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GLOBAL WELL-POSEDNESS FOR NONLINEAR SCHRODINGER
EQUATIONS WITH ENERGY-CRITICAL DAMPING

BINHUA FENG, DUN ZHAO

ABSTRACT. We consider the Cauchy problem for the nonlinear Schrédinger
equations with energy-critical damping. We prove the existence of global in-
time solutions for general initial data in the energy space. Our results extend
some results from [1} 2].

1. INTRODUCTION

In this article we study the Cauchy problem for the nonlinear Schrédinger (NLS)
equation with energy-critical damping,

1
Uy + §Au = V(z)u + Mul|*"u — ialu|®u, (t,z) € [0,00) x RV, (1.1)

Ult—o = ug, ug €3,

where N >3, A eR,a>0,0<0 < ﬁ, a = ﬁ and X denotes the energy

space associated to the harmonic potential; i.e.,

Y ={uec H'RY), zu e L2 (RY)},
equipped with the norm

lulls == llull2 + [[Vull L2 + [lzull 2.

The external potential V is supposed to be an anisotropic quadratic confinement,
ie.,

N
1
V(z) = 3 Zw?x?, wj € R. (1.2)
j=1

Equation appears in different physical contexts. For example, considering
the three-body interaction in collapsing Bose-Einstein condensates (BECs), within
the realm of Gross-Pitaevskii theory, the emittance of particles from the condensate
is described by the dissipative model involving a quintic nonlinear damping term
[14]; in nonlinear optics, equation with V' = 0 describes the propagation of a
laser pulse within an optical fiber under the influence of additional multi-photon
absorption processes, see, e.g., [0 [12].
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For a = 0, equation simplifies to the classical NLS. It arises in various areas
of physics, such as nonlinear optics and nonlinear plasmas; for a broader introduc-
tion, see [9, [19]. It also has received a great deal of attention from mathematicians,
for instance, see [0} @, 19, 20] and the references therein.

For a > 0, the last term in is dissipative, see [Il [2]. Therefore, the energy
of is no longer conserved, in contrast to the usual case of Hamiltonian NLS.
When 0 = o, and 0 < 0 < 1/N, the asymptotic behavior in time of the small
solution to has been studied in [16, [18]. Numerical studies of can be
found in [3| 4} T3] [T'7]; in particular, the nonlinear-damping continuation of singular
solutions for with critical and supercritical nonlinearities has been considered
in [I3]. When V = 0, under some assumptions, Feng, Zhao and Sun [II] have
showed that as a — 0 the solution of converges to that of with a = 0.
In [I0] the particular case of a mass critical nonlinearity ¢ = 2/N and V = 0
has been studied. In there, global in-time existence of solutions is established if
a > 4/N and it is claimed that finite time blow-up in the log-log regime occurs
if @ < 4/N. The global well-posedness for a cubic NLS equation perturbed by
higher-order nonlinear damping has been studied in [2], where, in particular, the
energy-critical case of a quintic dissipation in three-dimensional space has been
treated. Recently, Antonelli, Carles and Sparber [I] have done a more systematic
study for NLS type equations with general energy-subcritical damping. However,
equation with an energy-critical damping or nonlinearity do not seem to have
been discussed except N = 3 and 0 = 1. The aim of this paper is to establish the
global well-posedness for with an energy-subcritical or critical nonlinearity
and an energy-critical damping. To solve this problem, we mainly use the idea of
[2]. This is shown in the following theorem.

Theorem 1.1. Let N > 3, a >0, a = ﬁ and ug € X. Assume that V' satisfy
and suppose further that
(1) either A\>0 and 0 < o < ﬁ,
(2) or A<0 and0<a<ﬁ.
Then, the Cauchy problem has a unique global solution u € C([0,00),X).

Remark. In the case of energy-critical, it is well-known (see, e.g. [9]) that the usual
a-priori estimates on the H'-norm is not sufficient to conclude global existence.
The reason is that the local existence time of solutions does not only depend on
the H'-norm of u, but also on its profile. This is an essential difference with [I].
Enlightened mainly by the work in [2] 20] 21} 22], we will prove this theorem by
combining a-priori estimates and a bootstrap argument.

We finally state the following estimate for the time-decay of solutions. The proof
is the same as that of [I, Proposition 4.2], so we omit it.

