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ENTROPY SOLUTIONS FOR NONLINEAR ELLIPTIC
EQUATIONS WITH VARIABLE EXPONENTS

CHAO ZHANG

ABSTRACT. In this article we prove the existence and uniqueness of entropy
solutions for p(z)-Laplace equations with a Radon measure which is absolutely
continuous with respect to the relative p(z)-capacity. Moreover, the existence
of entropy solutions for weighted p(z)-Laplace equation is also obtained.

1. INTRODUCTION

The study of partial differential equations and variational problems with non-
standard growth conditions has been received considerable attention by many mod-
els coming from various branches of mathematical physics, such as elastic mechan-
ics, image processing and electro-rheological fluid dynamics, etc. We refer the
readers to [7), 10, [24] 26] and references therein.

Let © be a bounded open domain in RY (N > 2) with Lipschitz boundary 5.
In this article we consider the nonlinear elliptic problem

—div (w(x)\Vu|p(z)72Vu) =f in Q,

1.1
u=0 on 01, (L.1)

where the variable exponent p : Q — (1,00) is a continuous function, w is a weight
function and f € L'(Q).

When dealing with the p-Laplacian type equations with L' or measure data, it
is reasonable to work with entropy solutions or renormalized solutions, which need
less regularity than the usual weak solutions. The notion of entropy solutions has
been proposed by Bénilan et al. in [3] for the nonlinear elliptic problems. This
framework was extended to related problems with constant p in [T} [5l [6 23] and
variable exponents p(z) in [2, 25, 27, 28]. The interesting and difficult cases are
those of 1 < p < N, since the variational methods of Leray-Lions (see [21]) can be
easily applied for p > N.

Recently, when w(z) = 1, the existence and uniqueness of entropy solutions of
p(z)-Laplace equation with L! data were proved in [27] by Sanchén and Urbano.
The proofs rely crucially on a priori estimates in Marcinkiewicz spaces with vari-
able exponents. Moreover, in [28] we extended the results in [27] to the case of a
signed measure g in L'(Q) + W~12'()(Q). In view of a refined method which is
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slightly different from [27], we obtained that the entropy solution of problem
is also a renormalized solution and proved the uniqueness of entropy solutions and
renormalized solutions, and thus the equivalence of entropy solutions and renor-
malized solutions. Especially, when p is a constant function, w is an A, weight
and f € L'(Q), Cavalheiro in [6] proved the existence of entropy solutions for the
Dirichlet problem .

This work is a natural extension of the results in [0l 28]. The novelties in this
paper are mainly two parts. First, when p is a constant function, we know from [5]
that € L'(Q) + W12 (Q) if and only if u € M2(Q), i.c., every signed measure
that is zero on the sets of zero p-capacity can be decomposed into the sum of
a function in L'(Q) and an element in W~17'(Q), and conversely, every signed
measure in L'(€) + W~ () has zero measure for the sets of zero p-capacity.
In our previous paper [28], we proposed an open problem: what about the similar
decomposition result for the variable exponent case? By using the similar arguments
as in [5] and employing the properties of LP()(Q) and the relative p(-)-capacity (see
[T7]), we try to give a positive answer for this question. Although the proof follows
basically the steps in [5], it is not a straightforward generalization of the same
result for constant exponents which needs a more careful analysis to derive the
conclusion. Second, as far as we know, there are no papers concerned with the
entropy solutions for the weighted p(z)-Laplace equations. The main difficulty is
that there are few results for the A, -weight whenever p is not constant function.
We refer the readers to paper [16] by Hé&sté and Diening for the latest results.
The properties of weighted variable exponent Lebesgue-Sobolev spaces in [16] [19]
provide a way to prove the existence of entropy solutions for problem .

Now we review the definitions and basic properties of the weighted general-
ized Lebesgue spaces LP(*) (Q, w) and weighted generalized Lebesgue-Sobolev spaces
WhPE)(Q w).

