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COMPONENT REDUCTION FOR REGULARITY CRITERIA OF
THE THREE-DIMENSIONAL MAGNETOHYDRODYNAMICS
SYSTEMS

KAZUO YAMAZAKI

ABSTRACT. We study the regularity of the three-dimensional magnetohydro-
dynamics system, and obtain criteria in terms of one velocity field component
and two magnetic field components. In contrast to the previous results such as
[22], we have eliminated the condition on the third component of the magnetic
field completely while preserving the same upper bound on the integrability
condition.

1. INTRODUCTION AND STATEMENT OF RESULTS

We study the three-dimensional magnetohydrodynamics (MHD) system
ou

§+(U~V)u—(boV)b+V7r:1/Au,
%—F(wV)b— (b-V)u = nAb, (1.1)

V-u=V-b=0, (u,b)(x,0)= (ug,bo)(z), tecRTUI0},

where u : R? x RT — R3 represents the velocity field, b : R? x Rt — R? the
magnetic field, 7 : R3 x RT — R the pressure field, v,n > 0 the viscosity and
diffusivity constants respectively. Hereafter let us assume v = 1 = 1 and write
% = 0; and 8% = 0; and the components of u and b by

u=(ur,uz,uz), b= (b1,b2,b3), by :=(b1,b2,0).

Due to the works of [22], we know that possesses at least one global L?-
weak solution pair for any initial data pair (ug,by) € L?. However, whether the
local solution pair remains smooth for all time remains open as in the case of the
Navier-Stokes equations (NSE), the system at b= 0.

To show that the weak solution pair is actually strong, there has been a large
amount of research conducted by many mathematicians to obtain a sufficient con-
dition on (u,b) so that imposing such conditions lead to the H!-norm bound on
(u,b). We discuss some of them in particular.
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Following the pioneering work by Serrin [23], Beitao da Veiga [2] obtained regu-
larity criteria on Vu. Similar results followed for the MHD system; in particular,
Zhou [34] showed that it suffices to bound only w dropping the conditions on b
completely. For example, the following regularity criteria was obtained by He and
Xin [L1].

T 3 2
/ lulfdr <00, S4+2<1, 3<p.
0 p T

In an accompanying paper [29], the author reduced this criteria to any two compo-
nents of u. For the regularity criteria in terms of other quantities for the NSE such
as vorticity, 7, we refer readers to [II, B} [7, 24 [33] 35].
Results related on the reduction of components appeared for example in Kukavica
and Ziane [16]:
/T“ I5odr < 3,25 24
u T 00, - =0 = =M
0 Ly p r 8 5 b
(see also [17, 3T, B2]). A few of the most recent results are the following:
T
3 2 2p+1) 7
Tpd < b - - < Y] a )
|l <o 02 < ZEED Doy
for the NSE see Cao and Titi [4] (also [Bl 14} 20, 211 [36] followed by many in the
case of the MHD system (e.g. [6] 13|, I8, 25]). In particular, Jia and Zhou [12]
showed that if

r 2 11

[l plar <oo, 242<3e s 3
then the solution pair (u,b) remains smooth (cf. [37] for the case of the NSE).
More variations of were also obtained in [12] [I9]; however, in any case, if
condition is given only on w3 and no other component of u, then without a new
idea, it seems we need to impose some integrability condition on every component
of b. This is due to the difficulty in decomposing the four non-linear terms in the
[Viul|2, + || Vib||%.-estimates so that every term has either have uz or by, where
Vi = (01,02,0) (see the Appendix for details). Now we present our results.

Theorem 1.1. Suppose (u,b) solves (1.1)) in time interval [0,T] and satisfies

<p, (1.2)

T
/nwmbwmmM<w by = (b1, b2, 0), (1.3)
0

where 10/3 < p < oo and 8 < r satisfy

3 2 3 1 10

Sz — <5 =8 5< . 14

ST rSityy 3 <Psh r=8 b<p<oo (1.4)
Then there is no singularity up to time T.

