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EXISTENCE OF SOLUTIONS TO NONLOCAL KIRCHHOFF
EQUATIONS OF ELLIPTIC TYPE VIA GENUS THEORY

NEMAT NYAMORADI, NGUYEN THANH CHUNG

ABSTRACT. In this article, we study the existence and multiplicity of solutions
to the nonlocal Kirchhoff fractional equation

(a + b/RzN lu(z) — w(y)|>K (z — y) dx dy) (=A)Y°u—Au = f(z,u(z)) inQ,

u=0 inRV\Q,

where a,b > 0 are constants, (—A)® is the fractional Laplace operator, s €
(0,1) is a fixed real number, A is a real parameter and 2 is an open bounded
subset of RN, N > 2s, with Lipschitz boundary, f : @ x R — R is a continuous
function. The proofs rely essentially on the genus properties in critical point
theory.

1. INTRODUCTION

Recently, a great attention has been focused on the study of fractional and non-
local operators of elliptic type, both for the pure mathematical research and in
view of concrete real-world applications. This type of operators arises in a quite
natural way in many different contexts, such as, among the others, the thin obstacle
problem, optimization, finance, phase transitions, stratified materials, conservation
laws. The literature on non-local operators and on their applications is, therefore,
very interesting and, up to now, quite large, we refer the interested readers to
7,18, [, [T} 15 (16} 17, 21, 2] 25].

In this article, we are concerned with a class of nonlocal Kirchhoff fractional
equations of the type

—(a + b/R2N lu(z) — u(y)|*K(z —y) dx dy)EKu —du= f(z,u(z)) inQ,

u=0 inRY\Q,

(1.1)

where (2 is an open bounded subset of RV with Lipschitz boundary, N > 2s with
s € (0,1), a,b > 0 are constants, f : & x R — R is a continuous function, \ is a
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parameter and
Lru(x) = /RN (u(m +y)+ulz—y) - 2u(x)>K(y) dy, = e€RY, (1.2)

where K : RV \ {0} — (0, +00) is a kernel function satisfying the following proper-
ties:
(K1) mK € L*(RY), where m(x) = min{|z|?,1};
(K2) there exists § > 0 such that K(x) > 0z|~N+29) for any 2 € RV \ {0};
(K3) K(z) = K(—xz) for any = € RV \ {0}.
The homogeneous Dirichlet datum in is given in R\ Q and not simply on the
boundary 0f2, consistent with the nonlocal character of the kernel operator L.
A typical model for K is given by the singular kernel K (z) = |z|~(V*2%) which
gives rise to the fractional Laplace operator —(—A)® where s € (0,1) (N > 2s) is
fixed, which, up to normalization factors, may be defined as

u(x u(r —y) — 2u(x
— (—A)u(z) = /RN (z +y) +|y(N+25y) ()

The problem (1.1]) in the model case Lx = —(—A)*® becomes
(a0 [ ule) = ) Plo = o9 dody) (- A)°u — du = fa.u(a),
RN xRN

u=0 inRY\Q,

dy, = eRN. (1.3)

(1.4)
which is related to Kirchhoff type problems. These problems model several physical
and biological systems, where u describes a process which depends on the average
of itself, such as the population density, see [3, [I0]. Problem with the p-
Laplacian operator —A,u has been studied in many papers, see [T}, 2, 4] [5] 6] 13}
191 24]. Motivated by [2, 177, (211 22| 23], in this paper, we study the existence and
multiplicity of solutions for Kirchhoff type problem driven by the nonlocal
operator L.

Before proving the main results, some preliminary material on function spaces
and norms is needed. In the following, we briefly recall the definition of the func-
tional space Xy, firstly introduce in [21I], and we give some notations. We denote
Q =R2N\ O, where O =RV \ Q x RV \ 2. We denote the set X by

X = {u RY SR ulg € LQ(Q), (u(z) —u(y))VEK(x —y) € LQ(RQN \ (’))},
where u|q represents the restriction to Q of function w(z). Also, we denote by Xg
the following linear subspace of X

Xo={g€X: g=0ae inRYV\Q}.

