence
the proof of our results.

2. PRELIMINARY RESULTS

In this Section, we assume that there exist solutions (uc) of (1.1)) which satisfy

k
we = 3 (D) P e (2.1)

i=1
with |uc|s, bounded, k > 2, a.; € Q, and as ¢ — 0, |Jve]| — 0, Acd(ac,00) —
+00, (Pd(a. ;x.)s Poa. ;1)) — 0 for i # j. We will collect some useful informa-
tion used in the next sections. First, from (2.1]), it is easy to see that the following

remark holds.

Remark 2.1. Let (u.) be a family of sign-changing solutions of (1.1} satisfying
@21). Then

(i) ue ~0ase— 0,
(i) fQ [uc[PHite = fQ |Auc|* = kSt 4 o(1),
(iii) M. 4+ := maxqu. — +00, M, _ = —ming u, — 400 as € — 0.
Secondly, arguing as in [2] and [22], we see that for u. satisfying , there is
a unique way to choose «;, a;, \; and v such that
k

U = Z(—l)i+1aiP5(ai7)\i) +w, (2.2)
=1

with
a; €ER, o — 1,

a; €, N eRL, Nd(a;,00) — +oo, (2.3)
v—0 in H3(Q)NHL), vEE,
where E denotes the subspace of H}(Q) defined by
E:={w:(w,¢) =0, Vpe span{P§;, OP38; |ON;, OP3;/dal, i < k;j < n}}. (24)

Here, ag denotes the j-th component of a; and in the sequel, in order to simplify
the notations, we set

S(as ) = 0i,  Pd(a, n) = P (2.5)
In the following, we always assume that u. (which satisfies (2.1)) is written as in

(2.2) and (2.3) holds.
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Lemma 2.2. Let u. satisfying the assumption of above theorems. Then \; occur-
ring in (2.2)) satisfies
A, —1 ase— 0, for eachi <k. (2.6)

Proof. By Remark we know that
/ luc|PT1+e = kS"/4 £ o(1) ase — 0. (2.7)
Q
Furthermore,

/Q|us|p+1+5:/QfAu5us:/Q|us|p71+€us(Z(fl)”laiPéi)+O(||’UH2). (2.8)

Observe that

e P u (3 (-1) i ey )

Q

:Zaf+€+1 P5p+€+1+0 (> / Pa* o) (2.9)
J#t
+O<Z/ aiP6f+€|v|+Z/ aiP5i|U|p+6) ::ZA“
Q Q
where
A; = aPtet? / PPttt Z / P& PS; + / P3P || + / P§; |U\P+f)
Q

J#i
Easy computations show that

/ perite — \s(n=/2 (S"/4 + 0(1))
Q 1 1
/ POy o] = (n Y20 O([v|pr+1),

En 4 2
/ PoJufrts = A 20, ),

Recall that for i # j (see [1])

67; —/ 676; = ceij + O 1/ j0g e
. i+ 0(e ')

where ¢ is a positive constant and, for i # j, €;; is defined by
Ai A (4=n)/2
Eij = (7 + = + /\i)\j|ai - aj|2) .

2.1

Hence, we obtain
/ Parepy; = O(X" / P P;) = X" 0(y), fori £
Q Q

Thus

A; = abteti e/ (S"/4 + 0(1)) : (2.11)
Therefore (2.8]), (2.9), and (2.11]) provide us with
/ e P12 = (3@l TN (574 4 o(1)) + o(1). (2.12)
0

Combining (2.7)), (2.12]), and the fact that «; satisfies (2.3)), the lemma follows. [
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Remark 2.3 ([0, 24] ). We recall the estimate
55 (x) — gAY = 0 (elog(1 4+ N2z — ;7)) in Q, (2.13)

which will be very useful in the next section.

3. SOME USEFUL ESTIMATES

As usual in this type of problems, we first deal with the v-part of u., in order to
show that it is negligible with respect to the concentration phenomenon.

