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EXISTENCE OF TWO POSITIVE SOLUTIONS FOR A
SINGULAR NEUMANN PROBLEM

JIA-FENG LIAO, JIU LIU, CHUN-LEI TANG, PENG ZHANG

ABSTRACT. We obtain two positive solutions for Neumann boundary problems
with singularity and subcritical term, by using the Nehari method.

1. INTRODUCTION AND MAIN RESULT

In this article, we consider the Neumann problem
—Au+u=AP(z)u” + Q(z)u™, in Q,

u >0, in €, (1.1)
0
8—1: =0, on 09,

where Q C RY (N > 3) is a bounded domain with smooth boundary 9 and \ is a
positive parameter. The exponent p of the superlinear satisfies 1 < p < 2*—1, where
2* = 2 is the critical Sobolev exponent for the embedding of H'(Q) into L4(12)
for every q € [1, %] The exponent v of the singular term satisfies 0 < v < 1.
The coefficient functions P € L™(Q),Q € L™(Q) are nonzero and nonnegative,
where 71 > 2*_27;_1 and ro > % are two constants.

A function u € H*() is called a weak solution of problem if u(z) >0 in
Q) satisfies

/Q ((Vu, V) + up — AP(z)uPd — Q(z)u""¢)dz =0, V¢ € H'(Q), (1.2)

where H'(2) is a Sobolev space equipped with the norm |ul| = [[,(|Vu|* +
u?)dz]'/2. This is the space we work on in this paper.
The Dirichlet boundary value problem
—Au=u? + X "7, in{,
u>0, inQ, (1.3)
u=0, on 01,
have been extensively studied in [2] [3] [4} 51 [6} 7, [8], [T, 12} T3} T4} [T5] [T°7, 18] 19} 20].
In particular, in [3] it has been shown that problem (|1.3) possesses at least one
solution for A > 0 small enough, and has no solution when X is large. This result
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has been extended in [4, [8, [T, 12 T3], 14, 15 17, 18, 19 20]. When the exponent
satisfies 0 < p < 1, similar results of [3] have been obtained in [7] [10] 18, 19} [20].
Especially, Shi and Yao in [10] studied the case where the coefficient of the singular
term changes sign. Using sub-supersolution method, they proved that problem
has at least one solution for A large enough and has no solution for A small
enough. When the exponent satisfies 1 < p < 2* — 1, the multiplicity of positive
solutions has been considered in [I4] and [I2]. They obtained two positive solutions
for problem when A > 0 is small enough by the Nehari manifold. When the
exponent is the critical exponent, the existence and the multiplicity of solutions
have been studied in [8), [T}, [13] 15 [17].

Recently, Chabrowski in [I] studied the Neumann problems with singular super-
linear nonlinearities; that is,

—Au = P(x)u? + AQ(z)u™", in Q,

u >0, in {2,
B
ai::o, on 99,

where P € C(2) changes sign on  and satisfies
/ P(z)dz <0,
Q

and Q € C(Q) with @ > 0. When 1 < p <2*—1and 0 < v < min{p — 1,1}, he
has obtained two positive solutions for A > 0 small enough by approximation and
variational methods.

Inspired by [I4] and [I], we study problem with 1 < p < 2* — 1 and
0 < v < 1, and obtain two positive solutions when A > 0 is small by the Nehari
method. Moreover, we obtain uniform lower bounds for A, namely T, .

We denote by | - |, the usual Li-norm. Let S be the best Sobolev constant and
T, be a constant, respectively

_ (|Vul* + u?)dx
S = 1nf{f§zf ufF do) & tu € HY(Q),u# 0}, (1.4)
Q
T - 14+~v,p—-1 1;1'7'4 Sﬁiz ‘Q|_7'1"'2(p+w)(2*;fi;f;([l"}r:[;fl)#fz(1*W)]
e
T1 T
For all u € H'(2), we define
In(u) = 1/(|w2 +uP)de — 2 [ P(a)ufrtids - L/ Q) [u|*~dz.
2 Jo p+1/g 1—=7vJa