We know that X and X, are nonempty, since C2(2) C X by Lemma 11 of [21].
Moreover, the linear space X is endowed with the norm defined as

= ooy + ([ o) = u) PR o) ey

It is easy seen that || - ||x is a norm on X (see, for instance, [22] for a proof). By
Lemmas 6 and 7 of [22], in the sequel we can take the function

X020 ol = ( [ @) —vP K@ -paray) " )

el.

el.

el.
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as norm on Xg. Also (Xo, || - ||x,) is a Hilbert space, with scalar product
(013, = [ () —u) o) ~ o) K e —y)drdy. (16)

Note that in the integral can be extended to all RY x R¥, since v € X and
sov=0ae. in RV \ Q.

In what follows, we denote by A; the first eigenvalue of the operator Lx with
homogeneous Dirichlet boundary data, namely the first eigenvalue of the problem

Lrgu =y, in
u=0, inRY\Q.

We refer to [23, Proposition 9 and Appendix A], for the existence and the basic
properties of this eigenvalue, where a spectral theory for general integro-differential
nonlocal operators was developed.

When A < A\ we can take as a norm on X the function

Xo3 v ol = ([ o) o)K@= pdsdy-x [ o) 0

since for any v € X it holds true (for this see [23] Lemma 10])
mallvllx, < [[vllxox < Mallv]lx,, (1.8)

where

At —A A=A
my = min{ 1)\1 ,1}, My ::max{ 1)\1 ,1}.
Let H*(R") be the usual fractional Sobolev space endowed with the norm (the
so-called Gagliardo norm)

_ |u(@) — u(y)l? 1/2
llull e rry = l|ull 2wy + </]RN><]RN o — N 2s dxdy) . (1.9)
Also, we recall the embedding properties of Xy into the usual Lebesgue spaces (see
[22, Lemma 8]). The embedding j : Xo — LY(R") is continuous for any v € [1,2*]
(2* = +228), while it is compact whenever v € [1,2*). Hence, for any v € [1,27]
there exists a positive constant ¢, such that

ol @yy < eollvllx, < comylollx,as (1.10)

for any v € Xp.
We are now in the position to state the notation of solution and to state the
main results of this article.

Definition 1.1. We say that u € X, is a weak solution of problem (1.1)), if it
satisfies

a+b | |ul@) —uly))’K(z —y)ded

(a0 [ o)~ u)P Ko ) o)

[ @)~ u)e(a) ~ @)K~y dody A [ al)ots)do
Q Q

_ /Q F,u(z))v(z) de =0, Yo € Xo.

Theorem 1.2. Assume that [ satisfies the following conditions:

el.6

el.9
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(F1) f e C(2xR,R) and there exist constants 1 <y < 3 < +++ < Y < 2 and
2
functions a; € L?7i (Q,[0,400)), i =1,2,...,m such that

flz,2)] < Zal )|z
(F2) There exist and open set Qo C Q@ and three constants § > 0, yo € (1,2) and
n > 0 such that
F(z,z) > nlz|°, V(z,z) € Qo x [-4,4],
where F(z,z) := [ f(z,s)ds, z € Q, z € R.

Tl y(2,2) € QxR

Then for any A < A\1.min{a, 1}, problem (L.1)) has at least one nontrivial solutions.

Theorem 1.3. Assume that f and F satisfy the conditions (F1), (F2) and
(F3) F(x,—z2) = F(x,z) for all (z,z) € 2 x R.

Then for any A < A1.min{a, 1}, problem (1.1 has infinitely many nontrivial solu-
tions.

2. PROOFS OF MAIN RESULTS

Our idea is to obtain the existence and multiplicity of solutions for problem (1.1))
by using critical point theory. Consider the functional J : Xy — R defined by

700 =5 [ @)~ )P Gy dedy 5 ( [ ) v K ) dedy)

,%/Qm(x)ﬁdx—/QF(x,U(w))dx

and set

(2.1)

U(u) = /QF(:C,u(x)) dx.

Let us recall the following definitions and results which are used to prove our main
results, see for instance [I4] [18].

Definition 2.1. We say that J satisfies the Palais-Smale (PS) condition if any
sequence (un) € X for which J(uy,) is bounded and J'(u,) — 0 as n — 0o possesses
a convergent subsequence.

