Electronic Journal of Differential Equations, Vol. 2014 (2014), No. 87, pp. 1-27.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

EXISTENCE AND UPPER SEMICONTINUITY OF RANDOM
ATTRACTORS FOR STOCHASTIC p-LAPLACIAN EQUATIONS
ON UNBOUNDED DOMAINS

JIA LI, YANGRONG LI, HONGYONG CUI

ABSTRACT. The existence of a pullback attractor is established for a stochastic
p-Laplacian equation on R™. Furthermore, the limiting behavior of random
attractors of the random dynamical systems as stochastic perturbations ap-
proach zero is studied and the upper semicontinuity is proved.

1. INTRODUCTION

It is known that p-Laplacian equation is always used to model a variety of phys-
ical phenomena. In this paper, we investigate the asymptotic behavior of solutions
to the following stochastic p-Laplacian equation with multiplicative noise defined
on the entire space R™:

du + (— div(|Vul|P72Vu) + Mu)dt = (f(x,u) + g(z))dt + cu o dW (t), (1.1)

where € > 0 is a small positive parameter, A > 0, p > 2 are fixed constants. g is
a given function defined on R"”, f is a smooth nonlinear function satisfying certain
conditions, and W is a two-sided real-valued Wiener processes on a probability
space which will be specified later.

The long-term behavior of random systems is captured by a pullback random
attractor, which was introduced by [8] [9] as an extension of the attractors theory
of deterministic systems in [2] [1], 20, 22], 23]. In the case of bounded domains, the
existence of random attractors for stochastic PDEs has been studied extensively by
many authors (see [1} [8 [0} 17, 18], 19] 26} 29] B2]) and the reference therein. Since
sobolev embeddings are not compact on unbounded domains, it is more difficult
to discuss the existence of random attractors for PDEs defined on unbounded do-
mains. Nevertheless, the existence of such attractors for some stochastic PDEs on
unbounded domains has been proved in [3| 10, 24, 25| 27, 28] [3T].

The first aim of this paper is to investigate the existence of random attractors
for the stochastic p-Laplacian equation defined on R™. We mention that
the existence of global attractors for the p-Laplacian equation in the deterministic
case has been discussed by many authors, for examples, in [30] [6] for bounded
domains and in [I5 [I6] for unbounded domains. Recently [29] investigate the
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existence of random attractors for the p-Laplacian equation with multiplicative
noise. However, in the paper [29], the p-Laplace equation is defined in a bounded
domain where compactness of Sobolev embeddings is available. To overcome the
difficulty caused by the non-compactness of Sobolev embedding on R™, we use the
tail-estimate method which is always used to deal with the problem caused by the
unboundedness of domains (see [3 24} 25] 27] 28]). So far as we know, there were no
results on random attractors for stochastic p-Laplacian equation with multiplicative
noise on unbounded domains.

The second aim of this paper is to examine the limiting behavior of random
attractors when ¢ — 0 and prove the upper semicontinuity of these perturbed
random attractors. It is worth mentioning that such continuity of attractors has
been investigated, for examples, in [12} 13| [14] 23] for deterministic equations, in
[4] 5] 211 29] for stochastic PDEs in bounded domains and in [10, 28] for stochastic
PDEs on unbounded domains.

The paper is arranged as follows. In the next section, we review the pullback
random attractors theory for random dynamical systems. In section 3, we define
a continuous random dynamical system for the stochastic p-Laplacian equation on
R™. Section 4 is devoted to obtaining uniform estimates of solutions as t — oo.
These estimate are necessary for proving the existence of bounded absorbing sets
and the asymptotic compactness of the solution operator. Finally, we prove the
upper semicontinuity of random attractors for in the last section.

We denote by ||-|| and (-, -) the norm and the inner product in L?(R™) respectively
and | - ||, to denote the norm in LP(R™). Otherwise, the norm of a general Banach
space X is written as || - || x.

The letters ¢ and C(w) are generic positive constants and positive random vari-
able respectively, which don’t depend on ¢ and may change their values from line
to line or even in the same line.

2. PRELIMINARIES

In this section, we recall some basic concepts related to RDS (see [11 [7] [8l, 9] 28]
for details).
Let (X,] - |lx) be a Banach space with Borel o-algebra.

Definition 2.1. Let (2, F,P) be a probability space and {0; : @ — Q,t € R} a
family of measure preserving transformations such that (¢,w) — 6w is measurable,
0o = id and 6,4 s = 0,0, for all s,t € R. The flow 6, together with the corresponding
probability space (Q, F,P,6;) is called a measurable dynamical system.

Definition 2.2. A continuous random dynamical system(RDS) on X over 6 on
(Q,F,P) is a measurable map

0:RTxQx X = X, (t,w,z) — p(t,w)s
such that P-a.s.
(i) ¢(0,w) =id on X;

(i) ot + s,w) = @(t,0sw)p(s,w) for all s,t € RT (cocycle property);
(iii) p(t,w) : X — X is continuous.

Definition 2.3. A random compact set {K(w)},ecq is a family of compact sets
indexed by w such that for every « € X the mapping w +— d(z, K(w)) is measurable
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with respect to F. A random set {K (w)},eq is said to be bounded if there exist
up € X and a random variable R(w) > 0 such that

Kw)c{ue X, |Ju—ulx < Rw)} forallwe Q.

Definition 2.4. A random bounded set {B(w)}wecn of X is called tempered with
respect to (0;);ecr if for P-a.e.w € €,

tlim e Ptd(B(O_4w)) =0 for all 8> 0,
where d(B) = sup,cp ||lz] x.

Definition 2.5. Let D be a collection of random subsets of X and {K (w)},eq € D.
Then {K(w)}weq is called a random absorbing set for ¢ in D if for every B € D
and P-a.e. w € Q, there exists tg(w) > 0 such that

o(t,0 4w, B(0_w)) C K(w) forallt > tp(w).

Definition 2.6. Let D be a collection of random subsets of X. Then ¢ is said to be
D-pullback asymptotically compact in X if for P-a.e. w € Q, {¢o(ty, 0, w, n) 122,
has a convergent subsequence in X whenever ¢, — oo, and z, € B(f_;w) with
{B(w)}wEQ e D.

Definition 2.7. Let D be a collection of random subsets of X. Then a random
set {A(w)}weq of X is called a D-random attractor(or D-pullback attractor) for ¢
if the following conditions are satisfied, for P-a.e.w € ,
(i) A(w) is a random compact set;
(ii) A(w) is invariant, that is, ¢(t,w, A(w))=A(fw), for all t > 0;
(i) A(w) attracts every set in D, that is, for every B = {B(w)}weq € D,

Jm d(p(t, 0w, B(0_w)), A(w)) =0,
where d is the Hausdorff semi-metric.

Proposition 2.8. Let D be an inclusion-closed collection of random subsets of X
and ¢ a continuous RDS on X over (0, F,P, (0)tcr). Suppose that {K(w)}wen
is a closed random absorbing set for ¢ in D and ¢ is D-pullback asymptotically
compact in X. Then ¢ has a unique D-random attractor { A(w)}ueq which is given

by

A(w) = NrzoUrsre(t, 0w, K(0_w)).