Let w be a measurable positive and a.e. finite function in RY. Set C(Q) =
{h € C(Q) : min, g h(z) > 1}. For any h € C(Q) we define

hy =suph(z) and h_ = inf h(x).
T€EQ zeQ

For any p € C4(Q), we introduce the weighted variable exponent Lebesgue space
LPC)(Q,w) to consist of all measurable functions such that

/ w(z)|u(z)P® dr < oo,
Q

endowed with the Luxemburg norm

[ull Lot (0,00) = inf {A >0 /

u(x) ‘P(-T)
Q

w(a)| 52

\ der < 1}.

For any positive integer k, denote
WEP@(Q w) = {u € L™ (Q,w) : D € LP™ (Q,w), |a| < k},
with the norm
[ullwrne @) = D I Ull 1o 60,0)-
|| <k
An interesting feature of a generalized Lebesgue-Sobolev space is that smooth func-

tions are not dense in it without additional assumptions on the exponent p(z). This
was observed by Zhikov [29] in connection with Lavrentiev phenomenon. However,
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when the exponent p(zx) is log-Hélder continuous, i.e., there is a constant C' such
that

Ip(e) — ply)| < —2 (1.2)

~ —log|z —y|
for every x,y € Q with |z — y| < 1/2, then smooth functions are dense in variable
exponent Sobolev spaces and there is no confusion in defining the Sobolev space
with zero boundary values, VVO1 P (')(Q), as the completion of C§°(Q2) with respect
to the norm ||ul[yy 1,001 () (see [15]).

Let T}, denote the truncation function at height k£ > 0:

k if r >k,
Ty (r) = min{k, max{r,—k}} = ¢r i |r| <k,
—k ifr <-—k.

Denote
761”’(')(9) = {u : u is measurable, Ty (u) € Wol’p(')(Qyw)a for every k > 0}.

Next we define the very weak gradient of a measurable function u € Tol’p (')(Q).
As a matter of the fact, working as in [3| Lemma 2.1], we have the following result.

Proposition 1.1. For every function u € 751’7)(')(9), there exists a unique mea-
surable function v : Q — RN, which we call the very weak gradient of w and denote
v = Vu, such that

VTi(u) = vX{u<ky for a.e. x € and for every k > 0,

where xg denotes the characteristic function of a measurable set E. Moreover, if
u belongs to Wol’l(Q,w), then v coincides with the weak gradient of u.

The notion of the very weak gradient allows us to give the following definition
of entropy solutions for problem (1.1)).

Definition 1.2. A function u € ’]Bl’p(')(Q) is called an entropy solution to problem
L) if
/ w(z)|VulP® =2V - VT (u — ¢) dz = / fTi(u — ¢)du, (1.3)
Q Q

for all ¢ € Wo ™) (Q,w) N L=(9Q).

The rest of this paper is organized as follows. In Section 2, we prove the exis-
tence and uniqueness of entropy solutions for p(z)-Laplace equation with a Radon
measure which is absolutely continuous with respect to the relative p(-)-capacity.
The existence of entropy solutions for weighted p(x)-Laplace equation will be con-
sidered in Section 3. In the following sections C' will represent a generic constant
that may change from line to line even if in the same inequality.

2. UNWEIGHTED CASE

In this section, we prove the existence and uniqueness of entropy solutions for
the following problem

—div (|Vu|p(z)72Vu) =p in Q,

2.1
u=0 on 01, (2.1)
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where 1 a Radon measure which is absolutely continuous with respect to the relative
p(+)-capacity. First we state some results that will be used later.

Lemma 2.1 ([I3, 20]). (1) The space LP)(Q) is a separable, uniform convex Ba-
nach space, and its conjugate space is L) (Q) where 1/p(x) + 1/p'(x) = 1. For
any u € LPO)(Q) and v € LP' O)(Q), we have
| [ wde] < (= + ) lso@llvlloy < 2l @ ol o;
(2) If p1,p2 € CL (), p1(x) < po(x) for any x € K2, then there exists the contin-
uous embedding LP*(®)(Q) — LP1(®)(Q), whose norm does not exceed || + 1.

Lemma 2.2 ([I3]). If we denote
plu) = / [ulP@ dz,  Yu e LP®(Q),
Q
then
min{||ul[, [l @y} < p(u) < max{lull}; [l oy }-
Lp()(Q) e () =P = Lo (Q) Lp()(Q)

Lemma 2.3 ([I3]). W*?®)(Q) is a separable and reflexive Banach space.