Lemma 2.2 ([14]). Let X be a real Banach space and J € CY(X,R) satisfy the
(PS) condition. If J is bounded from below, then ¢ = infx J is a critical value of
J.
Let X be a Banach space, g € C1(X,R) and ¢ € R. We set
E={AcCcX\{0}: Aisclosed in X and symmetric with respect to 0)},
K.={zreX:g(x)=c, ¢(x) =0},
g ={xeX:g(x)<c}

Definition 2.3 ([I4]). For A € ¥, we say genus of A is j (denoted by v(A) = j)

if there is an odd map v € C(A,R7 \ {0}), and j is the smallest integer with this
property.
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Lemma 2.4 ([18]). Let g be an even C functional on X which satisfies the Palais-
Smale condition. If j € N, j >0, let

Y, ={AeX: v(A) >j},¢; = Alélzfj sup g(u).

Ju€A
(i) If X; # 0 and ¢; € R, then ¢; is a critical value of g.
(ii) If there exists r € N such that ¢; = cj41 = -+ = ¢j4r = ¢ € R and ¢ # g(0)

, then v(K.) > r+ 1.

Remark 2.5. From [I8, Remark 7.3], we know that if K, C ¥ and v(K.) > 1,
then K. contains infinitely many distinct points, i.e., J has infinitely many distinct
critical points in X.

Lemma 2.6. Assume that (F1) and (F2) hold. Then the functional J : Xog — R
is well-defined and is of class C1(Xo,R) and

T = (atb [ ) ~u) Kz —y)drdy)
< [ (wlo) — )o@ o)K@ -y ey (22)
Q

- )\/Qu(x)v(x) dr — V' (u)(v), for allv € X,

where W' (u)(v) = [, f(@,u(z))v(x)dz. Moreover, the critical points of J are the
solutions of problem (1.1)).

Proof. For any u € Xy, by (F1) and the Hélder inequality, one have

1
SQZ%IIain—;i ull¥,,

and so J is defined by (2.1) is well-defined on Xg by (F1).
Next, we prove that (2.2) holds. For any u,v € Xy, any function 6 : Q — (0,1)

and any number h € (0,1), by (F1) and the Holder inequality, we have

e |f (2, u(z) + 0(x)ho(z))v(x)| de

S, pmax [f (2, u(z) + 0(x)ho(z))[|v(2)| do

" Ho(e)| de

<y /Q ai()|ulx) + 0(z)o(z)

T ()Y () da

a;(z)(|u(x)

i—1 i—1
laillz— (lull X, + 0%, D lollxe < 400

e2.3

e2.4
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Then by (2.4) and the Lebesgue dominated convergence theorem, we have

¥(u)(v) = lim U(u+ hv) — ¥(u)

h—0t
= i, % /Q [F(z, u(z) + ho(2)) — F(z, u(z))] d s
= hlir(r)l+ /Q f(z,u(z) + 0(z)v(z))v(z) da

_ /Q Fl,u())o(z) de.

By (2.5)), relation (2.2)) holds. Furthermore, by a standard argument, it is easy to
show that the critical points of the functional J in X, are the solutions of problem

[TD).

Let us prove now that J' is continuous. It is sufficient to verify that ¥’ is
continuous. Let u,, — u in Xo, then u,, — u in L?(Q) and
un — u, strongly in L*(Q),
n gly () (2.6)

Uy — u, a.e. in Q.

Then there exists h € L?(2) such that |u,(x)| < h(z) a.e. x € Q and for any n € N.
By (F1), we have

|f (@, un (2)) = f (@, u(2))]”
< 2(If (@, un (@) + |f (2, u(@)]?)

<022|az [ (len (@) + fu(a) 20

(2.7)
<CQZ|QZ |2 (‘h )|2(%_1)+|u(;5)|2(’n—1)>
::g(l‘), VnGN, x e
and
z)dr = Cs Ui a;(2)]? 20D 4 () 20D de
ot =32 [ lostol? (o= + a0 ) d N

< OQZ lail3ns (RIS 4+l ) < +oo.
By (2.6), 2.7, (23), and the Lebesgue dominated convergence theorem, we have

lim [ |f(z,un(2)) — f(2,u(z))|? dz = 0. (2.9)

n—oo Q

From , , (F1) and the Holder inequality, we have
(W () — W' (1), 0)]| = / (@ un(2)) — (o, ule))]o(z) do
< /Q (@ un(@)) — £, u(@))|jo(x)] da
< ([ 17 un(@) - f(oute)Pdo) ol

e2.7
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< ol [ 1560 unle)) = 1o ute)P ) o,

which converges to 0 as n — oo. This implies that ¥’ is continuous and the proof
of Lemma is complete. O