Corollary 1.2. Let N > 3, a >0, w; #0 (j =1,...,N) and up € . In
either of the cases mentioned in Theorem the solution to (L.1) satisfies u €
L*>(]0,0),%) and there exists C > 0 such that

lu(t)||2. < Ct™ ¥, Vit > 1.

This article is organized as follows: in Section 2, we collect some lemmas such as
Strichartz’s estimates, and a-priori estimates for the solutions of (|1.1). In section
3, we show Theorem
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Notation. In this article, we use the following notation. C' > 0 will stand for a
constant that may be different from line to line when it does not cause any confusion.
Since we exclusively deal with RY, we often use the abbreviation L" = L"(RY).
Given any interval I C R, the norms of mixed spaces L(I, L"(RY)) are denoted
by || - |pa(z,.ry- We denote by U(t) := e, the Schrédinger group generated by
H= —%A + V. We recall that a pair of exponents (g, r) is Schrodinger-admissible
if 2=N(G—-3and2<r< g 2<r<oif N=1;2<r <ocoif N=2).
Then, for any space-time slab I x R, we can define the Strichartz norm

||u||S(1) = sup HUHLq(z,Lr),
q,7)

where the supremum is taken over all admissible pairs of exponents (g, 7).

2. SOME LEMMAS
We first recall the following Strichartz’s estimates.

Lemma 2.1 ([2, [7, 8 [5])). Let (q,7), (q1,71) and (q2,72) be admissible pairs.
Assume that I is some finite time interval. Then it follows

UGl Laqr,ory < Clrs NI ]| 2,

and

H U(t - S)F(S)dSHqu(I,Lm) < C(Tl,r2,N)|I|1/Q1HFH

L (1,L72)
In{s<t} (I,L"2)

Next, we show that (1.1 is locally well-posed for any uy € ¥ and we also establish
a blow-up alternative.

Proposition 2.2 (Local solution). Let N >3,0< 0 < 25, a = ﬁ, MNaeR

and 'V satisfy (1.2). For every ug € X, there exist T > 0 and a unique strong
solution u defined on [0,T]. Let [0,T*) be the maximal time interval on which u is
well-defined, then, the following properties hold:

(i) u, Vu,zu € S([0,T]) for0 < T < T*.

(11) IfT* < 00, then ||UHS([0,T*)) = +00.

Proof. The proof of this proposition is standard and based on contraction mapping
arguments. Thus, we only present the main steps of the classical argument, which
can be found for instance in [9]. Firstly, for some T > 0, we define
Xy = L=((0,T): L*) N L((0,T); L") N LY((0,T); L”)
where r = 20 + 2,
40 +4 2N 2N?
q= y Y= y P = 2 .
No N -2 N2 —2N +4
Since U()Vug € Xp by Strichartz’s estimates, we have ||U(-)Vugl|x, — 0 as
T — 0.
Next, we claim that there exists 1 > 0 such that if uy € % satisfies
IU()Vuollxr <n (2.1)

for some T > 0, then there exists a unique solution u € S([0,T]) of (1.1). Notice
that (2.1) is satisfied for T' small enough.
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Indeed, fix n > 0, to be chosen later. Duhamel’s formulation for (1.1]) reads

u(t) = U(t)ug — ix /Ot Ut — s)(Jul2w)(s)ds — a/ot Ut — s)(ju| 72 u)(s)ds. (2.2)
Denote the right hand side by ®(u)(¢). By Lemma [2.1] and Hélder’s inequality, we
have

19 (w)lx, < Clluollzz + Cllul ul L 0.0y + Clllul ¥2ull 1o (0.79:10%)
< ClluollL> + CT*/®)|ull 3% o .y el Lo,y ) (2.3)
+ Cllull L (o,7);10 ”quL’Y((O T).Le)"

20‘(20+2)
—(N—-2)o"

[0;,H) =0;V(x), |[z;,H|=09;, j=1,...,N.
where [A, B] = AB — BA denotes the usual commutator. Therefore,

where 0 = Next, to estimate Vu and xu, we notice that

V() (t) = U(t) Vg — iA /0 Ut — 5)V(|ul"u)(s)ds
—a/ Ut — s)V([u| 72 u)(s)ds (2.4)

