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NECESSARY AND SUFFICIENT CONDITIONS FOR THE
EXISTENCE OF PERIODIC SOLUTION TO SINGULAR
PROBLEMS WITH IMPULSES

JUNTAO SUN, JIFENG CHU

ABSTRACT. In this article we give a necessary sufficient conditions for the
existence of periodic solutions to impulsive periodic solution for a singular
differential equation. The proof is based on the variational method.

1. INTRODUCTION

In this article we discuss the T-periodic solution for the second-order singular
problem with impulsive effects

1
=00 =e(t), a.e. te(0,T), 1)

Ad'(t;)=b;, j=1,2,....,p—1,

u”(t) _

where a > 1, e € L'([0,T],R) is T-periodic, Au/(t;) = u’(tj)fu'(tj_) with u’(t]j.:) =
limt_}tji uw'(t); tj, j =1,2,...,p — 1, are the instants where the impulses occur and
O=to<ti <ta<- - <tp1 <tp=T,tj4p=1t;+T; and b; (j=12,....,p—1)
are constants.

Impulsive effects occur widely in many evolution processes in which their states
are changed abruptly at certain moments of time. In the past few decades, im-
pulsive differential equations have been extensively studied by many researchers
[, 1T, (T3], M4, 5L 16} 17]. In particular, In 2008, Tian and Ge [I7] studied the exis-
tence of solutions for impulsive differential equations by using a variational method.
Later, Nieto and O’Regan [I1] further developed the variational framework for im-
pulsive problems and established existence results for a class of impulsive differen-
tial equations with Dirichlet boundary conditions. From then on, the variational
method has been a powerful tool in the study of impulsive differential equations.
On the other hand, singular differential equations with different kinds of boundary
conditions have also been investigated widely in the literature by using either topo-
logical methods or variational methods; see [I, 2], B], 4, Bl [7, 8, @] and the references
therein.
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In 1987, Lazer and Solimini [10] considered a the second order singular problem
1
"
t -
u’(t) o)
By using the method of upper and lower solutions, they obtained a famous sufficient
and necessary condition on positive T-periodic solution for Problem (|1.2)) as follows

Theorem 1.1 ([10]). Assume that e € L*([0,T],R) is T-periodic. Then Problem
(1.2) has a positive T-periodic weak solution if and only if fOT e(t)dt < 0.

=e(t), te(0,7T). (1.2)

Motivated by the above fact, in the present paper we shall consider Problem
(1.2) with impulsive effects, i.e., Problem 7 and also obtain a sufficient and
necessary condition on T-periodic solution. It is worth emphasizing that the method
used by us is a variational method, which is different from that in Theorem
Furthermore, we also point out the dynamical differences between singular problems
and singular problems with impulses.

Our results are presented as follows.

Theorem 1.2. Assume that e € L'([0,T],R) is T-periodic. Then Problem (1.1
has a positive T-periodic weak solution u € H3 if and only if Eé’;% bj +f0T e(t)dt <
0.

Remark 1.3. From Theorem [1.2| we can see that if fOT e(t)dt > 0, but E?;% bj +

fOT e(t)dt < 0, then Problem (L.1)) still admits a positive T-periodic solution. This
shows that the existence of positive T-periodic solution for Problem (|1.1)) depends
on the forced term e and impulsive functions b; together, not single one.

2. PRELIMINARIES
Set
H} = {u:R — Ru is absolutely continuous, v’ € L*((0,T),R)
and u(t) = u(t+T) for t € R}

with the inner product

= Tu v Tu' v u, v 1
mw_A @@W+A (W (B)dt, Vu,v € HE.

The corresponding norm is defined by

T 2 T / 2 1/2 1
g = ([ @R+ [ papa)” vuem.