It is well known that the singular term leads to the functional Iy ¢ C'(H(Q), R).
However, we may obtain the multiplicity of solutions for problem by inves-
tigating suitable minimization problems for the functional Iy. Notice that u is a
weak solution of problem , then u > 0 in 2 and satisfies the equation

2 2\ Pl 1=y g _
/Q(|Vu| +u®)dx /\/QP(x)u dx /QQ(x)u dz = 0.
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So if such a solution exists then it must lie in Nehari manifold A, which is defined
by

A={ue H'(Q): /(|Vu|2 1o~ AP@)uf! — Q(a)[u")dx = 0}
Q
To obtain the multiplicity of positive solutions, we split A = AT UA®? U A~ where

At ={ueA:(1+7) /Q(|Vu\2 +u?)dr — ANp+7) /Q P(z)u[PT'dz > 0},
A= {ue s (14+9) [ (VP +?)de = Ap-+7) | Pla)lulde =0},

A =fueh:(1+7) /Q(|Vu|2 +u?)dz — A(p+7) /Q P(@)[u["*'dz < 0).

When \ € (0,7},,), we can prove that A* # () and A° = {0}. Then we can find two
minimizers of Iy on At and A~ respectively, which are local minimizers of I, on
A. Finally, we prove that a local minimizer of I, on A is indeed a positive solution

of .

The main result can be described as follows.

Theorem 1.1. Suppose P € L™(Q),Q € L™ () are nonzero and nonnegative,
1<p<2*—1and0 <y <1, then problem (L.1) has at least two positive solutions

for all A € (0,T),.), where r > 2*_27{)_1 and ro > Qfﬁ are two constants.

To the best knowledge, up to now there is no study of the exact estimate of A such
that problem has at least two positive solutions. For the case 1 < p < 2* — 1,
Chabrowski obtained two positive solutions restricting the exponent of singular
term with 0 < v < min{p—1,1} in [I]. Moreover, we overcome the difficulty of the
singular term by Nehari manifold, while [I] used perturbation method to conquer
this difficulty.

This article is organized as follow: in Section 2, we give some preliminaries
which will be used to prove out main result, and the proof of Theorem [I.1]is given
in Section 3.

2. PRELIMINARIES

In this section, we give some lemmas in preparation for the proof of our main
result.

Lemma 2.1. Suppose A € (0,T,,.,), then AT # 0 and A° = {0}. Moreover, A~ is
closed for all0 < X < T, .

Proof. According to the assumptions on P and @Q, there exists u € H' () such that
Jo P(@)|u[Ptdz > 0 and [, Q(z)|u[*~7"dz > 0. Let ® € C(R™, R) satisfy
o) = ulf ~ 77 [ QUalul!
Q
then
(0 = (1= p)t Pl + () [ Qolul e,
Q

Let ®'(t) = 0, we can verify

(p+7) fQ Q(x)|u|1—7dm} 1/(1+“/).

o ey
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Easy computations show that ®'(¢t) > 0 for all 0 < ¢ < tyax and ®'(t) < 0 for all
t > tmax- Thus ®(t) attains its maximum at ty,ax, that is,

2(pt+v)

Lty p-lyies ™

T+
p—1'p+~v (f Q |u|1 'ydx)lJr’y

@ (tmax) =

From (1.4)), we have

Slul. < [lull?, (2.1)
and by Holder’s inequality, one has
7‘1(2*7}7;1)72*
| P@d O (22)
2% 4~y —1)—2%
/ |Q\ 227 ) (2.3)
Then from —-, one gets
D(tmax) — /\/ P(z)|uPda
Q
Pty
Sty p—t % (SIuI%)M *
p—1'p+~y |Q\f§7{*w)%
—p— 1) 2*
- A|P|7~1\U|p+1|9| e
s (2.4)
1+, p—1 ey ST+
:{ (2" t7—1)—2* p—1

S o e b

L e e 735

ri(2*—p—1)
= |P|T1‘Q| 12" (Tp;‘/ )|u|p+1 > 0,

for all A € (0,7, ). Consequently, there exist ¢4 and t; satisfying 0 < t§ < tmax <
t, such that

B(t§) = A [ Pla)lu e = o(t7)

and
V() <0< V(15 );
that is, tgu € At and t;u € A~. Thus A* are non-empty whenever A € (0,7},,).