—M/Ut—s u)(s)VVds.
Now we estimate the second term of the right-hand side as above. Since VV is
sublinear by assumption,
IV®(u) | x7 < CIUC)Vuollxr + CT*°|[ull 3% o,y 1) | Vtl La(0,19;27)
+ CHVuHmO’T);L,,) + CT”x(I)(u) ||L°°((O,T);L2) (2'5)
+ CT||®(u)]| oo ((0,1:L2)-
Similarly, we have
2@ ()| x, < Cllzuollzz + CTQU/GH“”LOO( (0,T); H1)||$UHL‘1((0,T);LT)
+ Cllzull v 0,1);L0) ||VUH£V§(2(0,T);L»)
+ CT|[V®(u)| Lo ((0,1);2)-
It is thus easy to see that ® maps the set
B = {u; IVullro,r);2e) < 21, IVullLee0,1);22)nLa((0,1);07) < 2C||zu|| L2,
[oullx, < 2C|zuol L2, [Jullx, < 2CIIUoIILz}

to itself and is a contraction in the Xp norm, provided n and T are chosen suf-
ficiently small. The contraction mapping theorem then implies the existence of a
unique solution to (1.1)) on [0, 7]. Finally, by some standard arguments, (i) and (ii)
follow. [

Remark. For more general potentials, as suggested in the proof, Proposition
remains valid if we assume more generally that V(z) is smooth, and at most
quadratic, i.e., 9V € L= (RY) for all |a| > 2.
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In the following, we shall derive several a-priori estimates on the solutions of
(1.1). By the analogous arguments to those of [I, Lemma 2.7] and [2, Lemma 3.1],
we obtain the following lemma.

Lemma 2.3. Let u(t) € ¥ be a solution of defined on the mazimal interval
[0,T*), and V (z) satisfy (1.2]). Then it follows

lu@)llze < lluollrz, V't €[0,T7), (2.7)

/ / u(t, )| ¥z dadt < C(||uol|z2)- (2.8)
0 RN

The a-priori estimates in Lemma [2.1] are not sufficient to conclude global well-
posedness for (1.1). We consequently follow the idea in [I] and [2] and consider the
modified energy functional

B(t) = %/RN Vult,2) 2de + /RN V(@) u(t, z)2de

A
/ |u(t,x)|2”+2d:c+/<;/ lu(t, )| %2 da.

g + 1 RN RN
Lemma 2.4. Let u(t) € ¥ be a solution of (1.1)) defined on the mazimal interval
0,7*), and V (x) satisfy (1.2)). Moreover, let 0 < k < a(N_Q)Q, and assume that
[ Y 2N
(1) either A\>0 and 0 < o < ﬁ,
(2) orA<0and 0 <o < 2.

(2.9)

Then
E(t) < E(0) + C(llugllz2), Vte[0,T7), (2.10)
* 2(N+2)
/ / lu(z,t)| " v=2 dxdt < C(E(0), [|uo|r2)- (2.11)
0 JRW
Proof. This is done along the lines of [I, Proposition 3.1]. By their, we obtain
d 4 2 4
4500 ~(oo ), e
g (t) a—K (N—2)2+N—2 RNM |Vul“dz
2 4
-9 3 2
a5 [ ¥Vl
(o * wg) [ 1™ |Re(@90) ~ m(Gvaa
—K u|¥-2|Re(¢pVu) — Im(¢Vu)|*dzx
(N—=2)2 N-=-2/ [z~
7211/ V(a:)|u\%dx72a)\/ |u|ﬁ+2"dx
RN RN
N
— 2akK / |u|%+2daz,
N— 2 RN
where
u(t, z)| " tu(t, ) if u(t,z) #0,
sty o (D) (o)
0 if u(t,z) = 0.
Therefore, if A > 0, (2.10) follows by £ E(t) < 0. If A < 0, (2.10) follows by the
Young inequality with e. follows by (2.10) and ([2.8). ]

With Lemma [2.4] in hand, we can obtain the uniform bound on the ¥-norm of
u(t). The proof is analogue to that of Corollary 3.4 in [2], so we omit it.
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Corollary 2.5. Let u(t) € ¥ be a solution of (1.1)) defined on the mazimal interval
[0,T%). Then
[u()|ls < Clluolls), Vvt e[0,T7).
3. PROOF OF MAIN RESULTS
Proof of Theorem[I1. Let I be some finite time interval, in the following, we set
W(I) _ Lz(N+2) (I Lz(N+2)) V(I) _ Lz(z\]f\,+2) (I Lz(N+2))
We divide the proof into two steps: (i) & < 0 < 2 and (ii) 0 < o < £.