Proposition 2.9. Let D be an inclusion-closed collection of random subsets of
X. Giwen o > 0, suppose p, is a random dynamical system over a metric system
(Q,F,P, (0)ter) which has a D-random attractor A, and @q is a deterministic
dynamical system defined on X which has a global attractor Ag. Assume that the
following conditions be satisfied: (i) For P-a.e. w € Q, t >0, 0, — 0, and x,,
r € X with x,, — x, there holds

lim ¢, (t,w,z,) = @o(t)z. (2.1)

n—oo

(i) Every ¢, has a random absorbing set E, = {Ey(w)}wea € D such that for
some deterministic positive constant ¢ and for P-a.e. w € €,

limsup || E, (w)||x < ¢, (2.2)
o—0

where |[Eq(w)l|x = sup,ep, w) [7]lx-
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(#ii) There exists og > 0 such that for P-a.e. w € Q,
Uo<o<oy Ao(w) is precompact in X. (2.3)
Then for P-a.e. w € €,
dist(A, (w), Ag) — 0, aso — 0. (2.4)

3. STOCHASTIC P-LAPLACIAN EQUATION WITH MULTIPLICATIVE NOISE

Here we show that there is a continuous random dynamical system generated by
the stochastic p-Laplacian equation defined on R™ with multiplicative noise:
du + (— div(|Vul|P~2Vu) + Mu)dt = (f(x,u) + g(z))dt + cu o dW (t), (3.1)
for x € R™, ¢t > 0, with the initial condition
u(z,0) =up(z), = eR"™ (3.2)
where € > 0, A > 0, p > 2 are constants, g € L?(R"), W is a two-sided real-valued
Wiener processes on a probability space which will be specified below, and f is a
smooth nonlinear function satisfying the following conditions: For all z € R™ and
s eR”?,
f(z,8)s < —aqls|? + Y1 (z), (3.3)
[ (2, 8)] < ao|sP~ + (), (3.4)
where a1, ay are positive constants, 1; € L'(R") N L% (R™), ¢ € L?(R™) N LI(R™)
with L+ 2 = 1.
In the sequel, we consider the probability space (2, F,P) where
Q={we CR,R):w(0) =0},

F is the Borel g-algebra induced by the compact-open topology of €2, and P the
corresponding Wiener measure on (2, F). Define the time shift by

bw(’) =w(-+1t) —w(t), wef, telR

Then (2, F, P, (0;)ter) is a metric dynamical system.

We now associate a continuous random dynamical system with the equation over
(Q,F,P,(0;)icr). To this end, we need to convert the stochastic equation with a
random multiplicative term into a deterministic equation with a random parameter.

Consider the stationary solutions of the one-dimensional Ornstein-Uhlenbeck
equation:

dz + zdt = dW (t). (3.5)
The solution to is given by

0
H(Ow) = — /_ ¢ (Ouw)(r)dr, tER™ (3.6)

From [II, B, 24] 25], the random variable |z(w)| is tempered, and there is a 0;-
invariant set 2 C Q of full P measure such that z(f;w) is continuous in ¢ for every
w € ) and

= 0; (3.7)

/t z(0sw)ds = 0. (3.8)
0
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Following the properties of the O-U process and (3.7)),(3.8), it is easy to show for
forall 0 <e <1,

0
0< M, (w):= / e~ 262(05w)+2¢ [7 2(0-w)dT+As g g
; ) (3.9)
< / 22 (0s) |21 [ 2(0-w)drltds go o 4 o

and

0< K(w):= _pax |2(0-(w))] < +o0, (3.10)

which will be used frequently in the following paper. And it is easy to see that
M. (w) and K (w) are both tempered.
To show that problem ([3.1)-(3.2) generates a random dynamical system, let

o(t) = e 0@y (1), (3.11)

where v is a solution of problem (3.1))-(3.2)). Then v satisfies

d
dit) = 5(P=2)2(009) Giy (V0[P 72V0) — Ao 4 e 09 (f(2,u) + g(2)) + evz(Bw),
(3.12)
and the initial condition
v(z,0) = vo(z) = e FWyg(z), = eR™ (3.13)

Using the standard Galerkin method, one may show that for all vy € L?(R"),

problem ([3.12)-(3.13)) has a unique solution
v(-,w, vo) € C([0,00), L*(R™)) N L*((0,T), WP (R™)).

Furthermore, the solution is continuous with respect to v in L?(R™) for all ¢t > 0.
Let

u(t,w,ug) = eaz(e“")v(tw, Vo), (3.14)

where

—ez(w)

vg=-¢€ ug. (3.15)

We can associate a random dynamical system ®. with problem (3.1)-(3.2) via u for
each ¢ > 0, where ®. : RT x Q x L?(R") — L?(R") is given by

. (t,w)ug = u(t,w,ug), for every (t,w,up) € RT x Q x L*(R"). (3.16)

Then ®. is a continuous random dynamical system over (2, F, P, (6;)¢cr) in L?(R™).
In the sequel, we always assume that D is the collection of all tempered random
subsets of L2(R").

In the following, we will first prove that ®. has a unique D-pullback random
attractor {A:(w)}weq. When € = 0, problem — defines a continuous de-
terministic dynamical system ® in L?(R™). We use Ag to denote the global attractor
for the deterministic dynamical system. At last, we will establish the relationship
of {A:(w)}weq and Ay when ¢ — 0.
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4. UNIFORM ESTIMATES OF SOLUTIONS

In this section, we derive uniform estimates on the solution of the stochastic
p-Laplacian equation on R™ when ¢ — oo with the purpose of proving the existence
of a bounded random absorbing set and the asymptotic compactness of the random
dynamical system associated with the equation. In particular, we will show that
the tails of the solutions, i.e.,solutions evaluated at large values of |z|, are uniformly
small when time is sufficiently large.

Lemma 4.1. Let 0 < ¢ < 1,9 € L*(R") and (3.3)-(3.4) hold. Then for every
B = {B(w)}wean € D and P-a.e.w € S, there is T(B,w) > 0, independent of ¢,
such that for all up(6_4w) € B(6_ww) and t > T'(B,w),

w(t, 0_sw, ug(0_w))||? < p(w) =1 + ce®**“) M, (w). (4.1)
Furthermore p1(w) is a tempered function.

Proof. Multiplying (3.12)) by v and then integrating over R"™, we find that

1d
5%”””2 = —s(P=Dx(0w) / |VolPdz — A|j]|? + e==2(0) / [z, v)vdx
e e (4.2)

+ e—c#(0w) / g(@)vdx 4 e2(0;w)||v||?
For the nonlinear term, by ([3.3)), we have

e =0 [z upvde = e 220 [ (2, u)ude
Rn R

< —are 0 [ upda e [ ) da

n

_ —0416_282(9‘“}) Hqu + e—25z(0tw) ||’L/J1 HLI’
(4.3)
And

—ez(0,w —ez(Orw 1 —<gz\Uw A
=0 [ gloyuds < =0 g o] < Jre O g+ ol (4.)

Then it from (4.2))-(4.4)) it follows that

d
Gl < ~26 072209 [ [Tupds - (2e5(6) - X) ol
" ) (4.5)
— 200720 a4 (5 g + 2l 1, Je 250,

Thus,
d
Zlel? < (22(0) = Nlju]2 + e, (4.6)

By the Gronwall Lemma,

lv(t,w, vo(w)]?
. t . (4.7)
< ||’U0(w)||2625 Jo 2(8sw)ds—Xt + C/ e—2£z(95w)+2a /s z(GTw)d'r—/\(t—s)dS'

0
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Replace w by 0_,w in (4.7), we have
[o(t, 01w, vo(0— )2 < [[ug(B—yw) |22 Jo =(0srds =t

t
+ C/ 67262(957“/.1)4*26 fstz(e.,.,tw)d‘rf)\(tfs)ds
0

0
= [[op(Buw) e = (0o (438)

0
+ C/ 6—252(95w)+2s fso z(OTw)dT—I-)\sds
—t

0

< ||’U0(97t(AJ)||2€25f ; 2(0sw)ds—At +CM5((U),

where M, (w) is defined in (3.9).
It follows from (4.8]) and (3.11]) that

l|u(t, 0_w, uo(A_w)|?

= ||e5* @ u(t, O_yw, vo (0_yw)||?