Next, we prove that A° = {0} for all A € (0,7}, ). By contradiction, suppose
that there exists ug € A and uy # 0. Then it follows that

(1+7) o2 = Ap + ) / P ol dx = 0,

and consequently

0= Jluol2 = A / 2ol d / Q@) uo|'~da
U 2—/@9} up| 7V dz.
+7H oll* = | Q@)fual
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From (2.4), we have
Pty
oo [Hrrpslym__SH

p— 1 ro(2*+y—-1)—2%  p—1

PRV (|Qlnl0 ™ e )T

ri (2% —p—1)—2*
— AP ol
14 1. Hu H2(1z:rw)
— bty v
_z p+ T+~ 0 — —)\/P(x)\uo\pﬂdx
p pTy (fQQ(x)\uo\l—“fd:E)”” Q
2(p+7)
_lbypotyse Jul B 1y e
—1 _ p—1 ’
p P+ (%”uonz)u p+7

for all A € (0,7, ), which is impossible. Thus A° = {0} for A € (0,7}, ).

Finally, we prove that A~ is closed for all 0 < A < T, ,. That is, suppose
{un} C A~ such that u,, — u in H'(2) as n — oo, then u € A~. Since {u,} C A~,
from the definition of A~, one has

||UnH2*)\/QP(I)|un|p+1dx—/QQ(:C)M”\P%ZI:O,

(1+ ) unl® = Ao +7) /Q P(a) P+ e < 0, (2.5)

and consequently
Jull? = [ Pl e~ [ Qlul'~dr =0,
Q Q

(1 +)llull? - A +7) /Q Pa)|ul Lz < 0,

thus u € A° UA~. If u € AY, combining A° = {0} it follows that u = 0. However,

from (1), 22) and (Z3), one gets

S(l + ’}/) ri(2*—p-1)—2*71/(p—1) B
un*z{iﬁ T2 } , Yu, € A7, 2.6
unle /\(p+v)|P|n| | 20
which contradicts u = 0. Thus v € A~ for A € (0,7, ). Hence the proof is
complete. O

Lemma 2.2. Given u € A~ (respectively A*) with u > 0, for all p € H(),
v > 0, there exist € > 0 and a continuous function t = t(s) > 0, s € R, |s|] < ¢
satisfying

t(0) =1, t(s)(u+sp) € A~ (respectively AT), VscR, |s| <e.
Proof. We define f: R x R — R by:

flt,s) = Yl / [|V(u + scp)|2 + (u+ sgo)ﬂdx - )\tp'w/ P(x)(u+ sap)p+1dx
Q Q
- [ Q@)+ sp) e
Q
Then

filts) = (v + )17 /Q [V + 50) 2 + (u + 50)%] da
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— AMp + et / P(z)(u + sp)PTdr,
Q

is continuous in R x R. Since u € A~ C A, we have f(1,0) = 0, and moreover

£(1,0) = (1+'y)/ﬂ(|Vu\2—i—uz)dx—)\(p—i—v)/QP(x)upde <.

Then by applying the implicit function theorem to f at the point (1,0), we obtain
> 0 and a continuous function t = t(s) > 0, s € R, |s| < & satisfying that

t0)=1, t(s)(ut+sp) €A, VseR, |s|<E.
Moreover, taking € > 0 possibly smaller (¢ < ), we obtain
t(s)(u+sp) e A=, VseR, |s| <e.
The case u € AT may be obtained in the same way. Thus the proof is complete. [
3. PROOF OF MAIN THEOREM

For all u € A, we have

B =gl - =2 [ Pl - = [ Qs
_ 1_7 2 - = 1—v
= (5= )l - (== pH/Q uft=d.

