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GLOBAL STABILITY OF A DELAYED
MOSQUITO-TRANSMITTED DISEASE MODEL
WITH STAGE STRUCTURE

B. G. SAMPATH ARUNA PRADEEP, WANBIAO MA

ABSTRACT. This article presents a new eco-epidemiological deterministic de-
lay differential equation model considering a biological controlling approach on
mosquitoes, for endemic dengue disease with variable host (human) and vari-
able vector (Aedes aegypti) populations, and stage structure for mosquitoes.
In this model, predator-prey interaction is considered by using larvae as prey
and mosquito-fish as predator. We give a complete classification of equilibria
of the model, and sufficient conditions for global stability/global attractivity
of some equilibria are given by constructing suitable Lyapunov functionals and
using Lyapunov-LaSalle invariance principle. Also, numerical simulations are
presented to show the validity of our results.

1. INTRODUCTION

Recently, many scholars have proposed and investigated various kinds of epi-
demic models in order to understand and describe the dynamics of infectious dis-
ease. Most of the mathematical models pertinent to epidemiology are dependents
of the baseline SIR (Susceptible, Infectious and Recovered) model which was pre-
sented by Kermark and Mackendrick in 1927 based on ODE [23] with the concept
of “compartment modelling”. By referring to the classical books [3] B}, 28, 32, [47],
the readers can find not only the history of mathematical epidemiology but also
the theories related delayed incorporated to biological systems. After Kermark and
Mackendrick’s primus model numerous number of models emerged with time delay
(see for example [11 9] 10, 19 18] 27, 3T, 38, 42]), without time delay [, 17 [46],
epidemic model with stage structure [2I), [45] and SVIR model with stochastic per-
turbation [7].

Many serious epidemics such as AIDS and dengue (here, we mentioned few of
them for more details in [4] [39]) can be transmitted horizontally as well as verti-
cally. In addition, diseases also spread due to their parental genes [4]. The disease
transmission via the vectors for examples West Nile fever, malaria, dengue and Rift
vally fever has been studied by many researchers [I1] [I4] 15, [40]. With regard to
dengue, one of the most spread out flavivirus disease propagated by adult female
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Aedes aegypti mosquito species (predominantly by this type, although there are oth-
ers). Prevalent throughout the year in tropical countries but transmission reaches
its peak when the highest rainfall takes place. It is known that this virus spreads
among host (human) after an infectious matured female Aedes aegypti (vector) hav-
ing a blood meal from a susceptible host. On the other hand, the susceptible vector
is infected after taking a blood meal from an infectious host. Although the disease
spreads vertically among vectors, there is very low possibility of getting infected
a new comer ([I2] and references there in) which discourage us to include vertical
transmission to our model. The most appropriate way to eradicate the transmis-
sion of this viral disease is to control winged stage female mosquitoes and aquatic
stage of mosquitoes because in the near future, it cannot be anticipated a vaccine
to prevent from dengue fever ([36] and references there in). However, information
regarding the possibility of vaccine and review of the development of a vaccine is
found in [30]. Contemporary, eradication and control methods of mosquitos are
similar to those arranged over half a century back. In the academic article [I3],
author has exhibited one of the controlling strategies named Sterile Insect Tech-
nique (SIT) for the control of Aedes aegypti mosquitoes. Further, RIDL (Release
of Insects Carrying a Dominant Lethal) based on new genetic sexing system for
male mosquitoes is introduced by which allow only to born of male mosquitoes by
blocking of female production of Aedes aegypti [20]. As a cost effective methods
most countries use high toxic chemicals such as Malathion and insecticides to con-
trol mosquito population which are very dangerous for public health. Places with
immovable and clear water are available; the female Aedes aegypti mosquitoes use
those places for oviposition. By continuous awareness programs, the public can be
made aware to avoid building up (source reduction) such places. Yet, it is hard
to control aquatic stage of mosquitoes in the places such as lakes and ponds. As
a biological control method, we can introduce mosquito-fish (predator) into wa-
ter body in which immature mosquitoes (prey) are usually inhabited. In [35] the
prey-dependent consumption predator prey model has been considered and some
valuable results have been obtained.