The boarder-line case of p = 10/3 may be obtained as well, via a slight modifi-
cation of the proof for Theorem [T.1]

Theorem 1.2. Suppose (u,b) solves ([L.1) in time interval [0, T] and
T
/ lus|¥2dr + sup Bn(r)|prors <00, b = (b, b2, 0).
0 T€[0,T)

Then there is no singularity up to time T.
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Theorem 1.3. Suppose (u,b) solves (1.1) in time interval [0,T) and satisfies
T
8/3 8/3
2 + a2 + o i < o,

where 10/3 < p < oo, 8 < r satisfy (1.4)). Then there is no singularity up to time
T.

Theorem 1.4. Suppose (u,b) solves (1.1 in time interval [0, T] and
T
| sl + usl2dr + sup im0 < .
0 7€[0,T]

Then there is no singularity up to time T.

Remark 1.5. (1) We may replace the role of uz with any other component of «
as long as the two components of b will be the different two components.

(2) We emphasize that in particular in Theorem we have eliminated the
condition on bz completely while preserving the integrability condition on b, and
p = 00,r = 8/3 also satisfies . Thus, it is clear that is an improvement of
the special case of . We were also able to obtain results in case when p # oo for
ug in (L.3)); however, the integrability conditions became worse; thus, for simplicity,
we chose not to present those results. We also remark that in contrast to results
from [12], Theorem is not a smallness result.

(3) We also wish to emphasize that previously when the regularity criteria for
the three-dimensional MHD system was obtained in terms of three terms, they have
always been all from the velocity vector field; e.g. dsuq, d3usg, d3ug from [6] and [13],
any three partial derivatives of uy,us, us from [I5] [18] 25].

(4) The new idea in our proof is to make use of the structure of the magnetic
vector field equation and estimate ||bs||r» and obtain its bound in terms of by,
and uz. Our proof was inspired by the others including [27], in particular [8] [9]
concerning the [26] Theorems 1.3-1.4] and [28] Propositions 3.1-3.2]. Modification of
Propositions 3.1-3.2 are possible indicating that in the future to obtain a regularity
criteria of the MHD system in terms of one component of the velocity vector field,
which has been done for the NSE but not for the MHD system, it suffices to discover
a decomposition of the four non-linear terms that separate us and bz, not necessarily
just ug.

(5) After this manuscript was completed, the author discovered in [30] a new
decomposition of the four non-linear terms of which led to a regularity criteria
of in terms of ug and j3 where js is the third component of the current density
7=V xb.

In the Preliminary section, we set notation. Thereafter, we prove two crucial
propositions and then prove Theorems [1.1
2. PRELIMINARY

Let us denote a constant that depends on a,b by c(a,b) and A < B when there
exists a constant ¢ > 0 of no significance such that A < ¢B. We shall also denote

ff = fR3 f(x)dxa
Vi =(01,02,0), Ap=0% +08%, X(t):=|Vu®)|:+[Vt)]7-,
Y(t) = [Vau®)[Z2 + [Vab(O)I72,  Z(t) = [|Au(®)]|72 + [|AbE®)[72,
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T
M, :=/ lusl|72dr, My = ||bg (0 ros + sup [[B(t)] rors,
0

te[0,T)

T
N1 = / ||’U,2’3||i/0§d7', N2 = ||b2,3(0)||L10/3 + sup Hb](t)”LlO/S,
0 t€[0,T]

where e.g. by 3 is a two dimensional vector of two entries by and bs.
We have the following special case of Troisi inequality (cf. [6, 10])

1£llze < cllon 1172 102 £ 105 £ 15 (2.1)

Finally, we obtain the basic energy inequality by taking L2-inner products of
(1.1) with (u,b) respectively, integrating by parts and using the incompressibility
of u and b to deduce after integrating in time

T
sup ([lu(t)[172 + [1b()172) + 2/ X(r)dr < 1. (2.2)
te[0,T) 0

3. TWO PROPOSITIONS

Proposition 3.1. Suppose (u,b) is the solution to (L.1)) in time interval [0,T].
Then for any p € (2,00), the following inequality holds: for any distinct choices of
12, Js € {1,2,3}
_ T Wi 2@@
sup by, ()70 < IIbs, (0)|7,e®~ 1 Jo I llzoe dX
t€[0,T]

., - (3.1)
+ 2(}7 - 1)/0 e(pil)f‘r e, HLOOd)\”ujl H%OO ||bj27j3”%17d7—7

where bj, j, 15 a two dimensional vector of two entries bj, and bj,.