Since 1 < p<2*—1and 0 < v <1, from and (2.1), we obtain that I is
coercive and bounded below on A. According to Lemma for all A € (0,7},)

+ - i f I - = 1 f I
= BE B, = B H
are well defined. Moreover, for all u € AT, it follows that
(Dl = Mp+) [ P@al? e >0,
Q

and consequently, since 2 < p+1<2* 0 <~y <1 and u # 0, we have

1 A 1 _
I = gl - 35 QP(x)\ulp“dx - [ el
11 )
- (= - —— - = p p+1
(G = =)l + (1_ p+1 )ulP* dz
1+~ 2, L+y 2
< — Y ||U°
e
14+~,1 1
= P <o,

1-~'2 pri
Thus m™ = inf,cp+ Ix(u) <0 for all X € (0,T).,).

Proof of Theorem[I1. Let A € (0,T},.). The following two steps complete the
proof of Theorem [T.1]
Step 1. We prove that there exists a positive solution of in AT. Applying
Ekeland’s variational principle to the minimization problem m™* = inf,cp+ Iy (u),
there exists a sequence {u,} C AT with the following properties:

(i) In(up) <m* + 1,

(i) In(u) > In(un) — L{ju — uy||, for all u € AT



EJDE-2014/84 EXISTENCE OF TWO POSITIVE SOLUTIONS 7

Since I\(u) = Ix(Ju]), we can assume from the beginning that w,(x) > 0 for all
x € Q. Obviously, {u,} is bounded in H'(£2), going if necessary to a subsequence,
still denoted by {u,}, there exists u, > 0 such that

Up — U, weakly in H' (),
Up — Uy, strongly in L*(Q), 1 < s < 2%,
Un(z) — us(z), a.e in Q,
as n — 00. Now we will prove that u, is a positive solution of problem (1.1).

Firstly, we prove that u.(z) Z 0 in Q. By Vitali’s theorem (see [9, pp. 133]), we
claim that

lim Q(x)|un|177dx:/Q(I)|u*|177dx. (3.1)
Q Q

n—oo

Indeed, we only need to prove that { [, Q(z)|u,|t~Vdx,n € N} is equi-absolutely-
continuous. Note that {u,} is bounded, by the Sobolev embedding theorem, so
exists a constant C' > 0 such that |up,|e» < C < co. From (2.3)), for every e > 0,
setting

ro2*

5— ( € )W
Qlr, =7 ’

when E C Q with mesE < J, we have

ro(2*+~y—1)—2*

/ Q@) |un)' Vdr < |Qlr,|uly Y (meas E) 27
E

2% fy—1)—2%

1— ra(
<|Ql,CYs T T <.

Thus, our claim is true. Similarly,

lim [ P(z)u,[PTde = / P(x)|u. [P da. (3.2)
By the weakly lower semicontinuity of the norm, combining (3.1]) and (3.2)), we have
1 A 1
In(uy) = = |Jus|]* = —— [ P(x u*pﬂdm—i/ x)|u [PV dx
) = gl = =25 [ P@petar - = [ Q@

1 A
< liminf [fHunHQ—i/P(x)\un\pﬂd:c
n—oo L2 p+1 Q

- | Q@]

= liminf I, (u,) = m" <0,

n—oo

which implies that w.(z) #Z 0 in Q.
Secondly, we prove that u.(z) > 0 a.e. in Q. From u, € A", we can claim that
there exists a constant C; > 0 such that

(1Dl = Ap+7) [ Plallunlrtids = €. (3.3)
Q
In fact, (3.3)) is equivalent to

(147) / Q) — A(p— 1) / P(@)|unP*lde > G (3.4)
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Since u, € AT, one has
(149 [ Qe e = Ap=1) [ Plafu,de >0,
and consequently, from and it follows that
Jim [(149) [ Qa7 = Ap=1) | Pl@)fu, ]
= (149 [ Q@ e = =1) [ P@lwptids >0
Thus we only need to prove that
(147) /Q Q) dz — Ap — 1) /Q P()|ua|P*1dz > 0, (3.5)
By contradiction, we assume that
(149 [ Q@ e =Ap=1) [ Pt dr =0, (36)
Since

||unH2 — )\/QP(x)|un|p+1dx — /Q Q(x)|un\177dx =0, (3.7)

by the weakly lower semicontinuity of the norm, and combining (3.1))-(3.2) and
(13.6)), we have