Lemma 3.1. The function v defined in (2.2), satisfies the estimate

[[v]]

i (Aid,;l)"*‘f + 3805 (loge ) (T if n < 12,
sceete ! (nt4)/2(n—4) . )

i Ond) (P FD/2—e(n—1) + Zi;ﬁj €4j (log €5 )(n+4)/2n ifn > 12,

where g;5 is defined in (2.10) and d; := d(a;,00Q) fori < k.
Proof. Since u. = >_(—1)""1a; Pd; + v is a solution of (1.1)) and v € E (see (2.4)),

we obtain
[ == 1ol = [ fu e
Q Q
=/ > (=) Pa[P (Y (=) ey Poy)w
Q
“’/ 1> (=) i Pa [P0 4 of o).
Q

Hence, we have
Q(v,v) = f(v) + o([|v[*), (3.1)

where
Qo) Il =p [ 1301 aiPal e
f(U) :/ | Z(_l)i+1aiP6i|p_1+6(2(_1)i+1aip5i)v.
Q

Using Remark and according to [I], it is easy to see that

k
Qo0) = IP =3 [ (PO~ 4 offol?)
=179

is positive definite; that is, there exists ¢ > 0 independent of ¢, satisfying Q(v,v) >
c||v||?, for each v € E. Then, from (3.1]) we get

[v]]* = Ol (W)I]).
Now, using Lemma [2.2] we obtain

f(v) :Z(—l)”l/ﬂ(aip(;i)pﬁv
+O<;/ﬂ(5i5j)l’/2|v|+;/ﬂéf15j|'u|(ifn< 12)).

(3.2)
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Using Remark [2:3] and the fact that v € E, we obtain

[ porl
Q
_ |/5f+€v\ +o(/5f*1+69i|u|)

< Cs/log(l + |z — ai|2)5f|”| + ¢|bi| L /§ffl+€|v|

1

if n <12)+ Ondy) e

< clloll(= + (if n > 12)),

1

where 92 = oai,)\i = (Sl — Pél
For the other integrals of (3.2]), we use Holder’s inequality and we obtain for

i F ]
(n+4)/2n
[l < elol( [ @,/ 0)
Q Q

(n+4)/2(n—4)

< C||U||5i] (logsi_jl)(”+4)/2n

and if n < 12, we have p — 1 = 8/(n — 4) > 1; therefore
[ o anl < ol ([ @) o) < lullog )0 (33)

Combining (3.2)—(3.3]), the proof follows. O

Now, we need to introduce some notations before to state the crucial point in the
proof of our Theorems. We denote by G the Green’s function defined by : Va € Q

A*G(z,.) = cpd, in Q,
AG(z,.)=G(z,.) =0 on 09,

where §, is the Dirac mass at z and ¢, = (n — 4)(n — 2)w,, with w, is the area of
the unit sphere of R”. We denote by H the regular part of G, that is,

H(zy,22) = |21 — x2|4_" — G(z1,22) for (z1,22) € 0?2 \T
with T’ = {(y,y) : y € Q}.

Proposition 3.2. Assume that n > 5 and let «;, a; and \; be the variables defined
in (2.2) with k =2. We have

n—4 H(a;,a;) Oe1s n—4 H(ay,as) n—
aic1— 7)\?_4 —ajc (/\i oA, t (>\1)\2)(”*4)/2) oo
s ey
<e? e {Zk—1,2 ooag telz logepy +efa(logey)” n if n>6),
- k=1,2 (,\,;1,9)2 + &7, (log 5f21)2/5 if n =75,
(3.4)
where i,j € {1,2} with i # j and ¢y, co are positive constants.
Proof. Let
2n. dx n—4 2o lz|? — 1

_ m= e — - T.n—4 2 -
A= | Ot Rz 2 g 0 /Rn log(1+]z] )(1 + |x|2)"+1dx.
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It suffices to prove the proposition for ¢ = 1. Multiplying (1.1)) by A;0Pd1/9\; and
integrating on (), we obtain

P P P
al/ 6 )\18/\51 /5p)\18 62 /l Elp 1+6u5)\168>\61. (35)
1

Using [1], we derive

/55,/\18P61 - n—4 H(al,al) +O(10g()\1d1))

o2 “ A\t (Ardy)n—t

8P51 8512 n—4 H(a1 CLQ)
P . )
/Q%Al o (Al o 2 ()\1>\2)(n—4)/2) + &

where R satisfies
10g )\kdk = _
( Z Odn)n—1 +eipt logslzl). (3.6)
k:172 Z0)
For the other term of .7 we have

/|u |p 1+6U5 8P51

oPd
|041P(51 — OégP(Sle_1+s(O¢1P51 — OégP(SQ)/\l ! (37)
Q oM
oP)
Fo+2) [ JarPsi - aaPaap e on T+ 0ol + T o).
Q oA
The above integral can be written as
OP§
/ |041P(51 — 0&2P(52|p_1+61})\171
Q O\ (3.8)