Lemma 2.4 ([I8] 20]). Let p € C(Q) satisfy the log-Hélder continuity condition
(1.2). Then, for u e Wol’p(')(ﬂ), the p(-)-Poincaré inequality

[ull Lo () < ClIVUll Lo
holds, where the positive constant C' depends on p, N and €.

Lemma 2.5 ([9,[12]). Let Q C RY be an open, bounded set with Lipschitz bound-

ary and p(x) € C+(2) with 1 < p_ < py < N satisfy the log-Hdlder continuity
condition (1.2)). If ¢ € L*°(Q) with q— > 1 satisfies

4(@) < p*(x) = P

Y vreq,
N —p(z)

then we have
Whr@(Q) — L1@)(Q)
and the imbedding is compact if infzcq(p*(z) — q(x)) > 0.

A variable exponent version of the relative p(-)-capacity of the condenser has been
used in [I7]. This alternative capacity of a set is taken relative to a surrounding open
subset of RV. Suppose that p; < co and p(z) satisfies the log-Holder continuity
condition (L.2). Let K C Q. The relative p(-)-capacity of K in € is the number

cap, () (K, Q) = inf { /Q IVlP@ dz - p € C°(Q) and ¢ > 1 in K}.

For an open set U C 2 we define
cap,) (U, ) = sup { cap,)(K,Q): K CU compact }
and for an arbitrary E C €,
cap,() (£, Q) = inf { cap,)(U,Q):UD E open}.

Then
cap,.) (£, Q) = sup { cap,)(K,Q): K C E compact}
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for all Borel sets £ C 2. The number cap,,.)(£,) is called the variational p(-)-
capacity of E relative to . We usually call it simply the relative p(-)-capacity of
the pair. The relative p(-)-capacity is an outer capacity.

We say that a function f : Q — R is p(-)-quasi continuous if for every ¢ > 0 there
exists an open set A C Q with cap,.)(4,9) < ¢, such that f[o\4 is continuous.
Every u € WHP()(Q) has a p(-)-quasi continuous representative (see [5,17]), always
denoted in this paper by u, which is essentially unique.

Denote by My (£2) the space of all signed measures on €2, i.e., the space of all
o-additive set functions g with values in R defined on the Borel o-algebra. If p
belongs to M (£2), then |u| (the total variation of 1) is a bounded positive measure

on Q. We will denote by MJZ(') (©) the space of all measures p in Mp(2) such that
p(E) = 0 for every set I satisfying cap,.)(F,{2) = 0. Examples of measures in
Mf(')(Q) are the L'(Q) functions, or the measures in W=1#'0)(Q).

Next we have a decomposition of a measure in Mg(')(ﬂ).
Proposition 2.6. Assume that p(x) satisfies the log-Holder condition with
1 <p_ <py < +oo. Let p be an element of My(Q). Then u € LY(Q)+W 12 ()(Q)
if and only if u € Mi(')(Q). Thus, if 1 € Mf(')(ﬂ), there ezist f in L'(Q) and F
in (LY O(Q)N, such that

uw=f—divF,

in the sense of distributions.
Proof. Necessity. If ju belongs to L' (Q2) + W 12" ()(Q), then there exist f € L(£)
and F € LP')(Q) such that p = f — div F. We just need to show that u(E) = 0
for every set E' C  such that cap,)(E,2) = 0. It is easy to see that u € M;(Q).
From the definition of p(-)-capacity and the similar arguments as in Lemma 2.4 of
[22], there is a Borel set Ey C €2 such that £ C Eo and cap,.)(Eo, ) = 0. Let
K C Ej be compact and Q' C 2 an open set containing K. Then there is a sequence
(¢;) C Cg°(€Y) such that 0 < ¢; < 1, ¢; = 1 in K and [, [Ve;[P@dz — 0 as
j — oo0. Then we have