0> fluf? _A/ P(x)|us " da _/ Q(x)|us|' " da
0 Q

P+ _
=l = 255 [ Qo) (3.
p—1Jg
A
=l = 225D [ (o s,
I+ Ja
and consequently, from (2.4)) one has
1+, p—1 2 ST
0< [ -1 + ! ro(2¥+y—1)—2% ,_1
b Py (@10 = )
rq(2* —p—1)—2*
L [N 35
N 2(111+'v)
1+’Y(p_1 = [l T _ —A/P(m)\u*|p+1d$
p—1'p+~y (Joy Q@) a1 7dz) 7 Q
2(p+)
:1+’Y(p_1 Il)ii:yy ||U*H 1+7 1_1+’Y||u H2:0
-1 —1 = *
P p+7 (22 [ ]j2) 7 P+

for all A € (0,T},,,), which is impossible. So is obtained and our claim is true.
Applying Lemma with u = u,, and ¢ € H(Q), ¢ > 0, t > 0 small enough,
we find a sequence of continuous functions t, = t,(s) such that ¢,(0) = 1 and
tn(8)(un + sp) € AT. Noting that ¢, (s)(u, + s¢) € AT and u,, € AT, one has

{6+ sl =M s) [ P+ gl
Q
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117 (s) / Q) (un + 5p)'dx = 0,
Q
consequently, from (3.7)) it follows that
0 =[t2(s) — 1[lun + solI”> + (|Jun + s> = [Jun?)
AP () — 1] / P(2)|un + sp|PH dar
Q
a )\/ P(x)(Jun + soPT — |u, [PT)da
Q
187 = 1) [ Q) +5¢) s
Q
a / Q(2)[(un + s90)' ™7 — |up|' 7 7]dz
Q
< [t2(s) — Ullun + s9|> + (lun + s¢ll* = [|unll®)
— )\[tffl(s) —1] / P(x)|uy, + s<p|p+1dz
Q
B A/ P(2)(tin + 507+ — [unP*1)da
Q
17 = 1) [ Qe)(un +5) i,
Q

then dividing by s > 0, we have

p+1(3) —

0< {(tn(s) + 1)|Jun + s¢l|* — )\% /Q P(2)|un + st dx
17 - J—
B tTthZE)S)—ll /Q Q) (un + ssa)lﬂdx] % + sllel? (3.9)
+1 _ +1
Let

Anls) = % (3.10)

ey _

Kin(5) = (ta(s) + 1) lun + s> — Ati(g)&’)ll /Q P(x)|un + spPTdx
1- _
- 225?_11 | Q@)+ s

and

Kon(s) = sll|2 + 2 /Q((Vun, Vo) + ) da

p+1 _ p+1
- )\/ Pyt F AT =l
Q

S

Then, according to (3.7) and (3.3)) we have

i, K1(5) = 2 =A@+ 1) [ Pla)ur e~ (1) [ Qajul s
S— O (9]
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:<1+vmwm2—A@+w{/1%@mﬁwz
Q
= Kl,n >Cr > 07

and

lim Ks,(s) = 2/ ((Vun, Vo) + upp)dz — Xp + 1)/ P(z)ub pdx =: Ko .
Q Q

s—0t
Thus, from (3.9) and the continuity of K4 ,(s), one obtains
—KQ n(S)
A > 57/
TL(S) = Kl,n(s) )

for s > 0 small. Since {u,} is bounded in H'({) there exists a positive constant
Cs such that |Ks,| < Cs for all n € N*. Therefore,