_ /Q (@1 P8P~ 10N 381;‘51 +0o( /Q y P&y~ Py o] + /A P37 Posfu]),

where A = {x : 2a9Pds < a3 Pd1}. Observe that, for n > 12, we have p — 1 =
8/(n —4) <1, thus

/ P5§*1P51|u|+/ P3P~ Py vl gc/ 10](8165) 70
Q\A A

< c||v||5(n+4)/2(n 4)(log5 )(”+4)/2”

For n < 12, we have
PaL P o] + / P37 PsJu] < cera(logen) =D/ [y, (3.9)
o\4 A
For the other integral in (3.8)), using [I], [24] and Remark we obtain

_ 0P
P(;p 1+e )\ 1
/Q 1 PN

= O(Hvll [e + ((Aldl)inf(nlﬂ,(nw/z) (if n #£ 12) + kzg;il“)ll)( fr= 12))})

It remains to estimate the second integral of . We have

0Pd;

/ |041P(51 — a2P62|p 1+E(O¢1P(51 — OéQP(SQ))\l N
1
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0Pd; 0P,
/sz(alp(;l) M )8 /Q(agP(Sg) A O

8P51 Py 1
o +O<€12 logsu).

—(p+e) / ay P8y (on P6; )P0
Q
Now, using Remark and [1], we have
0P§ n—4 H(ai,a1)
p+e 1 1,41
/Qpa1 Mo = (CQe n 2C17Xf74 )
log()\ldl) 1

(Ardq)—t - (>\1d1)2(

OP§ Oe n—4 H(ai,az2)
pte 1 12 1,02
/QP62 NG =i (M T (AMZ)(H)/Q) + Ra,

+0(52+ ifn=5)),

— 8P61 8812 n—4 H(a1 ag)
PPN =c (A ’ R 3.10
p/Q 20 Yo Cl( o 2 (Alxg)(n74>/z)+ b (310)
where for i = 1,2,
—1\n—4 -1 — log()\zdi)
R’L = 0(5512(10g5121) n ) -+ (612 4 (10g€121) —+ Wlf n Z 8)
n—4
e1o(logery) . )
——=2=if 8
+ ( ()\Zdz)n74 <
Therefore, combining (3.5)—(3.10), and Lemma the proof of Proposition
follows. 0

4. PROOF OF MAIN THEOREMS

Proof of Theorem[I.1 Arguing by contradiction, let us suppose that the problem
(1.1) has a solution wu. as stated in Theorem This solution has to satisfy (2.2))
and from Proposition [3.2] we have

n—4H(ai,ai)_Cl<)\ 8612+n—4 H(ay,az) ) n—4

T T N T T2 Darg) b2 502t
! fori=1,2 4.1)
_0(€+k;2()\kdk)n4+612), ori¢=1,2.
Furthermore, an easy computation shows that
de12 n—4 X 9/m—d o o
)\i a)\i = —T&‘lz(l - 2>TZ51£ ), for 1,] = 172; Ji 7§ 7. (4.2)

Without loss of generality, we can assume that Ao > A;. We distinguish two cases
and in each one, we will find a contradiction which implies our theorem.

2
Case 1. W — 400. In this case, it is easy to obtain
1

€12 = (A Xa]ar — ag|2)(n—D/2

+ 0(612), (43)

which implies that

Oe1a n—4 1 |
Yon T fori=1,2. (4.4
O 2 (MAg]ap — ag|?)(n=9/2 +o(e1a) fori (4.4)
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Then from (4.1)) and (4.4]), we obtain

C1 H(al,al) H(ag,ag) C1 1
e - H
9 ( /\111—4 )\721—4 ) ()\1)\2)(” 4)/2 <|a1 — a2|" 4 (G17a2)) + co€
1
— O(€+k§1:2()\kdk)n_4 +512>.
Using the fact that
1
G(ay,a2) = o a1 H(ay,a2) > 0,
_ H(al,ag) G(a17a2)
127 O(()\l/\Q)(n—4)/2 (A1A2)<n—4)/z)

we derive a contradiction in this case.
2
Case 2. Mzlai—a|” > 0. In this case, we remark that A2/A1 — o0 (since