Remark 3.2. We remark that we cannot obtain an analogous bound for uz due to
the Vr-term in the first equation of . Moreover, we were able to obtain various
modifications of this inequality; however, we emphasize that in particular
implies that if we have a sufficient bound on u;,, then we may bound the LP-norm
of b;, by the same LP-norm of bj, ;,.

Proof of Proposition[3.1 From the second equation of (1.1I)), we have the equation
that governs the growth of b;, in time

(’)tbjl + (U . V)bjl — (b . V)’U,jl = Abjl. (32)
We multiply by |b;, |P~2?b;, and integrate in space to obtain
1 _ _ _
Eatllbjlﬂip —/Abj1|bj1\p %bj, = —/(U'V)bj1|bj1\p 25j1+/(b'v)uj1|bj1|p %b,-

By the incompressibility condition, we see that the first term on the right hand
side after integrating by parts equals zero. We compute the diffusive term after
integrating by parts as follows:

3 3

— — p—2,2

= [ b2, == S @bl = =03 [ l10ub 015
k=1 k=1
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Therefore, we obtain by integrating by parts and using the incompressibility con-
dition of b,

3
1 p—=2,2
,atubjlnip+(p—1)2/||akbﬁ||bh| 2|
p k=1
3
= _Z/a’“b’““ﬁwil‘p_%ﬁ + bruj, Oy ([by, [P~ 2b5,)
k=1
3 . By
= Z/(p o 1)1/2bkuj1|bj1|7(p - 1)1/2|bj1|78kbj1
k=1

& (p—1) ¢ —2
D I R Sy NN
- k=1

by Young’s inequality. Absorbing the diffusive term, we have

)by |52 Z / e s, by, 7.

Therefore, Holder’s inequalities and then dividing by 1(b;, [27% lead to

Ol 170 — (0 = Dllwg, ([ 1165, 170 < 2(p = D)llug, [[Fo0 (153,517
This leads to (3.1]) completing the proof of Proposition O

1
58t||bj1”[I)IP

The next proposition may be obtained by an identical procedure.

Proposition 3.3. Suppose (u,b) is the solution pair to (1.1) in time interval [0,T)].
Then for any p € (2,00), the following inequality holds: for any distinct choices of
j17j2aj3 S {17273}

T 2
sSup ||bj17j2 (t)H%P < ||bj17j2 (O)H%PeQ(p_l)fo 14232117 o= 42
t€[0,T]

T
“D) (T s oo (12 o0
=) [ I bl [,
0
(3.3)
4. PrROOF OF THEOREM [I.1]

Viul 2 +||Vib|/2.-estimate. We now fix p and r that satisfy (I.4)), take L2-inner
l L p y

products of the first equation of (1.1) with —A,u and the second with —Apb to
estimate

1
30 (0 + [VVnul 22 + [V V5blI72
:/(u'V)u-Ahu—(b~V)b~Ahu+(u~V)b~Ahb7(b~V)u-Ahb (4.1)

=I + I+ I3+ Iy,

where Y (t) := || Vu(t)||224]Vib(t)||22. The following decomposition was obtained
n [12]; we provide details in the Appendix for convenience of readers:

I N/\uguwnvvhm I + I + Iy < |b||Vb||VVu| + [b]|Vul[VVRb.  (4.2)
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Now by Holder’s and Young’s inequalities we immediately obtain

Iy S Mlusl 2o [Vl L2 [[VVRul| 2 < %IIVWUH% +eluslieVulza.  (43)
Next, by Holder’s inequalities and interpolation inequalities we estimate

Iy + 13+ 14
S Bl VO 2o IVVaullzz + 18]l e [Vull | 2o, [VVab] 12

< Dl 9152 IB22 IV nullze + (bl Vull 2 (Va2 19V bl e
By and Young’s inequalities we have
L+ I+ L S bl IVBILE V94622 A0 2 IV V] o
1ol IVl E IV aal 22 Aul? |99 bl
gguvam;+—nvvwmp+cNM|znvmuJZWAw
Bl IVl Al 57 )