= 22 ||o(t, 0_yw, vo(0_w) | (4.9)
< 62sz(w)(”UO(G_tw)”QeZsfftz(@sw)ds—)\t +eM.(w))

_ eZsz(w) (67252(0_“‘;) |\U0(9—tw)||262€ SO, z(0sw)ds—At 1 M. (w))

Since B = {B(w)}wea € D and ug(f_iw) € B(0_sw), due to (3.7)(3.8)), there exists
T(B,w) > 0, independent of ¢, such that for all t > T'(B,w)

o (0—sw) “26252(w)—252(9_tu)+25 SO, z(0sw)ds—At
< ||u0(9_tw)||262\Z(w)\+2\Z(9—M)|+2|f_Ot 2(0sw)ds|—Xt (4.10)
< Jlug(9-w)|Pe™ 2" < 1,
which along with implies that for all t > T(B,w)
|, 0w, ug(O_w))||? < p?(w) =1 + c®**“) M_(w). (4.11)

It is easy to prove that p;(w) is a tempered function. O

Lemma 4.2. Let 0 < ¢ < 1,9 € L*(R") and (3.3)-(3.4) hold. Then for every
B = {B(w)}wea € D and P-a.e. w € Q, there is T(B,w) > 0, independent of ¢,
such that for all ug(0_4w) € B(0_yw) and t > T(B,w)

t+1
/ [Vu(s, 01w, up(0—¢—1w))|Ih <1+ ce®P K@ N (W), (4.12)
t

t+1
/ 1 (s, 0—t—1w, uo(O—t—1w)) |2 < 1+ ce® KM, (w). (4.13)
t—

Proof. From ({4.5)), we have
d
@llvll2 < 265020y [P da 4 (2e2(0,w) — N)Jo]®

(4.14)
_ 2a1€—25z(9,,w) ”qu + ce—252(9tw).
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Using Gronwall Lemma, for all t > T > 0, we have
[o(t, w, vo(w))|I?

< 28 J1 2 (0s)ds=AE=T) ||y (T 1y (w)) 12

t
+ C/ e—QEZ(OSw)-&-QEf: z(0rw)dT+A(s—t)
T

(4.15)
t
— 204 / e—2e2(0aw)+2¢ JEz(0,w)dr+A(s—t) ||u(s, w, UO(UJ)) Hgds
T
t
-9 / ea(p—2)z(95w)+25 f: z(0rw)dT+A(s—t) ||VU(37 w, UO(W>)H£d8’
T
Replace w by 0_,w and ¢ by T in (4.7]), we have
T
||U(T, H,twwO(@,tw)Hz < ||’U0(9,tw)H2628 Jo 2(0s—tw)ds—=AT
(4.16)

T
+ C/ e—2€z(6)s,tw)+2s feT z(@T,f,w)dT—/\(T—s)dS-
0

Multiplying the two sides of ([4.16]) by e%* Jr #(0s—¢w)ds=A(t=T) then for all t > T,

2 J7 200t ds=AE=T) |y (T 0o 00 (O_ ) |2

T
< ||'Uo(9_tw)||2€2€ J§ 2(0s—rw)ds—At + C/ 6725z(957tw)+25 JE z(OT,tw)d‘rf)\(tfs)dS'
0

(4.17)
Thus, replace w by #_;w in (4.15) and together with (4.17)), it follows that

t
204 / €—2sz(057tw)+26 JE 20, —¢w)dT+A(s—t) ||’U,(S, 0_w, UO<97tw>) ||£d8
T

t
+ 2/ 66(p72)z(054w)+25 JE 20, _sw)dr+A(s—t) ||V’U(S, 0_,w, vo(ﬂ_tw))HgdS
T

t
< ||’U()(0,tw)H2€28 Jo 2(0s—rw)ds—At + C/ 6—282(95,tw)+25fslz(QT,tw)dT—A(t—s)dS
0

0
_ ||’U0(9_tw)H2€2€ SO, z(0.w)ds—At + C/ 672ez(05w)+25 N z(9,w)d7+)\sd8.
—t

(4.18)
Replace t by t +1 and T by t in (4.18)), we have

2/t+1 eE(P—=2)2(0a—1_1w)+2e S 20, —i—w)dT+A(s—t—1)
X T|Vv(s, 01w, v0(0—¢—1w))|[ds
< (o (0s_yw) 262 I ZOsdds—NEHD) C/O o 262(0.0) 422 [0 2(0,w)drAs 7o
—t—1
Using , we have

t+1
/ es(p72)z(0§.,t,1w)+2s f:+1 2(0r—t—1w)dT+A(s—t—1)
t

x [[Vu(s, 01w, v0(0—t—1w))|bds
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t+1
> / ¢S PRI 2K @)A1y (5, 0_y_yw,v0(0—s—1w))[[Bds
t

t+1
— PR @ / 1V0(s, 0110, v0(0 1)) [2ds.
t

Thus

t+1
/ [Vo(s, 0—t—1w,v0(0—1—1w))[[hds
t

1 w 0 L z2(0sw)ds—
T

0 (4.19)
+ cepeK(w)-i—)\/ e—25z(05w)+26 ff z(GTw)dT+>\st
—t—1
1
< 5”UO(G_t_lw)H2epsK(u.z)-|-25 fEt_l z(0sw)ds—At + CepsK(w)+>\Mg(w).
It follows from (4.19)) that
t+1
/ ||Vu(s,9,t,1w,uo(G,t,lw))Hgds
t
t+1
- / <2001 |V, 010, 00 (B—r—1)|[2ds
t
t+1
< epeK(w)/ [Vo(s, 01w, v0(0—t—1w))|[bds (4.20)
t

< %”%(047160)HzengK(w)Jrza SOy 2(Ouw)ds—At ce?PK @ADL (0)
< CHUO(Q_t_M)‘Ize—zaz(e,t,1w)+2peK(w)+ze SO, 2(Bsw)ds—At
4P K @ADL ().
On the other hand, since

t+1
/ e—25z(05_t—1w)+25 fst+1 2(0r—t—1w)dT+A(s—t—1) ||u(5, 6_
t

1w, up(0—¢—1w))|[bds
—1

t+1
> 6K (@) -22 / (s, 010, o (0——1))||ds.
t—1

(4.21)
Replace t by t +1 and T by t — 1 in (4.18)) and using (4.21]), we obtain

t+1
/ (s, 0110, 1o (0, 1w))||2ds
t

-1
< C||Uo(t9_t—1w)Hzee’sK(“’)Jr25 SRy 2On)ds=At4x
0
4 8K (@)2A / o—2e2(0.w)+2¢ [0 2(0rw)dr+As g (4.22)
—t—1
< clvg (B 1w) || 20K @) +2e [20 g 2(0a)ds=AAN | (6K (@420 1y (o)
< ef[ug(0—p_1w)||2e 22O 1-1)FOK (@)F22 [0, 2(0:)ds—At+A

+ ceGsK(w)-‘rQ)\ME (w) .
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Since B = {B(w)}wea € D and ug(f0-¢(w)) € B(0_¢(w)), similar to (4.10)), there
exists T'(B,w) > 0, independent of ¢, such that for all t > T'(B,w)

0
c||u0(9,t,1w)\|2 —2e2(0_ ¢ 1w)+2peK (w)+2¢ [°, | z(Osw)ds—At <1, (423)

0
c||u0(9,t,1w)H2 —2e2(0_¢_1w)+6e K (w)+2¢ [0, | z(Osw)ds—At+X <1. (424)

From (4.20)), (4.22) and using (4.23)), (4.24), we obtain that for all ¢t > T(B,w),

t+1
/ [Vu(s, 01w, up(0—¢—1w))[|h <1+ ce?P K@ M (W), (4.25)
t
t+1
/t (o 0w (0@} < 1 et ), (4.26)
0