A2 /A1
€12 — 0). Multlplymg 1) by 2 for ¢ = 2 and adding to ) for ¢ = 1, we obtain:
H(a1 al) H(a2 a2) 2 8612 8612
R e BT 22512
Cl( )\?_4 + )\3_4 n— 1 a)\l + 2 8)\2
3H(a1, CLQ)
T D)oz T 3eE (4.5)

= 0({-: + Z
k=1,2

Now, using (4.2)) and the fact that Ay > A1, an easy computation shows that

)
()\kdk)n_4 €12 -

8612 8512 n—4
- A — 2\ > . 4.6
1 N 2 N = 4 €12 (4.6)
Furthermore, since H(ay,as) < cd‘ll_" and A2 /\; — 00, we obtain
H(al, a2) 1
pu— . 4.7
()\1)\2)("_4)/2 O( ()\1d1)"74) ( )

Then we derive a contradiction from (4.5)), (4.6) and (4.7). Our proof is thereby
complete. 0

Proof of Theorem[I.3. Arguing by contradiction, let us assume that problem (1.1)
has solutions (ug) as stated in Theorem [I.2] From Section 2, these solutions have
to satlsfy and | . As in the proof of Proposition m we have for each
1=1,. k

n74Ha1,al deg;i n—4 Ha, n—4
12 j+1( JJr ( a]) )+

RNV 2 Do) T e
k
= o Z(Ad"4+zg”)

T#j
(4.8)

Observe that, if j < i, we have Aj|a; — a;| is bounded (by the assumption) which
implies that

la; — aj] = o(d;), di/d; =1+ 0(1)¥i, 5, e >cNj/N)"P2V5<i,  (4.9)
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where ¢ is a positive constant. Using (4.9)), easy computations show that
EGi-1)j + Eig+1) = ol&yy) Vi <,

H(a;, ay) 1 e (4.10)
()\1)\3>(n_4)/2 :0(()\1611)”74) if (27.]) 7é (Ll)
Thus, using (4.10), (4.8) can be written as
n—4 H(ay,a1) Oe1a n—4 _ 1
B Il VR R o=+ Cad)—a D en) (411)

T#J

a€(k_1)k n—4 1
—c1 By + 9 Co€ = 0(5 + W + ;6”‘), (412)

and for 1 < i < k,

5'5@_1)1- 851‘(1+1) n—4 _ 1
8)\Z _Cl>\2 8>\1 + B 626_0(5+W+26T-7)' (413)

T#j
Using (4.2) and (4.12)), we derive that

1 1
€= O(W + ;5”)7 E(h—1)k = O(W + TZ&T]»). (4.14)

#J
Now, using (4.14]) and (4.12)) with & — 1 instead of k, we derive the estimate of
E(k—2)(k—1) and by induction we get

— 1

E(i1)i = O(W + Zarj) fori=2,...,k. (4.15)
T#j
Finally, using (4.10)), (4.14), (4.15) and (4.11)), we obtain
H(ay,a1) 1
/\?_4 = 0( (Aldl)n74 )?
which gives a contradiction. Hence, our theorem is proved. [

Proof of Theorem[I.3 Arguing by contradiction, let us assume that problem
has solutions (uc) as stated in Theorem From Section 2, these solutions have
to satisfy and . Without loss of generality, in the sequel, we will assume
that \id; < Appq1dm+1- As in the proof of Theorem is satisfied for each
i=1,...,k. Furthermore, holds if 4,5 < m or i,5 > m (in the last case, we
require that (¢,7) # (m +1,m+ 1)).

Observe that since a # b, it is easy to obtain that |a; — aj| > ¢ > 0 for each
i1 <mand j>m+ 1. Hence for i <m and j > m + 1 we have

Ogij  n—4 1 o

» N2 (NNjlag — a2/ +oleyy), forr=i,j, (4.16)
H(ai,aj) 1 o

i — = m e v— f , 1, 1). 4.17

i+ Gz = (S + Grggas) T (0) # L+ 1) (417

Now using (4.10]), (4.16]) and (4.17)), we derive that (4.13]) holds for each i &€ {1, m+
1}. However, since the first bubble in the second bubble tower u2 has negative sign,
for i =1,m + 1, we have

H(ai, ai) 201 a&:i(i+1) 1
Ve By L tas=o(c+ (dy)n* +z¢:g”>'
r#j
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Finally, arguing as in Theorem [I.2] we derive a contradiction. Hence our result is

proved. ([
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