Subsequently in the in 1920s, Lotka and Volterra introduced baseline model
for predator-prey interaction, since then wide variety of modified and developed
predator-prey models were seen in the literature. Further, in article [16], the authors
have considered predator-prey model with infectious disease, models like SI, SIS and
SIR with mass action incidence have been applied. In addition to that maturation
time taken for the conversion process or gestation time delay for the predator or
the prey in predator-prey model has been used to upgrade the model coherence
with the natural world [26, 29 B7, 41], 44 48]. Tt is ecologically important to
look on the effects on stage-structure of immature to become mature of a certain
species as all beings in the real world encounter to the stage structure. In the
monograph [2], Aiello and Freedman suggested and analyzed stage structure model
with constant maturation time delay for single species, for more examples one can
refer [0}, 24] B3], B4]. The authors in [43] considered a model with maturation delay
and completely studied the stability properties and bifurcation analysis.

Motivated by the above works and as predator involvement is positively effect on
controlling spread of vector transmission disease. We concern to construct a new
echo-epidemic model for vector spread disease with both predator-prey interaction
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and stage structure. Nonlinear functional response for predator-prey system is
applied here. Biological appearance of our model is shown in Figure
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FIGURE 1. Mosquito life-cycle with predator and disease transmis-
sion among human

We form a model which is described by a system of differential equations, with
the aid of schematic diagram shown in Figure [2]

Let Sy (t), In(t) and Rp(t) represent the classes for the human population, in-
dicating the number of susceptible, infective and recovered individuals at time ¢,
respectively. Ap, Y, b, Qu, Ty L1, By Bv, Bpy Kvs Yo, thp, A and A, are all positive con-
stants. Here, pp, fy, 111, and g, denote the per capita mortality rate of the human,
vector, larvae and predator populations respectively. Aj indicates the recruitment
of human to susceptible class while 7, represents the recovered rate. Further, the
vector population sub-divided into two classes, namely, S, () is the number of sus-
ceptible and I, (t) is the number of infective. It is assumed that vectors and human
populations are mixing homogeneously. It is also accepted that the infected vectors
will never be recovered and they transmit the virus in their entire life-span. The
birth to the immature population (larvae) is proportional to the currently available
number of matured population (vector) and g, is the conversion rate. In addition,
A; is the rate of encounter and A, is the conversion efficiency. A, represents the re-
cruitment of immigrated mosquitoes to the susceptible class (see for example [22]).
We assumed that larvae are the only available food for predators. The density
dependent mortality rate is denoted by 3, (see, for example [2]) and the crowding
rate is denoted (,. The state variables L,(t) and P(t) show up the number of
larvae and number of predator at time ¢, respectively. The larvae who was born
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FIGURE 2. Transfer diagram of the disease in human and vectors
with predator

at t — 7 and still survive at time ¢, transforming from larvae (immature stage) to
susceptible vector (matured stage) is given by the term bg,e "5, (t — 7) and to
infected vector (matured stage) by ag,e ™" I,(t — 7), where a and b are positive
constants such that a+b = 1. The number of recovered human at time ¢ is denoted
by Ry, (t) which has not appeared in the other equations of system . Therefore,
it is excluded from further consideration. The formulated model is given below.

Sn(t) = A — BunLo(t)Sh(t) — pnSn(t),
In(t) = knBun L (£)Sn(t) = (n + ) In (),
S’v(t) = Ay +bque TS (t — T) — Brodn(t)Sy(t) — oSy (t) — B,S2(t),
Io(t) = ague™ ™ I, (t = 7) + kuBroIn () Su(t) — (1o + 7o) Lu(t), (1.1)
Ly(t) = b[Sy(t) — e ™8y (t — 7)] + all,(t) — e ™M L (t — 7)]
- ,UJlLv(t) - /\lf(Lv(t)) ( )7
P(t) = P(t)(—pp — BpP(t)) + Apf (Lo (t)) P(2).
In system ([1.1)) it is assumed that at time ¢ the number of B, 1, (t)Sh(t) is removed
from susceptible human class and simultaneously the number of kj,G,, 1, (t)Sh(t)
enters to infected human class. It is further assumed that at time ¢ the number of
BroIn(t)Sy(t) is removed from susceptible mosquito class and simultaneously the
number of k, B, I, (t) Sy (t) enters to infected mosquito class, where Byp, Bho, kn and

k, are positive constants. f(L,) is a function such that monotonically increasing,
positive and differentiable for all L, > 0 and f(0) = 0. More general model for
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system (|1.1)) is formulated as follows:
Sn(t) = An — BonLo(t)Sn(t) — pnSu(t),
In(t) = knBone "7 L,(t — 0)Sh(t — o) = (pn + ) In(t),
Sp(t) = Ay + bgee” Sy (t — ) — Broln(t)Su(t) — 10 S,(t) — BuSE(t),