Thus, with (4.3) and (4.4]) applied to (4.2]), absorbing the dissipative and diffusive

terms, integrating in time we obtain

sup Y (r / IV hul2s + VY| dr
T€[0,t]

_2p_ p—3 1
St +/ a1 < 1Vl 72 + (Bl 7 X =2 (7) 272 ()dr-
0

[Vull3. + ||Vb||3.-estimate. For both equations in (L.1)), we take the L*-inner
products with —Awu and —Ab respectively and integrate by parts to obtain

SOX () + 2(1)
:/(u~V)u-Au—(b-V)-Au+(u-V)b-Ab—(b~V)u~Ab
= 1I

For 11> and I1, we have the estimate

(4.6)

I+ Iy < (bl 2e[IVOI] 2o, (| Aullzz +[[bll o[Vl 20 [|AD]| 22
(||b||LP||Vb||2 2, +||b||Lp||Vu||2 ) + SZ()

by Holder’s and Young’s inequalities. Now we use a Gagliardo-Nirenberg inequality

171 20, S I7ILE IV A1 (4.7)
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and Young’s inequalities to obtain

2 20252) (18 2 2252y Sy L ]
Iy + 114 < e(|[bl3 1Vl 2 ™ 1A6] o + [bl17 [ Vull 2 ™ 1 Aull7e) + 2 Z(0)
_2p_ 1
< cllbllf7 X + 1 2(0).

(4.8)
For 113, we integrate by parts twice to deduce

3
I3 = — Z /8kulazbj8kbj + ulafkb]é)kbj

i,7,k=1
3 1
= — Z /c’)kuz&bﬁkb] — ialui(akbjf
i,5.k=1
3
= > [owundit; < [ 1vulplvvy
i,j, k=1

so that similarly as before, Hélder’s and Young’s inequalities, (4.7)) and another
Young’s inequality lead to

1L S |bllze [Vl 2 [|Ab] 22
2 2(552) .1 2
< clbllze Vullpe ™ “Aul g2 + S 1Ab]L (4.9)
2 1
< cbIEE X0 + 2 200),

Finally, on 11, we write
2 1
11, = Z/uﬂlu - Au + u363u - Apu+ 5’[1,383(6311,)2
1=1

and then integrate by parts on each to obtain

2 3
I = *ZZ/akui&tu - Ou + w0 - Opu

=1 k=1

2
1
+ Z Opu3O3u - Opu + uzdau - Opu + 583143(8311)2

k=1
2 3 1 2
= - ; ; / 8ku25'1u . aku — iaiui(ﬁku)Q + ];1 8kU363U . aku

1 1
— iagu?,(aku)Q — 5(811“ + 82u2)(83u)2
S [1Vaulva
Now Hoélder’s, interpolation inequalities, and (2.1]) lead to

I S | Vil 2 [Vl 7

1/2 3/2 1/2 1/2
SAIVaull 2 [Vull 2 (IVul2 S IVl e |Vl Y 1V V| 2 | Aul 57

(4.10)
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We apply the bounds of (4.8)—(4.10) into (4.6]) to obtain, after absorbing the dissi-
pative and diffusive terms,

QX () + Z(t) S BIIE" X () + | Vaul 2 | Vul 21V Vhul 2| Aull 2. (411)

Integrating in time, we obtain
t
X(t)+ / Z(T)dr
0

< X(0) 4 / B3 X (r)dr + / IVl |Vl Y2V ] 2 | A2

<1+/ IBIE X (r

t ) 1/4 1/4
+ sup | Vpu(r)| 2 / vahuandT /X /Z(T)df)
T€[0,¢] 0 0
by Holder’s inequality. By (4.5)) and (2.2]) we obtain
t
X(t)+/ Z(r)dr
0

t 2p
S1+ [ 1B X (rar
28 B t 1/4
”/ sl 90+ B X 5 1) 255 () [ 2ty

<o+ ZIIIi,
=1

(4.12)
where

t 2p_ t 1/4
I, = co/ Ibl7,° X (r)dr, I = co(/ Z(ryar) "
0 0

t t 1/4
1155 = eo [ sl I Vulfadr) [ zryir) "