Lemma 4.3. Let 0 < ¢ <1, g € L*(R") and . . ) hold. Then for every
= {B(w)}wea € D and P-a.e. w € Q, there is T(B,w) > 0, independent of ¢,
such that for all ug(0_tw) € B(O_1w) and t>T(B,w),¥T € [t, t+ 1]

[0(7, 041w, v0(0—t—1w))||F < cepsK(“)(EK(w) + 1)(665K(“’)M5(w) +1). (4.27)
Proof. Multiplying (3.12)) with |v[P~2v and then integrating over R, it yields that
1d

S lvllp = =020 (div(|Vo [P~ Vo), [0~ 20) = Allu]|?
OO (f(,u), o) + e 0 (g, o) (42)
T e2(0) o
We now estimate every term of (4.28)). First by our assumption p > 2, we have

e(P=2)2(01w) (div(|Vv|p_2Vv) |v|p_2v)

s [ S5 2 2o

ov ov
e£(P—2)2(01w) p—2 _ p—2
; ) [avel 2222 s (a20)
ov ov
p—2 p—2
+ [ (vap 2 s

D20 )y _ 1)/ Vol?|o~2dz < 0.
]Rn

To estimate the nonlinear term, from (3.3)), we have

fz,u)v = e*EZ(Gf“’)f(ac, wu < falefez(et“’)|u|p + 6752(0“’)@/11 (z)

(4.30)
= —a eP D 0w) g P g gz (Oiw)y (7).
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From which it follows by Young’s inequality that

= O (f (2, u), [o]P~20)

=0 [ wlop2e
R’!L
4.31
< _ale(p—Q)sz(Gtw)anggzg + e—25z(9tw) w1($)|’0|p_2daj ( )
R"L
—2)ez(0rw — —pez(Orw z — 1A
< —ayel= DO o 273 4 oo res 0y | § 4 P o

On the other hand, the fourth term on the right-hand side of (4.28]) is bounded by

€770 (g(a), [olP~20)| < e IO o5 4 ce PO g (4.32)

Then it follows from (4.28)(4.29)), (4.31),(4.32) that

Lol < (e () ~ Vo +cePe=0), (133

Integrating (4.33)) from s(t — 1 < s <t) to7(t <7 <t+ 1), we obtain

[[o(7, w, vo(w)) I}
< s, vo@)l + [ pea(Ouw) = Mot o m@Dlgds 5y
+ C/T efpsz(eslw)ds/'

Replace w by 0_;_jw in (4.34)), we have
[[0(7, 0—1—1w, vo (O —1w)) [}

t+1

< v(s,0_s—1w,v9(0_t_1w p—l—c/ e PO 1w) g g/
lv(s, 0—t—1w,v0(0——1w))|I} - (4.35)

41
—l—/ Ipez(Bsr——1w) — All|o(s’, 041w, vo(0—1—1w))||hds’.
-1

Integrating (4.35]) with respect to s from t—1 to ¢, we obtain that for all T € [t,t+1],

lo(7, 01w, v0(0—t—1w))|I

t 0
< / [v(s,0—t—1w, v0(0—¢—1w))|[Hds + c/ e Per(0sw)
t—1 -2
t+1
+ c(eK(w) + 1)/ (s, 0—t—1w,v0(0_s—1w))|[Fds’
t—1

t+1
< / (8, 0—t—1w,v0(0—t—1w))[[Dds + cePsK @) (4.36)
-1
t+1
+c(eK(w) + 1)/ lo(s",0_1—1w, v0(9,t,1w))||gds’

t—1

t+1

< / e P01y (5, 0y _yw, ug (04— 1w))|[Bds + ceP* ()

t—1
t+1

+ c(eK (w) + 1)/ e PO 1) (s 0y _qw, g (0—4—1w))|[Bds’

t—1
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t+41
< c(eK (w) + 1)ePeK®@) / [u(s’,0—y—1w, uo(0—y—1w))|[Bds’ + ceP=K () (4.37)

t—1

Let T(B,w) be the positive constant in Lemma and t > T(B,w), together with
(4.13)) and (4.37)), we have for t <7 <t+1

(7,0 ¢ 1w, v0(0—t—1w))||F < e K@ (K (W) + 1) (% K@M (w) +1).  (4.38)
(]

Lemma 4.4. Let 0 < ¢ < 1,9 € L*(R") and (3.3)-(3.4) hold. Then for every
B = {B(w)}wea € D and P-a.e.w € Q, there is T(B,w) > 0, independent of ¢,
such that for all ug(0_4w) € B(0_ww) and t > T'(B,w)

t+1
/ (s, 01100, ug (O 1)) |1Z2=2ds < e (K (w) + 1) (K M. (w) +1).
t
(4.39)

Proof. Using (4.28) together with (4.29)) (4.31)and (4.32), we have

d _
vl < —ee WO o 5075 + (pez(8hw) — Nvlh + ce P (4.40)

Using Gronwall’s Lemma, for all t > T > 0

[[o(t,w, vo(w))I5

< [[o(T, w, vo(w)) [P fr 2(Ce)ds=AG=D)

t
+ C/ efpsz((?sw)ans JE z(OTw)d'rf)\(tfs)dS (441)
T

t
_ C/ ef(P—2)2(0sw)+pe f;z(aTw)dT_/\(t_s)||’U(S,w,’Uo(W))H§£:gdS.
T
Replace w by 0_;w in (4.41]). It follows that
t
C/ ee(p—2)z(057tw)+pef: z(f)T,f,w)d‘r—A(t—s)‘l,l)(s 0w 'UO(9 tw))ng—gds
) - ) - D—
T

< [[o(T, 04w, v (0 yw)) [P Jr 2(0e-edda=2(E=T) (4.42)

t
+ C/ e—paz(es,tw)-&-pa f; Z(er—tw)dT_)\(t_S)ds.
T

Replacing t by ¢t + 1 and T by ¢, we have
t+1
C/ ea(p—Q)z(OS,t,lw)-i-pa fSH'l 2(0r—t—1w)dT—A(t+1—5)
t

X Ju(s, 0—y—1w,v0(0——1w)) |35 _5ds
< JJolt, 0—p1w, v (B—1w)) [Ber fi T 2Cemima)ds = (4.43)

t+1
+ C/ efpsz(es,t,lw)ers f:Jrl Z(G.,.,t,lw)d'rfk(tqtlfs)ds
t

< |lv(t, 0—i—qw, UO(G,t,lw))ngmK(“)_A + ce?P K@),
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Note that

t+1
/ ee(p72)z(957t,1w)+pe f;’Jrl 2(0r—t—1w)dT—A(t+1—s)
t
X Jlv(s, 0——1w,v0(0——1w)) || 325 ds (4.44)
Thus together with (4.43)-(4.44), we obtain

t+l 2 2
/ (5, 0110, (01 —10)) | 222l
t

t+1
>e—2p6K<w>+2€K<w>—A/ 05, 0110, 00 (01 —1)) |22 2.
t

t+1
_ 5% 2(0s—t—1w)(2p—2) v(s,0_;_1w,ve(0_ w (. 2d8
/t llv(s, 0_t—1w,v0(0_s—1 ))||2 (4.45)

t+1
<6(2p72)€K(w)/ |v(s,0_;—1w, vo(H—¢— 1w))||2p gd
t

< Ce5pEK(w)_4EK(w)”'U(tve—t—lwa'UO(H—t—IW))Hg +ce6‘psK(u)—4sK(w)+>\.
Let T'(B,w) be the positive constant in Lemma Then for t > T(B,w), from
(4.27)), we have
t+1 -
J RO o) - %
t
< ceﬁpeK(w)—46K(w)(€K(w) + 1)(668K(w)M€(w) + 1) +Ceﬁp5K(w)—45K(w)+A (446)
= e KW (K (w) + 1) (K@M, (w) +1).
O