—Kon _ —|Kaul Co
li fA, — > > = 3.11
minf ) 2 2 =2 k. 2 TG (3:11)
By the subadditivity of norm we have
[[£n(8) (un + 50) = un|| < [tn(s) = 1| - [lunl + stn(s)[ell.
Thus from condition (ii) it follows that
tas) — 111y 1P
2 Ix(un) = Ix[tn(s) (un + 59)]
147 2 p + 7 / +1
=———||tun A—————— [ Plx)ul™d
21— )||u II“ + T x)ub T dx
L+ 5 2 Pty 1 / 1
+ —t(s)||un + s —Ait{’f s P()|u, + sp|Pdx
s @)+ sl = AE <t (s) [ Pl + 34l
1+~ 1+~
Pty 1 1 1
1 gpt P+ n r+1yg
(p+nu_7)n<$/‘<>wl+sﬂ — P+
_ )\p+77 [+ (s / P(z)u?*dz.
(r+11—7)
Then dividing by s > 0, it follows that
tn -1 mn
) =l el
s n
1 147y
> o [y + sl
tPl(s) — 1 ta(s) —1
e A e (5.12)
L Lty fln sol|? — [lunll®
2(1 —7) s

p+1 _ p+1
Y Pty tﬁ""l(s)/ P($)|un+59‘7| |un da.
P+ =) ) s
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Let
1+ Nk thH(s
K (o) = S5+ sl = M 2L [ payugtiae,
and
Kin(s) = 2 un + s = Jlun?
" 2(1—~) s
p+1 _ p+1
P+ =) 5

Then from (3.7)) and ( ., one has

lim K3 ,(s)=(1 —i—’y)||un||2 - Ap+ 7)/ P(x)uﬁ"‘ldx =Ky, >C1 >0,
Q

s—0+t
and
1

lim Ky, (s) = it ((Vup, Vo) + upp)de — p—i—’y/P Jub pde =: Ky .
s—0t 17"}/ Q
From (3.12) we have

Un,

Al W > Ky (6 4009) + Kan(o)

If A,(s) >0, then

_ ta() U8l — Kan(s) _ ta(s) 80 + | Kan(s)]
Ksn(s) — el ™ Ry (s) — Ll

) n

If A,(s) <0, then

An(s) < 2~ Kane) 015+ K )
K n(s) + 1! K n(s) + L=l

Hence
_ ()2l 4 Ko (s)
- K3,n(5) _ uall

n

)

and consequently, for n large enough we have

el

4 | Ky 14+ |Kyn 1+C
limsup A, (s) < =2 | Hj H| <2 JrK| 4] <2 Z‘ 3,
s—0+ Ky, — == 1,n 1

) n

(3.13)

where C3 > 0 is a constant such that |Ky,| < Cs by the boundedness of {u,}.
Thus, according to (3.11)) and (3.13)), there exists a positive constant Cy such that

limsup A, (s)] < Cy (3.14)
+

s—0

for n large enough.
By the subadditivity of norm, from (ii), we obtain

%th(s) — 1]+ unl| + stu(s)] o]

> 0 ($) n + 59) = ]
> 1 (1) = Laltn(5) (0 + 5¢)]
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t2(s) —1 thHl(s) —1
O 2 A [ P+ s

ty 7(s) -1 1y tn(s)
T /Q Q(z)(up + sp) Vdx + >
=27 [ P@) [ 50 = e

1
+ — / Q(x) [(un + 890)177 — u}fﬂ dz,
I1-vJa
and dividing by s > 0, we have
1
—(An(s)] - l[unll + flll)

s Ptl(g) —
> - [%H%HQ - )‘(p —inl)((tn)(s) 1_ 1) /QP(.T)(un + 5‘?’)p+1d$

(lunll* = llun + sel|?)

ti=r(s) -1 -
T Jy Q50 ]t 315
ta(5) l[unl® = llun + s (3.15)
2 s
A (up + s@)PH! — ypt1
+ Zm 0 P(x) 5 dx
1 (un —+ 5@)1*7 — u}l*’Y
+1= [ e . i,
Let
n 1 %‘i_l —1
Ks,n(s) = MHUMP — )\(pj 1)((53(5) — 1) /QP(LU)(Un + SQO)p—Hd:L‘
1—v -1
- TS, Qe+
and
_ ta(s) [lunll® = llun + sp|? A (un + s@)PH! —ubt?
Kon(s) = 2 S + p+1 /QP(:U) S dz.