Proof of Theorem[I.3. In view of Lemma J € CY(Xo,R). In what follows,
we first show that J is bounded from below. Since A < A;.min{a,1} we have

a—1+m3 > 0, where m, is defined by (1.8). By (F1), (L), (1.7), (L.8) and the
Hoélder inequality, we have

J(

u)
= ;/Q|U($)—u(y)|2K(x—y) dxdy+Z(/Q|u($) () PE (5 — ) dxdy)2

_%A|u(x)|2dx—AF(m7u(w))d$

1 o1 _
> i(a— 1 +m§\)||uH§(0 — Z—/ ai(x)|u|" dx
= Vi Ja
> a1 mDul, - 0> Ll sl
=9 A Xo 1 i 7 % Xo

i=1

(2.10)

As v, €(1,2),i=1,2,...,m, it follows from that J(u) — +o0 as ||Jullx, —
+o00 and J is bounded from below.

Next, we prove that J satisfies the (PS)-condition. Assume that {u,} C Xy is a
sequence such that {J(u,)} is bounded and J'(u,) — 0 as n — oo. Since {u,} is
a (PS)-sequence and using the definition of J, there exists a constant Cy > 0 such
that

tnllx, < Ca, Vn €N, (2.11)

So passing to a subsequence it necessary, it can be assumed that {u,} converges
Weakly to up in Xo and thus {u,} converges strongly to ug in L?*(2). By (2.11)
and (F1), we have

’/ T, un(x)) — flz,u(@)))(un(z) — uo(x dm‘
< [ 170D = 1o (2) — wafe)] d
< ([ 16 une) = faun)P ) ([ (o) - uolo)l?dr)
< ([ 2056 un@)P + )P a) ([ o) - P i)

2(v;i—1 2(yi—1 1/2
< O Wl (il + Tl ) ) e = ol

(2.12)

which approaches 0 as n — oo.
Since A < A; min{a, 1}, by (1.7) and (1.8)), we have

(J" (un) = J'(u0)) (tn — uo)
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=la+b Uun () — un (V) |?K (z — y) dz d
(a0 [ ale) ~ua) Ko~ ) o)
x /Q (1t (2) = n (1)) (1 (2) = 100(2)) = () = wo(9)) ) K (= y) dw dy
(a0 /Q Juolr) — uo(y)*K (z — y) dvdy)
x /Q (tt0() — uo(y)) ((un () = () = (un(y) — uo(y)) ) K (x — y) dz dy
A o) = wa(@)F o = | (7l a0)) = o) = ) d
=la+b un () — un (V) |2K (z — y) dz d
(a0 | iale) ~ua) K e~ ) o)
< [ (o) = @) = (un0) = wo()PK (o ) dwdy
Q
=0 o(@) )P gy dndy — [ o) )P ) e )
x /Q (0(2) — w0 (w) ( ((2) — w0(x)) — (un(y) — o (w)) ) K (& — ) e dy
A o) = wa(@)? do = | (700 0)) = o o)t = ) d
> (0= 14 m)un = ol = [ (£ ua(0) = o) = o) d
=0l ~ luali,) | (vofe) — ()

x ((wn(@) = (@) = (un(y) — woly)) ) K (z — y) d dy.
Then

(a—1+m3)|lun —uoll%,

< (J'(un) = J'(uo)) (un — uo) + / [f (&, un (@) = (2, u0(2)))(un — uo) d

Q
+b ([luolli, — llunl%,)

x /Q (tt0() = 110 (1)) (@) = () = (wn(y) = wo(y))) Kz — y) da dy.
(2.13)

As {uy} converges weakly ug in Xo, {|lun|/x,} is bounded and we have

im_ b (ol — unl,) | (wo(e) = uole)
. o 1)

x (1) = wo(@)) = (wn(y) = wo(y)) ) K (& — ) drdy = 0.

It follows from (2.12)), (2.13)) and (2.14) that {u,} converges strongly to ug in Xj
and the functional J satisfies the (PS) condition.