Step 1. We first treat the case (i) % <o § m. By applying Strlchartz’s
estimates to (2.2)) and Holder’s inequality, we can estimate as follows:

lull La(r,Lr)
< I (Jluollze + Ml ull sven — aguaa
L N+4 (I,L N+4 )
4
N—-2
™=l g s ) (31)

< C’|I|1/(1(||U0||L2 + ||u||2LZ(N+2>(1’La(N+2>)||UHV(I) + ||u||W I)HUHV I))

. 3—c(N-2 s
< M (Jluollze + uln2luly ™ + el lulvin),

where C is independent of I.
By an analogous argument to that of (3.1)), we obtain
IVul|acr,zry + llzwl Lo,

< O (IVuollze + Il Full zpam s

L N¥1)

+ |||u|ﬁVu|| 2(N+2) 2(N+2) )
L N+¥% (I, N+% )

+ UM (oo 2 + Nl zull agvin  agvia
L N+ (I,L N+4)

4 (3.2)
™) agen g )
N+ ([,L NF1 )
(N-2
<O|I|1/Q(||wo||m+||u||W(,2|| ul N2 Vullva
el B 19 ullven ) + O (o
. 2—g(N—2 Pt
el el ™2 laulvey + iy leullv ).
Denoting the Strichartz norm in ¥ by
HUHSE(I = |ullsry + IVullsiy + llzulls,
it follows from (3.1]) and . ) that
el s
o 3—0(N-2) % 3.3
< Csup 1174 (Juolls + [l X721l r 2 + S ullsan) . >
q

On the other hand, for every T' € [0,T*), we deduce from (2.11) that there
exists M > 0 such that [[ullyw(o,r)) < M, where M is independent of the length



EJDE-2015/06 WELL-POSEDNESS FOR NONLINEAR SCHRODINGER EQUATIONS 7

of I. Therefore, we can divide [0, 7] into subintervals [0,7] = I; U...U Ik, where
I, = [tg—1, tx] and such that in each Iy, we have

lullw,) <& forallk=1,... K,

for some € < 1, which only depends on ||ugl|s-
Considering the first interval, I; = [0,¢1], from (3.3]) it follows that

_ 3—o(N-2 _4
lull sy < Csup 1|9 ([luolls + &N |ull 37N 72 + ™ full s, (1,))-
q

A standard continuity argument yields
l[ullss () < Cllluolls, [11])-
Similarly, we can show that
lullsy ) < Clllws, s M1z, kD), k=2,..., K,
which, together with Corollary 2.5 implies
[ullse(1) < Cllluolls, kD), k=1,.... K.

Summing up all the subintervals I, it follows that

ull s 0,77y < C(lJuolls, M), for every T < T*

which implies [Jul] sy (jo,7+)) < 00. According to the blow-up alternative in Proposi-
tion we conclude that the Cauchy problem (|1.1)) with % <o< ﬁ is globally
well-posedness.

Step 2. Next we treat case (i) 0 < ¢ < 2. We deduce from Strichartz’s
estimates and Hoélder’s inequality that

||u||Lq(I,LT)

a4
< C|f|1/q<||u0||L2 Ml ull o (g oty + T2ull agren 1L ))

_4
< UM (luollze + 1l ooy lullzar g,y + Il lullvn)

_4
< UM (uollnz + 1M ll 5 oy el oy el o,z + iy lellvn )

(3.4)
where

8a(o+1)
1-20(N —2)—o?(N —2)

20(20 + 2) 0— o(N+2)

5:2—(N—2)a’ T 4o +1)

<1, ~= > 0,



B. FENG, D. ZHAO EJDE-2015/06

r1 = 20 + 2, taking ¢; such that (¢1,71) is an admissible pair. By an analogous
argument to that of (3.4), we have

IVullLa(r,zry + l|[zullLer,ry

_4
< O (9ol + NP7 Vel o g oty + 7TVl sgran e )

(I,L N+4)

+ O (ool + || [uf*wul P ]| sges
[ NT2

L7 (I,L71) 2N+

(I,L )

< C|I|1/q(|\wo||m Il 280 o el o | Vel s 1,y
_4
) 19 ellvn ) + CUTY (llzuo o

_4
Nl o el o 2y + 3 Il ).
(3.5)

It follows from (3.4]) and (3.5)) that

_4
lullss < € sup |11 (ol + 1Yl 257 + Nl el ) (3:6)
q

Arguing as Step 1, we can conclude that the Cauchy problem (1.1)) with 0 < o <
2/N is global well-posedness. This completes the proof. O
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