Then from (3.7]), we have

lim K, (s) = |lun||* — )\/ P(x)ubtdx — / Q(z)up"dx = 0.
s—0t Q Q
and
1iI(I)1+ Ken(s) =— / ((Vun, Vo) + upp)dz + )\/ P(z)ub pdx.
s— Q Q
Thus from (3.15) we deduce

R R I e N
L ’ (3.16)
< K. (5)] - [ An(3)| = Kon(s) + AnS L lunll + ol

n
Since
Q()[(up +s9)' ™7 —up ] >0, VzeQ, Vs >0,
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then by Fatou’s Lemma we have

1 1—y _ o 1—y
/ Q(z)u, Ypdx < liminf / Q(x) (un + 5) u
@ Q

s—0t 1 —7 5
Consequently, combining with (3.16)) and (3.14]), it follows that

/Q(x)u;"’godx < /((Vun,Vgo)—i—uncp)dx—)\/ P(z)ub pdx
Q Q Q
, Calluall + lio]

n
for n large enough which implies that

liminf/ Q(z)u, Ypdr < /((Vu*,Vgo)—i—u*go)dx—)\/ P(z)ulpdz.
Q Q

n—oo Q

Then applying Fatou’s Lemma again, one obtains

| Qi eds < [ (Vu Vo) + wglde - A [ Plojurpds
Q Q Q
that is,
[ (F0090) 4 g = AP — Qe p)dr 20, (31)
Q
for all ¢ € HY(Q), ¢ > 0. This means u, satisfies in the weak sense that
—Auy +u, > 0,Vr € Q.
Since u, > 0 and u, Z 0 in 0, by the strong maximum principle we have
ue(z) >0, ae. xell (3.18)

Thirdly, we prove that u, € AT. On one hand, from (3.18), choosing ¢ = u, in
(3.17), one has

Jurl? 2% [ Plajuztide + [ Qe da.
Q Q
On the other hand, it follows from ([3.8) that
|2 < A / Pz + | Qa)ulda.
Q Q
Thus
us||* = )\/ P(x)ui’“da:—&—/ Q(z)ul"Vdz, (3.19)
Q Q
and this implies u, € A. Moreover from (3.7, one gets
lm ||a,|| :/\/ P(x)uf“da:—k/ Q(z)ul™"dx.

Hence according to (3.19)), we have u,, — u, in H*(2) as n — oco. In particular,

combining (3.19) with (3.5]), we obtain
(147wl = Alp+7) / P(@) .| dz > 0,
Q

and therefore u, € AT.
Finally, we prove that u, is a solution of problem ([1.1]); that is, u. satisfies (|1.2)).
In fact, we only need prove that (3.17) is true for all ¢ € H(Q). Our proof is
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inspired by [I4]. For the convenience of the reader, we sketch the main steps here.
Suppose ¢ € H'(Q2) and ¢ > 0. We define ¥ € H'(Q2) by

U = (u, +tp)"
where (uy + t¢)T = max{u, + t¢,0}. Obviously, ¥ > 0, so we can replace p with

U in (3.17). Combining with (3.19) we deduce that
0< / (Vue, V) + u, ¥ — AP(2)ub V¥ — Q(z)u, V) dx
Q

= / [(th V(ux +t)) + us(us + tp) — AP(z)ul (us + td) |dx
{@|us+tdp>0}
-/ Qa)u; (. + 1)z
{z|us+tdp>0}

= (lus|l* = AP(z)ul " — P

(el =3Pzt = [ Qo] ~7da)