Then H1 is a Banach space (in fact it is a Hilbert space).
To study Problem (1.1), for any A € (0,1) we consider the following modified
problem
u”(t) + fa(u(t)) = e(t), ae. te(0,T),
Au(tj)=b;, j=12,....p—1,
where f) : R — R is defined by

a1
I(s) = { 7 =

(2.1)

BSCE s < A\

Now we introduce the following concept of a weak solution for Problem ({2.1]).
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Definition 2.1. We say that a function v € H1. is a weak solution of Problem

(2.1) if
T T
/0 t)dt + Zb v / Falu t)dt + /0 e(t)v(t)dt =0

holds for any v € H.
Let F\ € CY(R,R) be defined by

= /1 NG

and consider the functional ®, : H}. — R defined by

T p—1 T T
B (u) ;:% /0 |u'(t)|2dt+j§::1bju(tj)— /0 Fa(u(t))dt + /0 e(yu(t)dt. (22)

Clearly, @, is well defined on H1., continuously Gateaux differentiable functional
whose derivative is

P (u)v = /OT dt+Zb ot / INC dt+/0Te(t)v(t)dt,

for any v € Hk. Moreover, it is easy to verify that ®, is weakly lower semi-
continuous. Furthermore, by the standard discussion, the critical points of @, are
the weak solutions of Problem ([2.1)).

3. PROOF OF THEOREM

Proof. First we show that if u € HT is a positive T-periodic weak solution of

Problem (L.1)), then Y%~ Lb+ fo t)dt < O
Integratmg the first equatlon of Problem 11.1)) from 0 to T, one has

/OT u”(t)dt — /OT u%(t)dt = /OT e(t)dt. (3.1)

The first term one the left-hand side satisfies
T Pl ot
/ o’ (t)dt = Z/ u”
0 ]:O tj

| =)~ )

J

and

Thus,

T p—l
/0 u(t)dt = (' (t5,,) — /' (t]))
§=0
p—1
==Y Ad(t;) +u/(T) —/(0) (32)
j=1

== b

Jj=1
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By (3.1) and (3.2) we have
T p—1 T
0>—/ — dt = b»+/ e(t)dt.
o u(t) ; T Jo

Now we prove that if Z;’;} b+ foT e(t)dt < 0, then Problem has a positive
T-periodic weak solution u € H#. The proof is based on the mountain pass theorem,
see [12]. We divide it into four steps.

Step 1. Let a sequence {u,} in Hx satisfy ®,(u,) be bounded and @} (u,,) — 0,
i.e., there exist a constant ¢; > 0 and a sequence {e,neny C RT with €, — 0 as
n — 400 such that for all n,

T p-!
| [ [GHOF = Prun) + eun@]dt+ 3 byun(t)] < er. (33

and for every v € Ht.,

<enllvllpy. (3.4)

T p—1
| [ 10/ 0) = 1 ()006) + ety + 3 by018)
j=1
Now we show that {u,} is bounded in H7.. Taking v(t) = —1 in one has
p—1
‘ /T[fA(un(t)) —e(t)]dt — ij‘ < e, VT for all n,
0 =
which implies
T T p—1
| /0 Fr(un()dt] < en\/cf+/0 e(t)dt + ; 1B, = co.

Note that for any ¢ € [0,T], fa(un(t)) < 0. Thus

/0 [ (un(8)))t = | / P (®)dt] < cs.

On the other hand, take, in (3.4), v(t) = w,(t) = u,(t) — 4,, where @, =
% fOT un (t)dt, by [12, Proposition 1.1] we have

T p—1
csllwn gy = /O [w], (1) = fa(un(t))wa(t) + e(t)wn(t)]dt + Z bjwn (t;)

p—1
> [lwp |72 = (co + llelle)lwallze =D Ibjlllwnll e
7j=1
p—1
= [lwp 172 = (c2+ lellpr + D Ibj])lwnl £
7j=1

> Jlwpll72 = callwnll s,
where c3 and ¢4 are two positive constants. Thus,

w122 < (es + o) lwallmy.
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Consequently, using the Wirtinger inequality, we obtain the existence of a positive
constant c¢5 such that

172 < es. (3.5)

Now, suppose that ||un | 1 — 400 asn — +oo. Since (3.5)) holds, we have, passing
to subsequence if necessary, that either

M,, := maxu, — 400 asn — +00, oOr

My = Mminu, — —00 as n — +00.