Iu(K)ISI/ @jdu|§|/ fcpjder/ F -V, dz|.
Q/ Q/ Q

Choosing the regular functions {f,} such that ||f, — fllz1(q) — 0 as n — oo and

applying Lemmas and [2.4] yield that
W< [ 1= 11 lgsldat [ 151l o+ [ [P (9] da

< ||‘PjHL<>°(Q')||fn - fHLl(Q’) =+ 2||fn||Lp’<z>(Q/)H<Pj||Lp<w>(Q')
+ 2 Fl Lo (o) IV @3]l oo ()

< sl @)llfn = Fller@y + Cllfall e @y IV ll Lo )
+ 2| Fll o @) (o) IV@s [l Lo (1)

vy
< lesllim@llfn = Sy + Cllallrcoen ([ 190 do)

v
+ 2||F||Lp/(m)(9/)</9, |V@j|P(IL’) dI) ,
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where
_ {1/p_ if |Vl ooy > 1,
Up+ i |Vejlre @y < 1.
It follows that for all compact K C Ejp,

IW(EK)| < Cllfn = fllory as j— oo,
where C' is a positive constant that does not depend on n. Moreover, it implies that
w(K) =0 as n — oo, and then u(E) < u(Ep) = sup{u(K) : K C Ey compact} =0
by the regularity of u.

Sufficiency. Motivated by the ideas developed in [5, 8 [I1] with constant expo-
nents, we sketch the proof. In the following we assume that p is positive. (If not,
we write p = put — p7.)

Step 1. First we prove that every measure u in /\/lf(')(Q) can be decomposed
as p = fy™me® je., du = fdy™®s, with f a positive Borel measurable function
in L'(€,7y™) and 4™ a positive measure in W17 ()(Q). Indeed, for any
u € VVO1 P (')(Q), let @ be the p(-)-quasi continuous representative of w. Since @
is uniquely defined up to sets of zero p(-)-capacity, we can define the functional
F:wiPO(Q) = [0, +00] by

F(u) = /Qmax{ﬂ,O} dp.

Clearly, F' is convex and lower semi-continuous on WO1 P (')(Q). Since W1P()(Q) is
separable from Lemma[2.3] the function F is the supremum of a countable family of
continuous affine functions. Therefore, there exist a sequence {\,} in W17 ()(Q)
and a sequence {a,} in R such that
F(u) = sup{{An,u) + an}

neN
for every u € Wol’p(')(Q). Since, for any positive t, tF(u) = F(tu) > t(\,, u)+a, for
every n, dividing by ¢ and let t — +o00, we get F'(u) > (A, u) for all u € Wol’p(')(Q).
For u = 0, we deduce that a,, < 0. Thus

F(u) > sup(Ap, u) > sup{{An,u) + an} = F(u), (2.2)
which implies that
F(u) = sup{An,, u). (2.3)
neN

In view of (2.3) and the definition of F, for all ¢ € C§°(€2), we have

(Ans ) < sup(hn, @) = Flp) = /QW dp < lpla@llele@). (24
Thus, applying this inequality to ¢ and —¢, we obtain
[(An, o) < ||M||Mb(sz)||<PHL°c(sz)7

which implies that A, € W12 0)(Q) N M(Q). Moreover, since F(—p) = 0 for
any nonnegative ¢ € C§°(€2), we have (\,,p) > 0. By the Riesz representation
theorem there exists a nonnegative measure on €2, which we denote by A2°**/ such
that

(Ansp) = / @dA;®, for all such ¢,
Q
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which implies A% € M, (Q) (that is to say A\, € W1 0)(Q) N M, (Q)). Using
again (2.4) to any nonnegative ¢ € C§°(2), we obtain
A < I vy @) < el e)- (2.5)

Define

o

Z (Al - 1P()(Q)+1)

(2.6)

It is obvious that the series is absolutely convergent in W—1#"() (©). Then we have,
for all ¢ € C§°(),

(An, @)
|Z?" ([Anll - 1p<>(m+1)|

O e
Y 7

< el mo@ llellz= o),

meas

and v € W17 ()(Q)N M, (Q). Since the series 3.°° ]

" W*lvp,(')(9)+1)
converges in M;(€2). Applying (2.6)) to functions of C§°(€2), we can see that

strongly

)\meas

meas _—
Z "(nllw-100r ) +1)