Then d = infx, J(u) is a critical value of J, that is, there exists a critical point
u* € Xo such that J(u*) = d.
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Finally, we show that u* # 0. Let ug € Xo N CH (o) and ||upl|eo < 1, where Qg
is given by (F2). By (F2), for ¢t € (0,6), we have

I(tug) = % / o () — o (y)PK (= — y) da dy
7 (] 0@ PGy dedy)
/\t2 / luo(z)]? dx—/F x, tug(x)) dx (2.15)

t2
< Sl 1 3Dl + X huollk, — [ Pl tuo(e)) do
<ﬁ — 14+ M? 2 % 4 _ 0 Y (
< a1+ MDluolfy, + - luoll, =™ [ el do.
0

As g € (1,2), it follows from (2.15) that J(tug) < 0 for ¢ > 0 small enough. Hence,
J(u*) = d < 0 and therefore, u* is a nontrivial critical point of J, and so u* is a
nontrivial solution of problem (|1.1)). O

Proof of Theorem[1.3, In view of Lemma J € C'(Xy,R) is bounded from below
and satisfies the (PS) condition. It follows from (F3) that J is even and J(0) =
In order to apply Lemma we prove now that

for any n € N, there exists € > 0 such that y(J~€) > n. (2.16)
For any n € N, we take n disjoint open sets K; such that
U K C Q.
Fori=1,2,...,n, let u; € (Xo N C§°(K;))\{0} and [u;| x, =1, and
E, =span{ui,ug,...,un}, Sp={u€E,:|u|x, =1}
For each u € E,, there exist u; € R, 1 =1,2,...,n such that

(z) = Z,uluz(:r) for z € Q. (2.17)
Then
ol = ([t )™ = (Sl [ e an) @)
’ Q i=1 Ki
and

e, = /Q [u(x) — uy) 2K (@ — y) da dy
= ; 2 ui(z) — wi(y) P K(z — y) da d
> i | i) = )P K e ) oy 2.19)

n n
= uillulk, =D _ui.
i=1 i=1

As all norms of a finite dimensional normed space are equivalent, there is a
constant Cg > 0 such that

Collullx, < llully, forallue E,. (2.20)
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By (2.17), (2.18), [@.20), we have

J(tu) = at /|u ) —u(y)|*K(z —y) dz dy

-l-ﬁ /|u ) — u(y)]PK (z — )dxdy)

_W/ufmi/umwm

2
< D la— 1 Ml + Ul - Z/ (@, (@) do
t2 2 2 4
s5ww+me&+Immmeme%mewm
1=1 i
< Bla— 14+ M) ul, + e, — noofule
=9 A Xo 4 Xo — M Yo
< ﬁ — 14+ M? 2 ﬁ 4 p(Cat)0 Yo
< Sla— 14 MYl + el —n(Caty e ful,
2 bt4
< Cla— 14 MY ul, + -l —n(Caty
t2 4
= E(a — 1+ M3})+ T n(Cet)7

(2.21)

for all u € S,, and and sufficient small ¢ > 0. In this case (F2) is applicable, since
u is continuous on Qg and so [tuu;(z)] <6,V € Qp, i = 1,2, ...,n can be true
for sufficiently small ¢. Then, there exist € > 0 and ¢ > 0 such that

J(ou) < —e¢ foru € S,. (2.22)

Let

S¢={ou: ue S}, A={(u1,p2,...,1tn) ER™: Zu?<02}.

i=1
Then it follows from ([2.22)) that
J(u) < —e forallue Sy,
which, together with the fact that J € C'(X,, ]R) and is even, implies that

SpcJ e (2.23)

On the other hand, it follows from and - that

{Zﬂiuz : Z/‘z = ‘72}
So, we define a map ¢ : S — 6A as follows:

w(u):(ulau%uwﬂn)a VUESg.

It is easy to verify that ¢ : S — OA is an odd homeomorphic map. By Proposition
7.7 in [18], we get v(S7) = n and so by some properties of the genus (see 3° of [I8]

Proposition 7.5]), we have
(J7) Z(57) = n, (2.24)
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so the proof of (2.16) follows. Set

¢, = inf sup J(u).
n = s )

It follows from and the fact that J is bounded from below on X that
—0 < ¢, < —e < 0, that is, for any n € N, ¢, is a real negative number. By
Lemma the functional J has infinitely many nontrivial critical points, and so
problem possesses infinitely many nontrivial solutions. O

Acknowledgments. The authors would like to thank the anonymous referees for
their suggestions and helpful comments which improved the presentation of the
original manuscript.
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