too2p g, 1 t 1/4
111, :co(/ ||b||g;2xm(7)zm(7)m)(/ Z(rydr) "
0 0
and ¢p does not depend on ¢. By (3.1) with j; = 3,72 = 1, j3 = 2, we have
. T T
sup (0) 3 < elphes O (1 [ g3 e )]
te[0,7) 0
Using the elementary inequality
(a+b)P <2°(a?+b*) p>0, a,b>0, (4.13)

we obtain
2p

oI5 < e (Ibn(IE" +Ibs(r)IE")

2p_ T 2 T p%
e(p)llbnl| 3, + e I Tt 3 (1 / a3 10m13d7) 7 ).
(4.14)
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Thus, by (2.2),

IIT; < c(p / || (7 HP 25 X (r)dr
(4.15)

D

T _r_
e IO (1 ([ sV [N dA) ).
0

The estimate on 115 is immediate by Young’s inequality

111, = c0</0t Z(T)df)l/4 <c+ % /Ot Z(r)dr. (4.16)

Next, by Young’s and Holder’s inequalities and ([2.2)),

1 t
1113<c/ s (1) |32 || Vu(r )||2de¢+§/ Z(7)dr. (4.17)
0

Finally, by successive applications of Holder’s and Young’s inequalities,

p=3 3 t p+2
L 5 / B2, X (r )ar)"” (/ AL
2, (5 f&o) 1 [
<c / ||b||£;3X(T)dT) ' +§/ Z(7)dr (4.18)
0 0

t Sp 1 t
<o [ WIETx @) + 5 [ 2y,

where using (4.14)), we may obtain

4(p—3)

I = (Hbmn%)

<c(p )||bh||3" oy ep) Ji llusll3 e dA

< (1+ (/ ||u3||Lw||bh||LpdA) )

and therefore,

t
/ Hb( ”LP 10X( )d7‘<c / ||bh||z€) 10Xd7'+€c(p fo |u3\|L<x>d)\
0

T
(14 ([ sl lonlan) ™)
0
due to (2.2). We apply (4.19) into (4.18) and along with (4.15))-(4.17) applied to

(4.12), obtain after absorbing dissipative and diffusive terms

X(t)+ /t Z(T)dr

(4.19)

P

T R -
<1+/ e (R A N AoV
0
/ ||U3H8/3||VUHL2dT—|—/ th“i’é T X dr

T
eI (L ([l ) 7 )
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4(p—3)

t
51+/ (14 |[bn ]| 575 570 ) X dr
0

T (525)(He=2))
+ec(p)f0T |‘U3Hiood)\(1+ (/ ||u3||%oo||bh||%pdA> —3/\3p—10 )
0
/ s |22 IVl

<1+ / Wbl T + ]2 X dr

T 4p
+ ec(P)T1/4(fOT llus]| 372 dx)/4 (1 n (/O H%H%oc”bhH%pd)\) 7@40)

3/4

t
S / (Bl + ugl2) X dr + es® T U Tusl 2 )
0

8 (1+ ((/OT |U3||i£’d)\)3/4(/oT ||bh||%pd)\)1/4)3;fpm)
/t(lbh”% o 20X+ cfp, M) (1 -+ (/ ol oan) ™).

By Gronwall’s inequality, the proof of Theorem is complete if

T
8/3
/0 1B (O™ + ua (M2 + b (r) S dr < oo.

For p € (10/3,5), we use Holder’s inequality to obtain

T s 0_2p T 3p;10
[l aar <75 ([l E Tar) T <o
0 0

by (1.4) whereas if p € (5,00), Holder’s inequality again by (1.4) implies

' 72w = g 210
[ 1T ar <75 ([ nlar) T <

5. PROOF OoF THEOREM [L.2]

[Vihul|32+[Vib||3.-estimate. For fixed T > 0, firstly, from (3.1]) with j; = 3,72 =
1, jo = 2, by Holder’s inequalities we have

sup [[b3(4)[|710/s
t€[0,T]

Tpl/4 3/4

T 8/3
< [b3(0)[% 100 3T (S luah I r)

14, 2pva( (T s (122 dr 3/4 T 3/4
+ ()BT UM sup o ()04 [ ()20
te[0,T] 0

< MZeATVMY (%)e%T”“Mf’“MiTl/‘*Mf’/ g
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Thus, using (4.13]), we compute
sup 160100 < 2°( s IO+ s 185(0) 1)
tefo, T t€(0,7] t€[0,7]
S 28/5(M2 M2 7Tl/A‘MS/4 + (%)6%T1/4M§’/4M22T1/4M13/4).