In particular, ™ is a nonnegative measure (each A" is nonnegative).
Since \Ie3s < ~ymeas  there exists a nonnegative function f, € L(§,dy™)
such that A¢as = f, ™85 Thus (2.3) implies

/ pdu= sup/ fno dy™e (2.7)
Q n Ja
for any nonnegative ¢ € C§°(€2). We also have, by (2.5), f,7™* < u, that is
[ fadmes <), (28)
B

for any Borelian subset B C (2 and every n.
Denote

Bs = {.’IJ €B: fs(‘r) = max{fl(x)7"'afk(x)} and fs(.’lf) > fl(x)a"wfs—l(x)}'

It is obvious that B; (i = 1,...,k) are disjoint and B = U¥_; B,. Then by (2.8) we
have

/ Fody™ < u(BL);

By

that is,

/ sup{fis- ., fu} V™™ < u(B,).

s

Summing up the above inequalities for s = 1,..., k, we deduce that

/B sup{fr.. - i} Ay < u(B),
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for any Borelian subset B C ) and any k& > 1. Letting kK — oo, we obtain from the
monotone convergence theorem that

[ i< o,
B

where f = sup,, f,,. Then from (2.7) we conclude that

/ @ dp = sup / fnip dy™ < sup / fody™e
Q n Q n Q

= / fody™e™ < / @ dp,
Q Q
for any nonnegative ¢ € C§° (), which yields that

meas

w=fy
Since p(2) < 400, it follows that f € L1(£, dymeas).

Step 2. Let K,, be an increasing sequence of compact sets contained in €2 such
that U2 K, = Q. Denote u%” = To(fxk,)y™®. It is obvious that {p%l)} is
an increasing sequence of positive measure in W‘l’pl(')(Q) with compact support
in Q. Set py = ,ugl) and p, = ,A}) — us_)l. Then p = Z:ﬁ 1in, and the series
converges strongly in My (£2). Since g, > 0 and ||, || a1, () = Hn(£2), We know that
Son 2 Ml a2y < o0

Step 3. Let p > 0 be a function in C§°(RY) with [, p(z) dz = 1. Let {p,} bea
sequence of mollifiers associated to p; i.e., pn(x) = n® p(nz) for every z € RY. For
n € N, if u, is the measure defined in Step 2, the log-Hdolder continuity condition
implies that {/i, * pm} converges to p, in W=120)(Q) as m tends to infinity.
By the properties of u,, and py,, iy * pm belongs to C§°(Q) if m is large enough.

Choose m = m,, such that p, * pn,, belongs to C§°(Q) and ||un * pm, —
/Ln||W_1,p/<.)(Q) < 27" Then p, = fn + gn, where f, = pn * pm, and g, =
tn — fn * Pm,. The choice of m, implies that the series Z:z gn converges
in W-LP"0(Q) and g = 37> g, belongs to W17 ()(Q). Since I fullLr =
ltin * pmollzr@) < llinllag @), by Step 2 the series Z:g fn is absolutely con-
vergent in L(Q), and fo = Y./ f, belongs to L'(Q). Therefore, the three se-

ries 3720 1, 3720 g, and 307 f, converge in the sense of distributions. Then
= fo+ g. This completes the proof. O

Remark 2.7. From Proposition we can conclude that p € Mf(') (€) is a signed
measure in L'(Q) + W12'0)(Q); ie.,

u=f—divF in the sense of distributions,

where f € L1(Q) and F e (L' )(Q))N. Therefore, the equality (T.3) can be written
as
/ |Vul[P® =2y - VT, (u — ¢) dz
@ (2.9)
= / fTi(u— ¢)dx +/ F-VTi(u— ¢)dz,
Q Q

for all ¢ € Wi P™)(Q) N L=(Q).
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Based on the decomposition of a measure in Mf(')(ﬂ), we have the following
result, whose proof can be found in [2§].

Theorem 2.8. Assume that p(z) satisfies the log-Hélder condition (1.2]) and p €
Mf(')(Q). Then there exists a unique entropy solution u € ’261”’(')(9) for problem

2.1
3. WEIGHTED CASE

In this section, we are ready to prove the existence of entropy solutions for
weighted p(z)-Laplace problem (|1.1)).