+ t/ (Vui, V) + ued — AP(z)uld — Q(z)u; " ¢)dw

Q

[(Vus, V(us + t¢)) — AP(z)ul (u, + to)|dw

—

{z|us+tep<0}

+ Qx)u, " (us + t)dw

—

{z|u+tp<0}

=t ((Vu*, Vo) + usp — AP(z)ule — Q(x)u**”(i))dx

—

[(Vus, V(us + t¢)) — AP(z)ul (u, + tg)|dz
{z|us+tp<0}

T / Q(a)ur (us + td)da
{z|u.+tp<0}

<t / (Vue, V) + a6 — AP(2)ul — Q()us ) da
Q
— Vu,,Vo)dzx.
t/{:ru*+td><0}( ! (ZS) ’

Since the measure of the domain of integration {z : u, + t¢ < 0} tends to zero as
t — 07T, it follows that f{z‘u*+t¢<0}(Vu*, V¢)dx — 0 as t — 07. Dividing by ¢ and
letting t — 07, we deduce that

/ (Vui, V) + und — AP(z)uld — u 7 ¢)da > 0.
Q

We note that ¢ € H'(Q) is arbitrary, which implies that u, is a positive solution
of problem .
Step 2. We prove that there exists a positive solution of problem in A™.
Similarly to Step 1, applying Ekeland’s variational principle to the minimization
problem m~ = inf,c5- I (u), there exists a sequence {w,} C A~ with the following
properties:

(i) In(wn) <m™ + 3,
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(i) In(w) > Iy(wy) — 2 ||lw — wy]|, for all w € A~.

Since In(u) = Ix(Ju|), we may assume that w,(x) > 0 for all z € Q. Obviously,
{w,} is bounded in H'(), going if necessary to a subsequence, still denoted by
{wy}, there exists u., > 0 such that

Wy — Ugs, weakly in Hl(Q)7
Wy, — Usx, strongly in L*(Q), 1 < s < 2%,
Wy () = Uss(x), a. e. in

as n — 00. Now we will prove that u.. is a positive solution of problem (1.1).
First, we prove that u..(z) # 0 in Q. From (2.6)), one gets

S(1+7) Q|
Alp + '7)|P|r1
and we obtain ., > 0 and u., #Z 0 in Q.

Second, we prove that u..(z) > 0 a.e. in Q. Similarly to the arguments in Step
1, we claim that

ry(2* —p—1)—2* ] 1/(p—-1)
r12%

)

funla- > |

(4Dl =Ap+7) [ P@lunltide < ~Con=1.2-, 3:20)
where C5 > 0 is a constant. Since w,, € A, thus is to
(T+7) /Q Q) Jwn|' Yz — A(p — 1) /Q P(z)|w, [P dz < —Cs. (3.21)
From w,, € A~, we have
(149) | Q@' e =Xp=1) | P@)fu, "o <0,
and combining with and , it follows that
Jim [(1+9) [ Q" 7de = Ap=1) [ P, da

= (1+7) / Q@) ttar|dz — A(p — 1) / P()[treaP+ i < 0.

Thus we only need prove that
(1+ ’y)/ Q(2)|tse 'V dz — N(p — 1)/ P(2)|us P dx < 0.
Q Q

By repeating the proof of (3.5)) in Step 1.

From Lemma choosing u = w,,, and p € H*(2), ¢ > 0, t > 0 small enough,
we find a sequence of continuous functions t, = t,(s) such that ¢,(0) = 1 and
tn(s)(wy + sp) € A~. Similarly to the arguments in Step 1, we also obtain that
there exists a constant Cg > 0, such that

limsup A, (s)] < Cg (3.22)
s—07F
for n large enough. Here A, (s) is also defined by (3.10). In the same manner in
Step 1, applying (ii) and (3.22]), we have

/ (Ve Vo + tsnip — AP0 — Q(ayurl o) > 0, (3.23)
Q
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for all ¢ € HY(Q), » > 0, which means u., satisfies in the weak sense that
—AlUgy + Usse >0, V€ Q.
Since Uy > 0 and uy, Z 0 in , by the strong maximum principle, one has
Uss(x) >0, aex e (3.24)

Finally, according to (3.23]) and (3.24), we can repeat the arguments of Step 1,
and obtain that u.. € A~ is a positive solution of problem (|1.1). This complete
the proof of Theorem O
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