(5.1)
Next, we choose t; € [0,7] to be specified subsequently and as before, we may
obtain by (4.1)-(4.4) which only required p > 3 and integrating in time over [0, ¢1]

as in

t1
sup Y(t)+/ IVVhul|2: + | VVib|2.dr
t€[0,t1] 0

t1
g 1 +A Hu3H%°° HVUH%Z + ”b”im/3X1/4(T)Z3/4(7')d7—'

[Vul|2. + ||Vb||2.-estimate. By (4.8)—(4.10), all of which only required p > 3,
applied to (4.6) we have

B X () + Z(t) S 1101 P05 X () + [|Vull 2 |Vl ;22 1V | 2 || A2

as in (4.11)). Integrating in time and by Holder’s inequality as before in (4.12)), we
have

sup X(t)+/01Z(T)dT

te[0,t1]

31 31 1/2
<X+ [ X(dr+ swp [Fha(ll( [ IVuladr)
0

te[0,t1]

0
« (/Ot X(T)dr)1/4(/0tl IIAu||2L2dT)1/4

ty
S1+ sup [[b(®)]7hs [ X(r)dr
tE[O,tl] 0

t1 t1 1/4
(1 [l IVl + G0 X A2 i) ([ 2(rydr)
0 0
4
S1+4) 1T,
=1
(5.2)

where

31 1/4
IIII = c; sup [|b(t)|P0se, IIIT, = cl( / Z(T)dT) ,
tE[O,t1] 0

ty t1 1/4
HHg:cl(/O ||U3||%xllvu||%2d7')</o Z(T)dT) ,

t1 . t1 1/4
I = ¢ b3 105 X A7) 2% (7)dr Z(rydr)
Lo/
0 0
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for ¢; > 0 independent of time ¢;. Now due to (2.2)), we can choose t; € [0,T] so
that

/ 14 : 5/2
c1 (28/5 (M22 + M22@§T1/4Mf’ 4 n (E)G%Tl/4Mf/4M22T1/4Mf/4))

< ( Otl X(T)dT)l/ ) (5.3)
<3
-8

Then, by (5.1)),

10
IIII < ¢ (28/5 (M22 4 M22€%T1/4Mf/4 n <%4)6%T1/4Mi3/4M22T1/4M13/4>) S 1.
(5.4)
The estimate of I1115 is same as before in (4.16) and the estimate of IT1I3 is also

same as (4.17). Finally,
1111y

<o [ Wi xar) ([ zr)

<ci sup ||b(t)||im/3</0tl X(T)dT>1/4(/0tl Z(r)dr)

te[0,t1]
(5.5)

3/4

2
<e (28/5 (M22 n Mge%T1/4M1 4 (%4)e%TIMMfMM?QTlMMfM))S/

x (/Ot Z(T)dT)

1 [t
< f/ Z(7)dr,
8 Jo

by Holder’s inequality, (5.1)) and (5.3). Using (5.4) and (5.5) in , absorbing the
dissipative and diffusive terms, we have

1 t1 t1 8/3 )

sup X(¢) + = Z(r)dr <1+ lus| o [[Vul|72dT.
te[0,t1] 2 0 0
By Gronwall’s inequality, we have the bound
I
sup X(t)+ = / Z(T)dr.
te[0,t1] 2 0

We restart on time interval [t1,2t;] and after finite number of repetitions obtain
the same bound on [0, T]. This completes the proof of Theorem

6. PROOF OF THEOREM [[.3]
This proof is similar to that of Theorem We sketch it for completeness.

Viul|2s + ||Vib||2, - estimate. As before, from (4.1)—([4.4) which only required
L L
p > 3 leading to (4.5)), we have