I,(t) = ague ™ML, (t — 7) + kyBrwe T (t — w)Sy(t — w) — (o + 7o) (1),

Ly(t) = b[Sy(t) — e 8y (t — 7)] + a[l,(t) — e "M L,(t — )]
— Ly (t) = N f(Lo(t))P(t),
P(t) = P(t)(—pp — BpP(1)) + Apf (Lo (t = p) P(t = p),

(1.2)
where o > 0 is the latent delay for human, w > 0 is the latent delay for mosquito
and p > 0 is the predation delay and others have the same biological meaning as
in system (1.1)).

This work is organized as follows. In next section, we state some lemmas that are
important for our discussion and show the existence, boundedness of the solutions
of system (|1.1)) with the initial condition (2.1). Moreover, conditions are given
for existence of all kinds of equilibria of system (1.1f); the reproduction number
is simultaneously calculated. In Section 3, stability properties of some equilibria
are established by means of Lyapunov functionals, and instability of equilibria is
given by using characteristic equations. Further, the global attractiveness of other

equilibria is also considered. Numerical simulations of the results are presented in
Section 4. The paper ends with a brief discussion.

2. BOUNDEDNESS OF SOLUTIONS AND ANALYSIS OF EQUILIBRIA

In this section, we consider the boundedness of solutions and existence of equi-
libria for system (|1.1)). First, the initial conditions of system (1.1]) are

Sn(0) = ¢1(0),  In(0) = 2(0), Su(0) = 3(0),

1,(0) = ¢a(0), Ly(0) = ¢5(0), P(0) = ps(0),
where (—7 < 6 < 0) and ¢;(0) (i = 1,2,...,6) belong to Banach space C =
C([-,0], Ry4) of continuous functions mapping from the interval [—7, 0] into Ry :=
[0,400), equipped with the supremum norm.

Using the basic theory of delay differential equations (see, for example, [24]),
it is not difficult to show that, for the initial conditions given above, the solution
(Sh(t), In(t), Su(t), Iy(t), Ly(t), P(t)) of system ([1.1)) exists and unique for all time
t > 0. The following lemma is used to obtain our results.

(2.1)

Lemma 2.1. Consider the delay differential equation ©(t) = a+ Bx(t—7) —yx(t)—
§2%(t) where o, 3,y >0, § > 0, 7 > 0 are constants, the initial function p € C and
©w(0) > 0.

(i) If 6 > 0 and v > B then unique positive equilibrium

. B=7+(B—7)?+4as
v 2 ’

is globally asymptotically stable.
(is) If § = 0 and v > B, then unique positive equilibrium z* = «o/(y — B) is
globally asymptotically stable.
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Proof. Let us consider case (i). It is not difficult to verify that the solution z(t)
with any initial function ¢ of this equation is positive. For ¢t > 0, let us define

t
0
V:x—m*—x*ln%—&—ﬁ (m(@)—x*—x*lnm(*))d&
T oy x
By considering the time derivative along the solution we have that

*

V:(W*B)x*@f%f:ﬂ—)Jrﬂx*(l—x(tiT)+lnx(t7T))

x x x
)

fg(o:—z:*)Q(erz*).

If v > 3, it is clear that V < 0. Therefore, it follows easily from Corollary 5.2
of Kuang [24] that x* is globally asymptotically stable. Proof of part (ii) can be
obtained by using similar method as in part (i). |

For biological reasons, throughout this paper we discuss the dynamical behavior
of system with u, > max[ag,e” 7", bg,e”H].
For boundedness of the solutions to (1.1)), we have the following result.