Lemma 4.5. Let 0 < ¢ < 1,9 € L*(R") and (3.3)-(3.4) hold. Then for every
B = {B(w)}wea € D and P-a.e. w € Q, there is T(B,w) > 0, independent of ¢,
such that for all ug(0_4w) € B(0_ww) and t > T'(B,w)

[Vt 60, w00 ), < e KO R () + DML (w) + 1), (4.47)
Proof. Take the inner product of (3.12) with v; in L2(R"), we obtain

2 _ e(p— 2)z(0tw v p —ez(0iw)
(Y —e® v U,U +e f T, u),v

)+ 5B 0 ).
By (3.4), the Cauchy-Schwartz inequality and the Young inequality, we find that
550 a0,

0 1

< 250 | ) 2 % (1.49)
< 2a26—262(9tw 217 2 + % —2ez(0rw) 2 1 v 2
2 1/}2 t )

=0 (g(@), vr)| < e 220 g||* + lethQ, (4.50)

|(e2(8iw) = N)(v,v0)] < lez(Buw) — AP[Jo]* + illvtIIQ- (4.51)
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It follows from (4.48))-(4.51) that

d
ol
< 2pade <=0 ] 373 + 2pe P 0 |
4 pe PO g2 4 pee D0 2 (60) — Ao

— ce—pez(atw)”ullgz:g + ce—paz(gtw) +C€E(2—p)z(0tw)‘62(9tw) _ )\|2||7}||2

(4.52)

Let Tp(B,w) be the positive constant in Lemma take t > Typ(B,w) and s €
(t,t + 1). Integrate (4.52)) over (s,t+ 1) to get

I90(t + 1,0, w0 ()
t+1

< Vel vn@lg+e [ =0 ulr,w0,uo(w) 3 Fdr
S

t+1 t+1
+c / e PO dr 4 ¢ / s P10 e(60,w) — A |Jo(T, w, vo(w))[|*dr.

(4.53)
Integrating with respect to s over (¢,t + 1), it follows that

IVo(t + 1, w,v0(w)) I

t+1 t+1
< / IV0(s,w, w0 (w))|[2ds + ¢ / e P20 oy w, o w)) |2 2dr
t t

t+1 t41
+ c/ e Pe0r) gr c/ e P20 220, W) — A2[Jo(T, w, vo(w))||2dr.
t t

(4.54)
Replace w by 6_;_jw in the above inequality, we have

Vot +1,0_—1w, vo(0——1w))|[5
t+1
< / [Vu(s, 0_t—1w,v0(0—t—1w))[[hds
t
t+1
+ C/ e PO (7,0 1w, ug(O—i—1w)) |30 5dr
t
t+1
+ C/ e PeEOr—i-10) gr
t
t+1
+ 0/ BP0 19 e5(60,yw) — AP [lo(7, 01w, vo(0—i—1w)) | PdT
t
t+1
< / IV0(s, 0—t—10, 0o (B—r—1))|[2ds
t
t+1
+ cePeEW) 4 epeK(w) / |le(T, 9,t71w,uo(eft—lw))ng:ng
t

t+1
+ o(K?(w) + 1) / = (2P)20r—e—1) 1) (7 0, 1w, 00 (0_y_1w))]||2dr,
t

(4.55)
where we used 0 < ¢ < 1.
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We now estimate each part on the right. Firstly, by the Lemma [£:2] for ¢t >
TO(Baw)v

t+1
/ IVu(s, 9471%00(9471@))“5“
t

t+1
= e PO t19) |y (5, 0_y_yw, up (01— w))||Pds
/ [Va(s, 0010 1)) .

t+1
< epEK(“’)/ [Vu(s, 01w, uo(0—¢—1w))|[bds
¢
< PR (1 4 P K@ (W),

To estimate the last part, firstly, replace t by 7+ ¢+ 1 and w by 0_;_jw in (4.7)),
we obtain

(7 4+t +1,0_4—1w,vo(0—s—1w) |

< fvo(O—p—1w)||2e J T 20 imr@)ds AT+ (4.57)

THt+1
+ C/ 672£z(93,t,1w)+25 f;+t+1 Z(OS/7t71w)ds'7)\(7+t+175)d5.
0
Thus
t+1
/ 68(2_1’)2(‘9**‘*1‘“)||v(77 0t 1w, v0(0_¢_1w))||*dT
t

0

< / e CP)Z0 ) (7 4+ 1,0_4_1w, vo(0_1_1w)) || %dr
-1

0
< / ||'U0(9,t,1w)||2625 Joret z(es,t,1w)dsf>\(7+t+1)+a(27p)z(9.,w)d,]_
—1

0 T4+t+1 g1 ,
+ C/ / ea(?—p)z(QTw)—Qaz(Gs,t,1w)+26 J: 204 _y_qw)ds —)\(T-‘rt-‘rl—s)dsd,r.
—-1J0

(4.58)
Since

0
/ ||U0(9,t,1w)||2625 Jrrer 2(0s—p—1w)ds—A(T+t+1)+e(2—p)z(0-w) 1~
—1
< ||u0(97t71w)”26725z(9,t,1w)f)\(t+1)+2e SO, 2(0sw)ds (4.59)

0
~ / e2€ Iy 2(05w)ds—)\7+s(2—p)z(97.w)dT.
1

For B = {B(w)}wea € D and up(0_+(w)) € B(0_t(w)), similar to (4.10), there
exists T1 (B,w) > 0, independent of ¢, such that for all t > T3 (B, w),

”uo(e_t_lw)||26—252(9,t,1w)—)\(t+1)+26 fft_l 2(0sw)ds

0
« / e2€ Ir z(esw)dsf)\‘r+5(2fp)z(97w)d,}_ (4.60)
-1

< Jug(B—s-1w)|2e™2+D < 1.
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For the second part of (4.58)),

0 T+t+1
C/ / 65(27p)z(0Tw)7252(05_t_1w)+25 fsTthJrl Z(es’—t—l‘*’)dSI*)‘(T+t+1*5)dsd7-
0 T
= C/ / 66(2717)2(0-,—&})726Z(95w)+26 ST Z(eslw)dslfA(Tfs)dsdT
—t—1

< C/ 25[0 gw)ds' —AT+e(2—p)z(0- W)Ms(w)dT
—1

< ceP K@M (w).

(4.61)
Thus (4.58)-(4.61) imply that for all ¢ > T (B,w)
t+1
efCP)Z0r—19) )0y (7 0w, vo(O_y_qw))||PdT
/ o610 w061 o)

<14 ceP K@M, (w).

Let T(B,w) = maz{To(B,w),Ti(B,w)}, it follows from (3.10), (3.11), (4.39),
(4.55)-(4.56)), (4.62) that for all t > T(B,w),

[Vu(t + 1,011, u0(0—t—1w)) |}
= P2 |Vt + 1,011, v0(0—1—1w))||%
< ePoH @) [eePK @) (1 4 2K N (w)) + ceP=K ()

e (K (W) + 1)1+ KM, (W) + (K> (W) + 1)(1+ "KM, (w))]

< e K@ (1 4 eK(w)) (1 + M. (w)).
(4.63)
(I

Lemma 4.6. Let 0 < e < 1,9 € L2(R") and (3.3)-(3.4) hold. Then for every n >
0,B = {B(w)}wea € D and P-a.e. w € Q, there is T(B,w,n) >0 and R(w,n) > 0,
independent of €, such that for all ug(0_4w) € B(0_4w) and t > T(B,w,n)

/| 0 w0 e < (4.64)

Proof. Choose a smooth function &, such that 0 < £(s) <1 for s € RT, and

ag:{a 0<s<1,

1, s>2.