3.1. Preliminaries. Let w be a weight function satisfying that
(W1) w e L (Q) and w= /@@= ¢ 1 (Q);
(W2) w=*®) ¢ L}(Q) with s(x) € (TA;)’ 00) N [;)(71)71’00)'

Lemma 3.1 ([I6, 19]). If we denote
) = [l dz, u e PO w),
then "
{0125y 1 gy < 900 < 001750 1 g

Lemma 3.2 ([19]). If (W1) holds, W P@)(Q, w) is a separable and reflexive Ba-
nach space.

For p,s € C4(9), set

_ p(@)s(z)
ps(x) := 1+ 5(2) < p(z),
where s(x) is given in (W2). Assume that we fix the variable exponent restrictions
z)s(x)N .
b (@) i { TN i N > pale), (3.1)
* arbitrary if N <ps(x),

for almost all x € Q.
Next we state a continuous imbedding theorem for the weighted variable expo-
nent Sobolev space.

Lemma 3.3 ([19)). Let p,s € C(Q) and let (W1) and (W2) be satisfied. Then we
have the continuous imbedding

W@ (Q w) — L"®(Q)

provided that r € Cy(Q) and r(z) < pi(z) for all x € Q and the embedding is
compact if infzcq(pk(x) — r(z)) > 0.

We conclude this subsection by proving a prior: estimate for entropy solutions
of problem (1.1)), which plays a key role in proving our main result.

Proposition 3.4. If u is an entropy solution of problem (1.1)), then there exists a
positive constant C' such that for all k > 1,

(p3)—

C(M+1) 7

< - 7
meas{|u| > k} < rOEE=—
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where
p_s_N

(s— +1)N —p_s_~
Proof. Choosing ¢ = 0 in the entropy equality (|1.3), we obtain
[ e@IVIp de= [ (@) [Fup de < fls,
Q {lul<k}

which implies that for all £ > 1,

M= ”fHLl(Q)v (ps)- =

k/ )| VT (w)|P®) de < M, (3.2)

Where M = ||f||L1(Q)
Recalling Sobolev embedding theorem in Lemma [3.3] we have the following con-
tinuous embedding

Wol’p(w)(Q,w) — LP:(®)(Q) — L) (Q),

where pi(z) = m)i(f;)]\sz(f;é\;)s(z) and (pi)_ = (s_fﬁsﬁ' It follows from
Lemma and (2.2)) that for every k > 1,

1Tk (Wl Lo @y < ClIVTRW| Lo (0,0)
3
<o / w(@)| V() ") dz) < O(MR)®,
Q
where
5 o= [V ()] e () > 1,
i if [VT(w)|l Lo 0,0y < 1-

Noting that {|u| > k} = {|Tk(u)| > k}, we have

(P3)—
1T (Wl Lo () @3- _ CMP®D- _O(M+1) -
f) = EeD 0B = T - (-75)

This completes the proof. ([l

meas{|u| > k} < (

3.2. Main result.

Theorem 3.5. Let (W1) and (W2) be satisfied. Then there exists an entropy
solution for problem (L.1).

Proof. We first introduce the approximation problems. Find a sequence of C§°(€2)
functions {f,} strongly converging to f in L!(Q) such that
[ fallzie) < C(If L) +1)- (3.3)
Then we consider approximate problems of
—div (w(x)|Vun|p(I)_2Vun) =f, inQ, (3.4)
U, =0 on 9N.

Then from the result in [I4], we can easily find a unique weak solution u, €
T/VO1 P (')(Q,w) of problem ({3.4]), which is obviously an entropy solution, satisfying
that for all ¢ € Wo ™ (Q,w) N L=(Q),

/ w(z)| Vi |P® 2V, - VT (u, — ¢) de = / FuTi(u
Q



EJDE-2014/92 ENTROPY SOLUTIONS FOR p(z)-LAPLACE EQUATIONS 11
Following the same arguments as in Proposition [3.4] and (1.2]), we have
[ (@) VL) P do < O(1F 130 + 1), (35)
Q

Our aim is to prove that a subsequence of these approximate solutions {u,} con-
verges to a measurable function u, which is an entropy solution of problem ([1.1)).
We will divide the proof into several steps.