Theorem 2.2. Every solution (S (t), In(t), Sy(t), L, (t), Ly(t), P(t)) of (L.1) has
the following properties:

1
lim sup (S (t) + k—lh(t)) < MSv, limsup Ij,(t) <M™,
h

t——+oo t—+4oo

lim sup S, (t) < M5 limsup I, (t) <M*,

t——4o00 t— 400
limsup L, (£) <M"*, limsup P(t) < M",
t——+oo t—+o00
where
M = geo, pphn = EnBnSi yr,
’ Hh +
Y T VY Lk L
Uy + Yo — ague”TH ’ L )
Ap MELEvy— »
MP:{W Apf (M) > puy,
O’ )‘pf(ML“) S //Lp,
MSr =8¢0 = ﬂ’
Hh
€o 1 —T — 3
5= 25 (fhb@ — pio + / (qube™ M — p1,) +46UA1,) .

Proof. From the first two equations of (1.1)), for ¢ > 0, we have

Su(t) + —Tn(8)) < An — pn (Sn(t) + —Tn(8)),
k‘h kh
from which, we have

limsup(Sy(t) + In(t)/kn) < S5°, limsup I, (t) < kpSp°.

t——+o0 t——+o00

Hence, from (|1.1)) it follows that for ¢ > 0,
Su(t) < Ay +bgue” M Sy (t = 7) — 1Sy (t) — B3 (8).
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The well-known comparison theorems for delay differential equations (see, for ex-
ample [25]) and Lemma imply that limsup,_, , o S,(t) < M.
For any sufficiently small € > 0, there exists some sufficiently large T', such that,
for ¢ > T, it has from system (1.1]) that
L (t) < ague” L, (t = 7) + ko Bno (knS5° + ) (M + €) — (o + 70) Lo ().
Hence, from Lemma [2.1] it is easy to obtain that

kv By (knSy° MSe
limsup I, (t) < Bno(kn Sy + ) +€).
t—+o00 My + Yo — ague=TH

Let £ — 0T, it has that limsup,_, , o I,(t) <M.
With similar arguments as above, for any sufficiently small € > 0, there exists
some sufficiently large 77, such that for ¢t > T3, from system ([L.1]), we have
I(t) < ke fon (MP + e)(S5° +¢e) — (un + ) In(t),
Ly(t) <b(MS" + &) + a(M + &) — L, (1),
from which it is easy obtain that
limsup Ip,(£) <knBon(M™ +)(S° + &)/ (pun + Y1),

t——+oo

limsup L, (£)<(b(M® + &) + a(M™ +¢)) /.

t——+o0

Further, by letting e — 07, one has that
limsuply, (t)<M™, limsup L,(t)<M%.
t——+oo t——+oo

For a sufficiently small € > 0, there exists some sufficiently large 75, such that
for ¢ > Ty, from system ([1.1)), one has

P(t) < P(t)(—pp — BpP (1) + Ap f(M" + ) P(2)
= Mpf(M" +¢) — p, — B,P(t)|P(t).

If A\, f(MEv) > p,, for sufficient small € > 0, it has that A, f(MLe +&) — p, > 0.
Hence, we can obtain that limsup,_, . P(t) <(Apf(M%> +€)—pp) /B, By letting
e — 0T, one has that limsup,_, . P(t) <(Apf(ME*) = 1) /By

Further, if A\, f(M%) < p,, it has that for t > Ty, P(t) < (¢ — B,P(t))P(t),
which implies that limsup,_, . P(t) <¢/B,. By letting ¢ — 01, we have that
limsup,_, o, P(t) =0. Therefore, it proves that limsup,_,  P(t) < M". O

Next, we study the existence of all possible nonnegative equilibria of system
(1.1)). We have following four cases to be considered.

(i) There exists boundary equilibrium (disease-free and predator-free ) Ey =
(S}3°,0,850,0,Lg,0), where

b
Ly = E(l —e TS5,

(ii) If f(LE') > pp/Ap holds, there exists boundary equilibrium (disease-free with
predator) Ey = (S;',0,S5,0, L, P°1), where S;' = S;°, S5t = S50, From last

v

two equations of system (L.1)), we have that P°* = (X, f(L%') — ) /B, and
G(Ly) = b(1 — e ™M) Sgt — Ly — N f(Ly) Pt =0,

where L, is any value which satisfy the fifth equation.
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It is easy to show that G(0) = b(1 —e )5S > 0 and G(L1) = =\ f(L1) P <
0. Therefore, there exists a unique LS € (0, L1) where L1 = b(1 — e™7#)S /.