(i) Assume that the first possibility occurs. In view to the fact that fy < 0, one
has

/O " (0) — e (D)t~ 3 byt
j=1
- /OT K/IM” f’\(s)ds_LZ:)f (s )ds) —e(t)u n(t)}dt—Mnjz_:ibj

p—1

= Dby (unlty) = My)
j=1
2/0 dtf/ Mye(t dtftg%zx |M,, — un (t |/ t)|dt — M, Zb

_ M, — b
| un(t)] 3 1bs]

T p—1 p—1
> TR(My) = M ([ et +375) = (Iellor + 3 Il ) M = |
j=1 j=1

0

:TF,\(Mn)—Mn(/OTe(t)dt—i—Sbj) (H ||L1+Z\b| ‘/ dt‘
> 780 -, ([ Te<t>dt+§bj) (el +Z\b ) / (D),

where uy, (t,,) = M,, and u,(f,) = m,. Thus, using the Hélder inequality, one has

_ Mn(/OT e(t)dt + Ifbj) + TF\(M,)

j=1

T
< [ 1B n0) = ety ()t~ Zbun )+ VT (Hel\u+2|b )l 2

0
(3.6)
If « =1, then F)\(M,) = —1nM,. By (3.6) one has

T p—1
—Mn(/0 e(t)dt + Zb]) —TInM, — 400 asn— +oo.
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If a > 1, then FA\(M,) = — ;17 (5= — 1) By (3.6) we obtain
1
—Mn</0 dt—i—Zb) a_lMal—l)—>+oo as n — +00.

From and (3.5 -, we see that the right hand side of is bounded, which is
a contradiction.

(ii) Assume the second possibility occurs; i.e., m, — —oo as n — 4o0o. We
replace M,, by —m,, in the preceding arguments, and we also get a contradiction.
So {uy} is bounded in H}.

Since H} is a reflexive Banach space, there exists a subsequence of {u,, }, denoted
again by {u,} for simplicity, and v € H such that u, — u in Hz; then, by the
Sobolev embedding theorem, we get u,, — u in C([0,7]) and u,, — u in L2([0,T]).
So

/0 (i (8)) — () (tn (8) — u(t))dt — 0,
ij un(tj) —u(t;)) — 0,

T
/0 () (un (£) — u(t))dt — 0,

(@) (un) — D)\ (uw))(up, —u) — 0, asn — oo.
By (3.6), (3.7) and the fact that u,, — wu in L?([0,T]), we have |lu, — ullgz — 0
as n — oo. That is, {u,} strongly converges to w in Hr, which means that the
Palais-Smale condition holds for ®.
Step 2. Let

Q= H 1
{ue T|tér[1011}]u > 1},

and
00 = {u € Hrlu(t) > 1for all t € (0,T), 3t, € (0,T) : u(t,) = 1}.

We show that there exists d > 0 such that inf,cgo @ (u) > —d whenever A € (0,1).
For any u € 95, there exists some ¢,, € (0,T") such that mingcjo 7 u(t) = u(t,) =
1. By (2.2), and extending the functions by T-periodicity, we have

u

furt tutT tut+T
> %/t \u’(t)|2dt—|—/t e(t)(u(t) — 1)dt_|_/t e(t)dt

tutT q p—1
@A(u):/ [0/ (0P = Fau(®) + e(tyu(t)]de + 3 byulty)
t j=1

u u u

+Zb )—1) +Zb
> sl = (llellz + Z 3] s u(t) = 1) = el o2 + 3
=§||u'||%z—(|\euy+2|b |)/ 1)t — e ||L1+Zb

N —
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> L2~ (e Hme ) o e HmZb],

where £, € [0,7] and maxc(o 7] u(t) = u(f,). Applying the Holder inequality, we
get

1 p—1 p—1
O U (TP ) [ P o
j=1 j=1
The above inequality shows that
Oy (u) — +oo as||u’||pz — +oo.

For any u € 0%, it is easy to verify the fact that [lul|g1 — +oc is equivalent
to [[u||rz — +oo. Indeed, when [[u'[[r2 — +oo, it is clear that [lul/g1 — +oo.
When ||ul|g1 — +o0o. Assume that |||z is bounded, then [lul|pz — +oc. Since
minsepo, 7y u(t) = 1, we have

w(t) —1 = /tt W (s)ds < /OT o (s)|ds < \/T(/OT |u’(t)|2dt)1/2.

u

Therefore, u is bounded in L?(0,7'), which is a contradiction. Hence
Px(u) — +oo  as [lul[ g1 — +oo, Yu € 09,

which shows that ®, is coercive. Thus it has a minimizing sequence. The weak
lower semi-continuity of ®, yields

inf ® —00.