¢
sup Y (1) —|—/ IVVrul3s + | VVLD||3dr
7€[0,t] 0
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t 22 p-3 1
<1 +/ lusl| Lo [ VullZz + (1Bl 22* X272 (1) 2772 (7)dr.
0

Vul/2, + ||Vb||?.-estimate. As in the proof of Theorem [1.1] from (4.6), (£.8)-
L L
(4.10) and using ||Viul|3: + || V4b||7-estimate leading to (4.12), we have

t 4
X(t) +/ Z(r)dr < co+ Y _III;. (6.1)
0 i=1
By (3.3) with j; = 2,52 = 3, js = 1, we have
T
T 2
sup ||b273(t)||%p S ec(p)fo ‘|u2,3(>\)“1,ood)\<1+/ ||u2,3()\)||%oc||b1(A)||%pdA)
t€[0,T] 0

so that by (4.13)), similarly to (4.14)),

_2p_ T B3
IBIE < eI e 8 oottt (1 ([ gl 03) ™)
0

and hence

ITh < ¢(p /||b1 ||P 3X()

T £
+ e I Hw,g,m“gw(l + ( / | 3(A)[| 7 Hbl(A)II%pdA) )
0

by (6.2) and (2.2). We take the identically same estimates on I1Iy and III3 as
before from (4.16) and (4.17). On 1114, from (4.18)), we have

t 8p 1 t
<o [l X mar) + 5 [ 2, (6.4)
0 0
where due to and (4.13]) we have
16(7 )||3” ™

T 4p
)l (D™ + e 8 “““””‘”“(1+ ([ Mzl lpalzoan) ™).
0
Thus, by . similarly to ,

/ o)1 3 ™ X (r)dr < e(p / I X 4 600 izl

x (14 ( / Hmnmnblnmdx) .
With (6.5) applied to (6.4]), along with ( , and (6.3]) applied to (6.1)),

absorbing dissipative and diffusive terms7 we have by Hélder’s inequalities
t
X(t) +/ Z(t)dr
0
! = T 2 o dX g 2 2 73
S1+ / ol Xdr + eI et (1 ([ funalfialoan) )
0

[ 2wl + [ xar

(6.5)
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T 4p
+ ec(®) Jo Tz slZ e dX (1 + (/ ||u2,3||%°° ||b1||%Pd)\) 3p_10>
0
t
§1+/ (a7 + s 32 ) X ar
0

3 s T 3/4
T T uaall= N (1 (( / a2 d0)
0

([ i)
St [ (IE + st ) X et (14 ([ i) ™),

Thus, the proof of Theorem [I.3]is complete because by Holder’s inequalities as in
the proof of Theorem we have

T
Anwnww+mawm+mmw%w<m

7. PROOF OoF THEOREM [L.4]

The proof is similar to that of Theorem [I.2} we sketch it for completeness. For
fixed T > 0, firstly, from (3.3) with j; = 2,72 = 3,j3 = 1, we obtain by Hoélder’s
inequality

14 1/4 773/4 7 14 1/4 7y3/4
sup Hb2,3(t)||ilo/3<N2 em +(§>€3T N N22T1/4Nf/4

te[0,T
so that by ([4.13)),
s[up] 16(t)[| 3105 < S[Up | 28/5<||bl||2L10/3 + ||b2,3||%10/3)
tefo,T te[0,T
< 28/5 (N22 +N22€%T1/4N13/4 n (g)e%T1/4Nf/4N22T1/4Nf/4)
(7.1)

similarly to (5.1). Now as in the proof of Theorem we choose t; € [0,7] to be
specified subsequently and use the previous estimate of

t1 4
sup X (1) + / Z(r)dr S 1+ 1111, (7.2)
0

te[0,t1] o
from (5.2)). By (2.2), we can choose t; € [0,7T] so that

7
o (28/5 (N2 + N2e BrVANY (g)e%T1/4N3/4N22T1/4Nf/4>)

/’x yar) " (7.3)