Then, there exists a constant M, such that [¢/(s)] < M for s € Rt. Taking the
2
inner product of (3.12) with §(|f—‘2)v in L?(R"), we obtain

4
dt R n

|5'3|2 2
(ol da
||

= Qee(p—z)z(fhw)/ (div|Vv|P—2Vv)§( 2 Yodx + 2(ez(0rw) — / (- |v| dx

|z

2 —ez(0iw) I
+2e @

n

)vdm+2e‘€z(9t“)/ g(x)f(‘fl Judz.
(4.65)
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We now estimate the terms in (4.65)) as follows. First we have
268@_2)2(9“”)/ (div |Vo|P~2 V)¢ (| 2l Jvdx
(p—2)z(0sw) 2 |$| ov
—2¢5(P / Zw P~ )8xzdx

ov T 2:EZ
e(p—2)z(0:w) / Zlv |p 275(| ‘ )

il

:_268(17—2)Z(6tw)/ |Vv|p§( )da

|22, 2
9 (r=2)2(6u) / | VolP=2e' (B 2 2 - Vuda
2 2
<|z|<V2r reer
2
S_Qes(p—Q)Z(atw)/ |Vv|p§(| i )dx
42M
+\[€e(p—2)z(9tw)/ |UHV’IJ|p_1d.r
r r<|z|<v2r

17

e(p—2)z(0rw 2172 4\[M z(Urw
< _9esr-2):0, >/ Vo |p5(' o + =220 (|12 4 | Vo 7).

n

For the third term of (4.65)), using (3.3)), we have

—ez(0w) |£L‘|2
2e ! [, u)§ (=5 )vdx
R™ T

—2ez(0rw) ‘x|2
=200 [ (o pue(T)da

2
_9es tw —zez(brw i
< 220 [ ey + 20200 [ ey

For the last term of (4.65)), we have

|z

—ez(0w T
2¢—c2(0 )/n g(z){(—r2 Yvdzx
xQ 1 —2ez(0rw 1’2
S/\/]R 5(%)|U|2dx+xe 2e2(0: )/ gz(x)f(u)dm.

2
From (4.65)-(4.68)), it follows that

/5"”' Yo[2dz

2
< 2220) ) [ D)oz + Sectr D=0 vl + o)
R’!L

j/? 2

l —2ez(0iw) 2 I
L Gl A

r2

1 e300 / o (e)le(

)dx.

(4.66)

(4.67)

(4.68)

(4.69)
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By the Gronwall Lemma, for any ¢ > 0,

[ 2
f( 3 )lo(tw,vo(w)) [ de
< eQefo z(0rw)dT— )\t/ 5 |’U ( )|2dl‘

t
+ E/ 65(p72)z(95w)+25 f; z(@rw)d'rf)\(tfs)(HvU”g + ||U||g)d8 (470)
rJo
t | |2
+ 2/ e—26z(95w)+28 f; z(@.rw)d'r—)\(t—s)/ ( £ )W)l( )l dx ds
0 R™

+ =
A 0 R T

it follows that

I '
/ 67252(05w)+26 JIz(0-w)dT—A(t—s) / 5( |xl ) ( )dl’ ds.

By replacing w by 0_,w ,
/ &(—- |v (t,0_tw,vo(0_¢ ))|2dx
< 626[0 0r_tw)dT— )\t/ 5 |UO( tw)|2dx

t
+f/ es(p—2)z(9sftw)+2ef§Z(Grftw)df—k(t—s)(||vv(8’gftwwo(gftw))ng

™Jo
+ [lv(s, 0w, vo(0—4w))|[b)ds
t _ t _ _ (E2 ].
s [z pia e [ oo @)1+ L) deds
0 Rn
(4.71)

We then estimate each term on the right-hand side of (4.71)). Firstly, Since B € D
and ug(0_iw) € B(0_;w), it follows from (3.7)), (3.8) that there exists Ty (B,w,n) >
0, independent of &, such that for all ¢t > T} (B, w,n)

2e [1 2(0, _qw)dT—At @ 0 2d
e o §(—5 o (0—w)[“dw

7,2

Rﬂ,

< e It z(ef_tw)dﬂ'—)\tnvo(e_tw)||2 (4.72)
— o2 [0, 2(0rw)dT—At—2e2(0_w) l|uo(0_sw)|)?

< e Hug(6_w) | < 2.

To estimate the second term on the right-hand side of (4.71)), from (4.18]) with T
replaced by 0, we have

t
[ e e TN D5, 6,60
0
t
+ / ee(p—2)z(95_tw)+25 JE2(0-_sw)dr+A(s—t) ||V’U(S, 0_w, UO(G—tw))Hgds
0
t
_ / eE(P=2)z(0:_1w)+2¢ It z(0,,tw)d-r+)\(sft)(HU(s, 0_,w, UO(Q—tW))”Z
0

+ Vo (s, 01w, vo(0—:w)) ) ds
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0
< cllvo(eitw)”ZeQefEt z(Osw)ds—At +C/ 6—252(95w)+26f50 z(@.rw)dT-i-/\st.
—t

Thus

t
¢ / ee(pf2)z(z95,tw)+25 N z(eT,tw)d-rfA(tfs)(”vv(s, 0_ 4w, Uo(e—tw))Hg
™ Jo

+ [[o(s, 0w, vo(0_w))||2)ds (4.73)
c —2ez(0_w 0 z(0rw)dT—
<l (B—guw) [ e™ 26502 S5 20T g 0 (),

Since B € D, up(f_w) € B(0_4w), together with (3.7)-(3.9), it follows that there
exists To(B,w,n) > 0 and Ry(n,w) > 0, both independent of ¢, such that for
t > To(B,w,n) and r > Ry (n,w),

t
E/ ef(P—=2)2(0.—tw)+2¢ [! 2(6,—¢w)dT—A(t—5)
™ Jo

(4.74)
x ([IVu(s, 0w, vo(0—tw)) |5 + [[v(s, O—tw, vo(0—w))[IP)ds < g

For the last term of ({.71)), since g € L*(R") and ¢ € L'(R"), there exists
Rs(w,n) > 0, independent of &, such that

¢ _ t _ _ 1’2 1
mpestersae s [y ) 4+ L2 s
RTI,

[}

t
< 6—2€z(954w)+25f: z(GT,f,w)dT—)\(t—s)ds(Q/ |’lﬂ1($€)|dl‘+l/ 92(.7;)(1.’[:)
|z|>r A |z|>r
M@ [ @l [ e <D,

(4.75)
Let
T(B,w,n) = max{T1,T>}, R(w,n)=max{Ry,Ra}.
Note that T'(B,w,n), R(w,n) are both independent of e. And for ¢t > T(B,w,n)
and r > R(w,n), it follows from (4.71), (4.72)), (4.74) and (4.75) that

2
/| |U(t,9_tw,v0(9_tw))|2da::/ §(%)|v(t,9_tw,vo(ﬁ_tw))|2dx<77, (4.76)
x|>r Rn

which along with (3.11]) implies the Lemma. O

Lemma 4.7. Let0 <e <1, g € L*(R") and - hold. Then the random dy-
namical system generated by is D-pullback asymptotically compact in L?(R™),
that is, for P-a.e. w € Q, the sequence {®(t,,0_¢,w, uo n(0—¢,w))} has a convergent
subsequence in L*(R™) provided t,, — oo, {B(w)} € D and ug ,(0_;,w) € B(0_;,w).