It follows that there exists d > 0 such that inf,cgn @ (u) > —d for all A € (0,1).
Step 3. We prove that there exists Ay € (0,1) with the property that for every
A € (0,X0), any solution u of Problem satisfying ®»(u) > —d is such that
min,eo,77 u(t) > Ao, and hence u is a solution of Problem .
Assume on the contrary that there are sequences {A,}nen and {uy,}nen such
that

i
(51; Up 18 a solutlon of Problem with A = A\y;
(iii) @y, (upn) > —d;

(iv) mmte[o ) un(t) < 5.
Since fy, < 0 and fo (un(t)) — e(t)]dt = 0, one has
I fx,, (un())||L1 < c¢7, for some constant c; > 0.

Hence

llul,|| L= < cs, for some constant cg > 0. (3.8)
From @, (u,) > —d it follows that there must exist two constants Iy and I3, with
0 < l; < l5 such that

max{un(t);t € [0,T]} C [l1, 2]

If not, u, would tend uniformly to 0 or +oc0. In both cases, by , we have

Dy, (up) = —00 as n — +oo,

which contradicts @, (uy,) > —d.
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Let 7}, 72 be such that, for n large enough

1
un(Trll) = <l = un(TTQL)

Multiplying the differential equation in (2.1)) by u/, and integrating it on [r},72],

n''n
or on [12,7}], we get

n''n

7_2

v [Cuoua [T oo = [Cdouon (9)

It is easy to verify that

W= () (),

n

where

vi= [ b a0 ()

From (3.5)) and (3.9) it follows that ¥ is bounded, and consequently ¥, is bounded.
On the other hand, it is easy to see that

P ()8 () = [, (1))
Thus, we have

1
e

From the fact that F), (%) — 400 as n — 400, we obtain V1 — —o0, i.e., ¥y is

unbounded. This is a contradiction.
Step 4. ® has a mountain-pass geometry for A < A\g. Fix A € (0, \o], one has

Fx(0) = /10 fa(s)ds = —/01 [a(s)ds
= [ s [ toras (3.10)

1 1
= 7Aa—1 —/ f)\(s)d87
A
which implies that

1 A
Fy(0) > —/}\ fa(s)ds = / fa(s)ds = Fx()).
1
Thus we have

Tln )\, if a =1,

T 1

3.11
— L (& - 1), ifa>1. (3.11)

(I)X(O) = —TF,\(O) < —TF,\(/\) = {
We choose A € (0, M) N (0,e™%) N (0, [zfa=g]"/*~"), then it follows from (3.11)
that ‘b)\(O) < —d.
Also, we can choose a constant R > 1 enough large such that
T
0

_(jz_ébj +/ e(t)dt)R— %(1 - #) > d,
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and
p—1 T
—(ij +/ e(t)dt)R TR >d.
j=1 0
Thus, R € H}. and

p—1 T
®5\(R)=R> bj — TF\(R) + R/ e(t)dt
0

j=1

SPIb R+ TR+ R [ e(t)dt, if o =1,
- SR+ T (1 i) + R [ e(t)dt, if a> 1.
_J(Sizi ) ed) R+ TR, ifa=1,
- (25;11 bj + foT e(t)dt)R + %(1 - ﬁ), if > 1.
< —d.

Since € is a neighborhood of R, 0 ¢ ) and
max{®x(0), Pr(R)} < inf ®(u),

Step 1 and Step 2 imply that ®, has a critical point u) such that

Paln) = [ i D) 2, 2
where

I'={heC([0,1],Hr) : h(0) =0,h(1) = R}.
Since inf,ecgq Pa(uy) > —d, it follows from Step 3 that uy is a positive solution of
Problem . The proof of the main result is complete. O

Acknowledgments. Juntao Sun was supported by the National Natural Science
Foundation of China (Grant No. 11201270), Shandong Natural Science Foundation
(Grant No. ZR2012AQ010), and Young Teacher Support Program of Shandong
University of Technology. Jifeng Chu was supported by the National Natural Sci-
ence Foundation of China (Grant Nos. 11171090, 11271078, and 11271333), the
Program for New Century Excellent Talents in University (Grant No. NCET-
10-0325), and China Postdoctoral Science Foundation funded project (Grant Nos.
20110491345 and 2012T50431).