Step 1. We shall prove the convergence in measure of {u,} and we shall find
a subsequence which is almost everywhere convergent in 2. For every fixed € > 0,
and every positive integer k, we know that

{lttn = | > € € {lun] > k} U {Jum] > £} U{|Th(u) = Tilum)| > €}.

Using Sobolev embedding theorem in Lemma we find that W) (Q, w) can
embed into L%(Q2) with ¢ < (p%)_ compactly. Then we know {Tju,} is convergent
in L4(Q) with ¢ < (p%)_. It follows from Proposition [3.4] that

lim sup meas{|u, — um| > €} < Ck™7,

n,m— oo

where oo = (p:)_(l—p%) > 0 and the constant C' depends on p(-), s(-) and || f|| 1 (q)-
Because of the arbitrariness of k, we prove that

lim sup meas{|uy,, — um| > €} =0,
n,m— o0

which implies the convergence in measure of {u,}, and then we find an a.e. con-
vergent subsequence (still denoted by {u,}) in Q such that

Uy, — u  a.e. in Q. (3.6)

Step 2. We shall prove that
VTi(up) — VTi(u) strongly in Wol’p(x)(Q, w), (3.7)
for every k > 0. Let h > k. We choose
wy, = Tog (un — Th(un) + Ti(un) — T(u))

as a test function in (3.4). If we set M = 4k+h, then it is easy to see that Vw,, =0
where {|u,| > M}. Therefore, we may write the weak form of (3.4) as

/ w(z)|VTas (1) P2V T () - Vo, do = / frnwy, dx.
Q Q

Splitting the integral in the left-hand side on the sets where {|u,| < k} and where
{Jun| > k} and discarding some nonnegative terms, we find

/Q w(z)|[VTas (un) PO "2V Tos (wn) - Vo (tn — Th(tn) + Th(tn) — Th(u)) da
= / w(@)| VT () PO 2V T (1) - V(T (un) — Ti(w)) de
Q

— / w(@)||V T (wn) P2V Tag ()| [V Tk (w)] de.
{lun|>k}
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It follows from the above inequality that
[ @) (IV2n) P29 T ) = (VT2 V Tk (a)
Q
-V (Tk(un) — Ti(u)) dx

< / (@) ||V Tar () POV T () [V T (1) d
{lun|>k}

+ / JnTor(un — Th(un) + Tp(un) — Ti(u)) do
Q

- /Q w()| VT () [P 72Ty (u) - V(T (un) — Ti(w)) da
=1+ 1+ Is.

Using the properties of LP(*) (€, w) and the similar estimates as in [6], we can show
the limits of Iy, I and I3 are zeros when n, and then h tend to infinity, respectively.

Therefore, passing to the limits in as n, and then h tend to infinity, we
deduce that

lim E(n) =0,

n—-—+00

where
B = [ w(@)(VT () PV )
— VT3 (w)|P@ =2V T (u))V (Th (1) — Tie(u)) da.
Applying [0, Lemma 3.1], we conclude that
Ti(upn) — Ti(u) strongly in Wol’p(x)(ﬂ, w)
for every k > 0, which also implies that
IV T () [P "2V Ty (1) — [V Tk (u) PP 2V Tk (u)  strongly in (IO (€, w))N.
Step 3. We shall prove that u is an entropy solution. Set L = k + ||@]| L (q)-

Observe that

/Qw(m)|Vun\p(x)_2Vun Vi (un — ¢) dz

= /Q VT (un) [P 2V T (uy,) - VT (un — ) dz.
Then we have

/g 2 w(z)|VTL (un) PP =2V T (uy) - VT (g — @) dz = /Q In Ty (un — @) da.

Using (3.6) and (3.7]), we can pass to the limits as n tends to infinity to conclude
that

/ w(z)|VulP® =2V - VT (u — ¢) dz = / fTe(u — ¢)du,
Q Q

for every k > 0 and every ¢ € Wol’p(m)(ﬁ, w) N L (). This finishes the proof. O
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