Proof. Let t,, — 00,{B(w)} € D and ug,(0_s,w) € B(6_;,w). Then by Lemma
[41] for P-a.e. w € §, we have that

{®(t,0_t, w,uon(0_t,w))}>2, is bounded in L*(R™). (4.77)

Hence, there is ¢ € L?(R™) such that, up to a subsequence which is still denoted
by {®(tn, 0, w, uo n(0—¢,w))}, such that

D (t, 0_y,w,uon(0—s,w)) — ¢ weakly in L*(R™). (4.78)
Next, we prove the weak convergence of (4.78) is actually strong convergence.
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Given 7 > 0, by Lemma [4.6] there is T} (B,w,n) > 0 and R;(n,w) > 0, indepen-
dent of €, such that for all ¢t > T}

/|>R |¢)(t707twau0(8*tw))|2 S n. (479)

Since t,, — oo, there is Ny such that ¢, > T3 for every n > N;. Hence, it follows
from (4.79) that for all n > N;

/ |ty 0, w, 0.0 (0_s, w))|[* <. (4.80)
|22 R
Note that ¢ € L?(R"), therefore there exists Ra(n) > 0 such that
/ C(@)* <. (4.81)
|z|>R2

Let R3 = max{Ry, Ry}, denote Qr, = {z € R", [z| < Rz}, from Lemma [L.5] there
is Ty = To(B,w) > 0, such that for all ¢ > Ty,

19(t, 01w, w0 (0- 1)) 1.0 () < e K@ (1 4 eK ()1 + M.(w)).  (4.82)

Then, by the compactness of the embedding WP (Qgr,) — L*(Qg,), from (4.82)
it follows that, up to a subsequence,

D (tn, 0_s,w,upn(0_s,w)) — ¢ strongly in L*(Qr,), (4.83)
which implies that for the given 1 > 0, there exists Ny > 0 such that for all n > Ny,
1@(tn, 0, w, w00 (0-1,w)) = CllT2(qp,) < 1- (4.84)

Let N = max{Ny, N2}. By (4.80) (4.81)) (4.84), we find that for all n > N,
1@ (tn, 0w, 0.0 (0—1,w)) = ClIZa gy

= /| |D(ty, 0_t, w, upn(0_t,w)) — §|2dx
x SR3

+ / |® (L, 0, w,u0.n(0—t,w)) — ¢|*dz (4.85)
|z|>Rs
<n+ 2/ |D (L, 0_t,w, uom(@_tnw))\zdz + 2/ |¢(x)|?dx
|z|>Rs |z|>Rs
< 5,
which shows that
DBty 0_y,w,upn(0_s,w)) — ¢ strongly in L*(R™) (4.86)
as desired. O

It is now sufficient to show the existence of a D-random attractor for ® in L?(R™).

Theorem 4.8. Let 0 < e < 1,9 € L2 (R") and (3.3)-(3.4) hold. Then the random
dynamical system ® generated by (3.1) has a unique D-random attractor in L?(R™).

Proof. Notice that ® has a closed random absorbing set { K (w) },eq in D by Lemma
and is D-pullback asymptotically compact in L?(R"™) by Lemma Hence
the existence of a unique D-random attractor for @ follows from Proposition [2§]
immediately. (I
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5. UPPER SEMICONTINUITY OF RANDOM ATTRACTORS FOR P-LAPLACIAN
EQUATION ON R"™

In this section, we prove the upper semicontinuity of random attractors for the
p-Laplacian equation defined on R™ when the stochastic perturbations approach
zero. We may further assume that the nonlinear function f satisfies, for all x € R™
and s € R

Y (v.5) <. (5.1)
|g( < P2 4 5.2
PR z,8)| < asls| ¥3(), (5.2)

where a3, 3 are positive constants, 5 € L=(R") if p = 2 and ¢3 € L%(R”) if
p> 2.

To indicate dependence of solutions on ¢, in this section, we write the solution
of problem — as u°, and the corresponding cocycle as ®.. And we denote
the solution and the semigroup of the deterministic equation

d
di; — div(|VulP~2Vu) + A = f(z,u) + g(z), z€R™, t>0 (5.3)
by u and ®( respectively.

Note that the existence of the global attractor Ag in L?(R") for the deterministic

system ([5.3)) can similarly be achieved by the discussion in section 4.

Lemma 5.1. Let 0 < € < 1,9 € L3(R") and (3.3)-(3.4) hold. Then the union
Uo<e<1Ac(w) is precompact in L?(R™).

Proof. Given n > 0, we want to show that the set Up<c<1.Ac(w) has a finite covering
of balls of radii less than 7. From Lemma [4.1

D.(w) = {u € L2R") : ||lul|? <1+ > M, (w)} (5.4)
is a closed and tempered random absorbing set for ®. in L?(R"). Let

D(w)

0
={ weLl’R"):|ul* <1+ ce2|z(w)‘/ 212 ) +2] [ 2(0rw)dri+rs g +o00}.
It is easy to show that D(w) is also a tempered set, that is, {D(w)}weq € D.
By Lemma we find that, given n > 0 and P-a.e.w € Q, there is T'(B,w,n) > 0
and R(w,n) > 0, independent of €, such that for all ug(0_;(w)) € D(0_¢(w)) and
t>T(B,w,n)

2
/ (010, 10 (0_0))2da < . (5.5)
|z|>R 16
For Yuy(8_;(w)) € Ac(0-¢(w)), note that
Ug<e<1 Ag(w) C U0<E§1D5(w) C D(w), (5.6)

which implies that ug(0_+(w)) € D(f_w). It follows that for every 0 < & < 1,
P-a.e. w € Q,¢t > T and for all up(6_;(w)) € Ac(0—¢(w))

772

/| 00000t < G (5.7)
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which along with the invariance of {A.(w)},ecq shows that for P-a.e. w € Q
2
/ [u(z)|*dx < 77—, VU € Upce<i Ae(w). (5.8)
|| >R 16 B

Let
Qr={zeR":|z| <R}, Q%=R"-Qr. (5.9)
Then (5.8)) implies that for P-a.e. w € Q,

i@z < 70 Vi € Vocesi Ac (@), (5.10)

On the other hand, by Lemma we find that, for every 0 < ¢ < 1 and P-a.e.
w € Q, there exists T(D,w) > 0, independent of ¢, such that for all ¢t > T(D,w),

1@ (£, 01w, D(O-10)) 100,y < K@ (1 4 eK ()1 + M.(w)),  (5.11)

which together with implies that the set Uy<.<1A: (w) is bounded in W1P(Qp)
for P-a.e. w € Q. By the compactness of embedding W'?(Qgr) — L*(Qr), we find
that, for the given 7, the set Up<.<1.A-(w) has a finite covering of balls of radii less
than 7 in L?(Qg). This along with shows that Up<.<1A:(w) has a finite
covering of balls of radii less than n in L?(R"). O

Lemma 5.2. Let g € L2(R"), (3.3)-(3.4) and (5.1)-(5.2) hold. Given 0 < e <1,
let u® and u be the solutions of equation (3.1)) and (5.3) with initial conditions u§
and ug, respectively. Then for P-a.e. w € Q,uf — ug (¢ | 0) and t > 0, we have

liinolug(t,w,ug) = u(t,w,up). (5.12)
€

Proof. Let
v (tw,vg) = efez(of“)us(t,w,ug), W = v°(t,w, vg) — u(t,w, up).
Then together with (3.12)) and (5.3)), we obtain

ow + &5 (P=22(0:9) Ay — Ay 4+ AW
ot (5.13)

= e ) f(x,u) = fla,u) + (6770 —1)g(x) + ev®z(Ow),
where A = — div(|V([P72V().
Taking the inner product of (5.13)) with W in L?(R"), we have
1d
2 dt
= (PO AT — Au, W) = MW P + (e f(a,u%) = f(,u), W)
+ (€70 — 1)g(2), W) + e2(0w) (v°, W).