REFERENCES

[1] R. P. Agarwal, D. O’Regan; Existence criteria for singular boundary value problems with
sign changing nonlinearities. J. Differential Equations. 183, 409-433(2002).

[2] R. P. Agarwal, K. Perera, D. O’Regan; Multiple positive solutions of singular problems by
variational methods. Proc. Amer. Math. Soc. 134, 817-824(2005).

[3] A.Boucherif, N. Daoudi-Merzagui; Periodic solutions of singular nonautonomous second order
differential equations. NoDEA Nonlinear Differential Equations Appl. 15, 147-158(2008).

[4] L. Chen, C. C. Tisdell, R. Yuan; On the solvability of periodic boundary value problems with
impulse. J. Math. Anal. Appl. 331, 233-244(2007).

[5] J. Chu, N. Fan, P. J. Torres; Periodic solutions for second order singular damped differential
equations. J. Math. Anal. Appl. 388, 665-675(2012).

[6] J. Chu, J. J. Nieto; Impulsive periodic solution of first-order singular differential equations.
Bull. London. Math. Soc. 40, 143-150(2008).

[7] J. Chu, D. O’Regan; Multiplicity results for second order non-autonomous singular Dirichlet
systems. Acta Appl. Math. 105, 323-338(2009).



10

(8]
[9]
(10]
(11]

[12]
(13]

(14]
(15]
(16]

(17)

J. SUN, J. CHU EJDE-2014/94

J. Chu, P.J. Torres, M. Zhang; Periodic solutions of second order non-autonomous singular
dynamical systems. J. Differential Equations 239, 196-212(2007).

R. Hakl, P. J. Torres; On periodic solutions of second-order differential equations with
attractive-repulsive singularities. J. Differential Equations 248, 111-126(2010).

A.C. Lazer, S. Solimini; On periodic solutions of nonlinear differential equations with singu-
larities. Proc. Amer. Math. Soc. 99, 109-114(1987).

J.J. Nieto, D. O’Regan; Variational approach to impulsive differential equations. Nonlinear
Anal. Real World Appl. 10, 680-690(2009).

J. Mawhin, M. Willem; Critical Point Theory and Hamiltonian Systems. Springer, 1989.

J. Sun, J. Chu, H. Chen; Periodic solution generated by impulses for singular differential
equations. J. Math. Anal. Appl. 404, 562-569(2013).

J. Sun, D. O’Regan; Impulsive periodic solutions for singular problems via variational meth-
ods. Bull. Aust. Math. Soc. 86, 193-204(2012).

J. Sun, H. Chen, J. J. Nieto, M. Otero-Novoa; Multiplicity of solutions for perturbed second-
order Hamiltonian systems with impulsive effects. Nonlinear Anal. 72, 4575-4586(2010).

J. Sun, H. Chen, J. J. Nieto; Infinitely many solutions for second-order Hamiltonian system
with impulsive effects. Math. Comput. Modelling 54, 544-555(2011).

Y. Tian, W. Ge; Applications of variational methods to boundary value problem for impulsive
differential equation. Proc. Edin. Math. Soc. 51, 509-527(2008).

JUNTAO SUN

SCHOOL OF SCIENCE, SHANDONG UNIVERSITY OF TECHNOLOGY, ZIBO, 255049 SHANDONG, CHINA

E-mail address: sunjuntao2008@163. com

JIFENG CHU

COLLEGE OF SCIENCE, HOHAT UNIVERSITY, NANJING, 210098 JIANGSU, CHINA

E-mail address: jifengchu@126.com



	1. Introduction
	2. Preliminaries
	3. Proof of Theorem ??
	Acknowledgments

	References