5/2

Oo\)—\

Firstly, by (7.1} .,

10
IITI, < ¢ (28/5(N2 N2 1/an3/A " (g)e%T1/4Nl3/4N22T1/4Nf/4)) . (7.4)
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We use the same estimates of (4.16) and ) for 1111, and IIII3 as before.
Finally, from and (7.3 and Holder S mequahty,

1/4 t
i <o / 01X (i) ([ 2(ryar)
0

(

C1(tbup 60310 /2(/0“)((7)(17)1/4(/0“ Z(r)dr)
(
(

7 5/2
< ey (250 <N2 +N2 q1/an3/e n (g)e%Tl/4Nf/4N22Tl/4N§/4)) (7.5)

[, 7o)

<- / Z(7)dr.
8 Jo
After absorbing dissipative and diffusive terms, due to (4.16), (4.17), (7.4]) and (7.5)

applied to (7.2), Gronwall’s inequality gives the bound on

I
sup X(t)—l—f/ Z(7)dr.
t€[0,t1] 2 Jo

X

Reiterating on [t, 2¢1], after finite times we obtain the bound on the whole interval
[0,T] completing the proof of Theorem

8. APPENDIX

In this section we give details of the decomposition in the ||Vyul|2s + |[|[Vib||3.-
estimate, namely (4.2) (cf. [5, [12]). The following lemma is useful:

Lemma 8.1 ([17]). Assume that u € H*(R3) is smooth and V -u = 0. Then
Z /ula ujAhuJ = Z /81@8 ujagud—/81u182u283u3+/81uQ82u183u3
4,j=1 i,j=1

Firstly, for Iy applymg this Lemma and integrating by parts, we have

Z /uza u; Apu; N/|U3||th|\vvhu\

t,j=1
Thus,

I = Z /ula u; Apu; + Z/u;;é)gu]Ahu] + Zula uzApus

,j=1
§/|u3||Vu||Vth|.

Next, we decompose Ir: integrating by parts

Z /b Dib; 02, u; — Z /b Dib302, us — ZZ/bﬁjb O

7]7’31 j=1k=1

_y /b@b@kkuj Z/babgakkug

i,7,k=1 i,k=1
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3 2
+Y Y / Orbs3b; Ok + bsisb;Oru;

j=1k=1

2

7]k1 i,k=1

3
Jj=1

< / B[V bl |V ]+ [b]|V el [V VD).

Next, we write

Z /uzab Ob; + Z /uza b3d?,bs —i—ZZuﬁ;;b O24b;

i,7,k=1 i,k=1 Jj=1k=1
I3y + I3g + I33.

I3

Integrating by parts,

Iy = — Z /8ku18 b;Obj + u;02%,b;01b;

,jk 1

1
Z /8kku 0ibsbj + Okuidjibibj + 5 0ituidkb; Ohb;
,Jk 1

Z /6kku :0; bib; + 8ku28 ((9 kulakbjbj + Giuia,%kbjbj)
1,5,k=1

< / DIV 4bl [V t] + B[Vl [V b,

139 = — /akulﬁ b30kbs + Uza (6kb3)

i,k=1

1
= Z /8,§kuz&bgb3 + 8ku,-8i2kbgbg + §8iui8kb38kbg

/3,%%8 bsbs + 8ku,8 bsbs — (8 kuzakbgbg + (%uia;%kbg,bg)

i,k=1

< / B[V bl V] + BV et V0B,

Ly = — ZZ / OpuusOsbjonb; + 5uss(Dib;)’

]lkl

= Z /33kU3b 5kb +6kU3b 83kb + 33U53kb 0kb

j=1k=1
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3 2 2
1
Z > / 03,uzb;Okb; + Opusb;02,b; — 3 > 0iui0b;Okb;
j=1 k=1

i=1

1—1
< / B[V bl [V ] + [b|V el [V V-

Therefore,
I < / DIV 4bl [V 4] + [b][Va] [V b

Finally,

Z /b Dyuj02.b; — Z biB;u3d?,.bg — Z Zbgagujakkb-

i,5,k=1 i,k=1 J=1k=1
< / bl [V V] + bVl [ 794,

Hence,
I+ 13+ 1, /S \b||Vb||Vth| + |b\|Vu||VVhb\

This completes the decomposition claimed.
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