W

(5.14)
By the property of p-Laplacian operator for p > 2 and the Young inequality, we
obtain
— (e5P=22(00) Ay — Au, W)
= —efP DO Ay — Au, 0 — u) — (e5P7DO0) _ 1) (Au, W)
< [eS=D20) _1||(Au,0f — w)

< cles 220 (| Vulh + VoS |7).

(5.15)
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For the nonlinear term on the right-hand side of (5.14)), by (3.4)), (5.1) and (5.2)),
(e f(a,u®) — f(z,u), W)

_ 6_62(9“,_,)/ (f(x,ua) B f(x,u))de + (e—ez(Gtw) _ 1) f(gc,u)Wd:L‘
n Rn

= ¢~ (6:w) g(w, ) (u — u)Wdz + (e~ — 1) flz,u)Wdx
rn OS R™

0
_ e—sz(etw) aif(l,’s)[esz(etw)vs _ esz(ﬂtw)u + (esz(etw) _ 1)U]Wd.1‘

rRn OS
+ (e7*0w) _q) flx,u)Wdzx
Rn
— af 2 —ez(0iw) 8f
= /. %5 (x, )Wz + (1 —e ) . Bs (x, s)uWdz

+ (e (0w) _ 1) flz,u)Wdz
]R'n.

< BIW[? +]1 = e / as(fu®] + )Pl + s ()l W]
+ 1 @, w)[Wlde
< BIIW? + cf1 — oo / T P2l [ W]+l W] s ) [
[P W]+ [t (@) W de
< BIW I + clt = e |5 + ally + IWI5 + sall %2 + lall® + W)
< B2 + et = e (s I+ lullp + W + W) + 1)

By the Young inequality, the last two terms on the right-hand side of (5.14) is
bounded by

e =) —1|(g(2), W)| + el2(8u) (W +u, W)
< Jem =0 —1|(|gl® + W) + celz(@) (W + [lull?).
It follows from ([5.14))-(5.16) that

d
iy vall
ZIw]

(5.16)

< et @D (| Vullp + [|Vo°|[p) + el W2
+ell— e (a5 + ullh + WL + [IW* + 1)
+ e —1(llglf + W I1%) + cel=(@uo) [(IW 1 + [fu?)
< e @D (| Vullh + [|VoE|[p) + el W2
+ell = e ([juf 5+ POl | 4 flullf + WP+ 1)
+ celz ()| (W17 + ull®)
= c(1+ |1 — e 0| 4 efz(6,0)]) W2 + cles@220) —1)(||
+ VT [B) + el — e [(emP= 0 1) [l |8+ [fuh + 1]
+ ce2(0ww) | [[ul|?
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< (PO 11 4 2 (Bw) N IW P + e D=0 — 11|V ullh + Vo7 |17)
+ell = e O [(emPE 0 1 1) 1B+ [fullf + 1] + cel(Biw) [ ull?,

where we used 0 < £ < 1. Then by the Gronwall Lemma, we have for V fixed ¢ > 0,
t
o [t e2(05w)] 2(0.w)|)ds e(p—2)z(0sw
WO < el s )2 ¢ [ {02200 (7

+VOFIB) + (1 — e =0 [(e7 P2 4 1) |[uf ()15 + u(s)IIp + 1]
+ c€|z(05w)|||u(s)||2}ecf§ elFEOm 414 |2(6,0) dr g

< ecfot e(‘z(SS“’)|+1+|z(93w)|)dsH|W(0)H2
t
b [0 1| ([Tuly + Ve )
0
t
b [ e O ) () s
0

¢ t
n c/ - e—sz(esw)|(||u(s)||5 +1)ds + ce/ |z(05w)|||u(3)||2ds].
0 0

(5.17)
Since u§ — ug (as € | 0), we have
WO = 05—l = e~ — ey 4 (=) ol
< e(le” P ug — uo|)* + [e ) = 1][lug|*) 0 ase 0.
According to (4.15) with T" replaced by 0, we have
t
/ 672az(05w)+25 JEz(0-w)dr+A(s—t) ||’U,€(S, w, ug (w))||11;d8
0
t
+ / e(P—2)ez(0w)+2¢ JEz(0-w)dr+N(s—t) HV’UE (s,w, e (w))||£ds
0
t
< ce? Jo 2O)ds =2 ys () |2 + c/ e~ 2e2(0sw)+2e [ 2(0rw)dT+A(s—1) (5.19)
0

t
t _ _ _ t _
:cekfﬁ 2(0sw)ds—\t 2€z(w)||u6(w)”2+c/ e 2ez(0sw)+2e [} 2(0,w)dT+N(s—t)
0

t
< Ce2f0t |z(0sw)|ds—At+2]z(w)] ||u(E)(W)H2 + C/ €2|z(95w)\+2f0t |z(97w)|d7'
0
Thus

t
/o (e7P=2(0=) 1 1) (| (s)|[2ds
t
:/ (e7Per(0s)  1)e2e2(0aw)—2e JI2(0rw)dr=A(s—t) y=2e2(0sw)+2¢ [ 2(0,w)dT+A(s—1)
0

X [Juf (s, w, ug(w))[[pds

< (6pmax0§s§t [z(0sw)| + 1)62 maxg<s<¢ |2(0sw)|+2 fot |z(0rw)|dT+ At

t
% (ceQIUt\z(@sw)|ds—)\t+2|z(a))|Hug(w)”2 +C/ eQ\z(Gsw)H-?fOt\z(@.rw)|d'rd8>
0
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< Cec(lth) maxg<s<t |2(0sw)| HUS(W)H2 + Ctec(1+t) maxXg<s<t |z(05w)\+)\t.
Then it follows that

t
c / |1 — eme= ) |(e7Pe2(0) 1) |uf(s)||Pds
0

. (5.20)
_ —ez(Osw —pez(Qsw
= corgggtﬂ — e )|/0 (e7Pex(Osw) 4 Dflus(s)|lbds — 0 ase | 0.
Similarly, according to ([5.19)), we can get
t
c/ |es(P=2)2(0sw) _ H[IVve(s)|lbds — 0 ase | 0. (5.21)
0

And by (5.3)) for ¢ = 0, we can also get that
t t
c/o |e=(P=220:) _ ||| Vu(s)|[Eds + c/o 11— e =) |lu(s)|[Pds — 0 (5.22)
as € | 0. Furthermore, it is easy to see

t t
lim(c/ 1 76752(05“’)\d5+c€/ |2(0sw)|||u(s)||?ds) = 0. (5.23)
siO 0 0

Thus, together (5.17), (5.18), (5.20)(5.23), imply that for P-a.e. € Q,V fixed
t>0,uf — ug (¢]0),

W (t)|]? = ||v° —ul* =0 ase]D0. (5.24)
Finally, by (5.13)) and (5.24)), we obtain
Hus _ u||2 _ ||esz(€tu)vs _ u||2 _ ||esz(9tw)vs _ esz(ﬁtw)u + (esz(Gtw) _ 1)u||2

< (€00 — || +[e2*%) —12||u|?) - 0 ase | 0.

This completes the proof. ([
Theorem 5.3. Let g € L2(R"™), (3.3)-(3.4) and (5.1))-(5.2) hold. Then for P-a.e.

w e N
11{101 dist Lz(Rn)(AE<w)7 Ao) =0. (525)
2

Proof. 1t suffices to show that conditions (i)—(iii) of Proposition [2.9 are all satisfied.
Note that {D.(w)}wecq is a closed absorbing set for ®. in D, where D, (w) is given

by (5.3). And it is easy to get

1
limsup | D (w)]| < M =4/1+ —, (5.26)
el0 A

where /1 + % is a positive deterministic constant. Thus condition (i¢) of Propo-
sition [2.9)is satisfied. Lemma [5.1] and Lemma [5.2) show that condition (iii) and (i)
of Proposition are satisfied respectively. Hence, (5.25) follows from Proposition
2.9 immediately. O
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