(iii) If Sg° < S Ry holds, there exists boundary equilibrium (predator free with
disease) Ey = (S}, 1%, 55,152, L¢?,0), where

v YT )

Sez — SsoS}eIO Iez — khAh _ SSO )
PUSERyT M RoS? 7’
152 _ kvﬁhvsszl;? , Lf)z _ (bS52 + 0152) (1 _ 677”").
(o + Yo — ague=7H1) M
Se2 = (= K + /K2 +43,M) /23, is given by 3,(5¢2)% + KS5* — M = 0, where

Uk A v v v s
5 = Prokn By — bape=, M:Av+(u + Yo — ague” TF) py,
W + Y kvﬁvh

)

and
T ey — agee Ty
is the basic reproduction number of system (|1.1)).

(iv) If S < SERy and f(L}) > pp/Ap hold, there exists a unique positive equi-
librium (disease with predator) E* = (S}, Iy, S5, LY, L, P*), where S = Sp?, I} =
1,8 = §% and IF = I¢2.

From last two equations of system (L.1), we have that P* = (A, f(L}) — p)/Bp
and

khﬁvh Seo kvﬂhv §eo

0 v

H(L,) = (bSy +al})(1 — e ™) — juLy = A f(Ly) P* =0,
where L, is any value which satisfy the fifth equation. It is not difficult to show that
H(0) = (bS; +al?)(1 —e ™)S* > 0 and H(Ls) = —\;f(L2)P* < 0. Therefore,
there exist a unique L € (0, Ly) where Lo = (bSF + alX)(1 — e ™M) /1y.

3. STABILITY OF EQUILIBRIA

In this section, we analyze the stability properties of each equilibrium of sys-
tem ([L.1)). The characteristic equation of system (1.1) at any equilibrium F =
(Sh, In, Sy, I, Ly, P) has the form

F(\ ) (3.1)
A+ ap 0 0 BonSh 0 0
—knBonly,  A+b 0 —knBunSh 0 0
_ 0 ﬁhvS'u >\+q(>\,7-) 0 0 0 -0
o 0 —koBroSe —koBnoln A+ C()\7 7') 0 0 R
0 0 g\, 7) JAT) A+d ALf(Ly)
0 0 0 0 —/\pf'(LU)P A+e

where
a1 = Bonly + pin, b1 = pin +vn, (A T) = py + Yo — ague” AT
d=u+Nf(Lo)P, e=py+28,P — N\, f(Ly),
g T) = b(e=OHIIT 1) (A7) = h — gybe~ ATHOT,
h = Broln + fto +260Ss, (A, 7) = a(e”ATHIT _ 1),

In next theorem, we establish stability properties of the equilibrium Ej.
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Theorem 3.1. The following conclusions hold for any time delay T > 0.

(a) If Ro <1 and f(L°) < pp/A, then E1, Es and E* are not existent, and Ey
is globally asymptotically stable,

(b) Either Ry > 1 or f(LS') > uy/Ap holds, then Ey unstable.

Proof. The characteristic equation at Ey is reduced to
A+ a) A+ g\ 7)A+d)(A+e)A1(X, 1) =0, (3.2)
where
A1(ANT) = (A +b1)( A+ ¢\, 7)) — kuBroSy 0 knBunSy°
= N+ (pth + Y+ o + Y0 — agee” PTHIT)N
+ (n + 0) (1o + Yo — ague” A7) (1 = Ry).

By following a similar procedure as the one used in [24] it easy to show for the
characteristics equation (3.2) that if f(L°) < p,/A, and Ry < 1 hold, Ey of
system (|1.1)) is locally asymptotically stable.
Define a Lyapunov functional as
ky k1 1 1

W, = 1 V Vs +U.
' 5vhSeo khﬂvhszo nt ﬁhvsso 2 kvﬁhvsso 3t

where kp is determined later, and

Sh Sy
Vo =S, — 8% — Sl o,
S€0 ’ 2 Seo

t — t
_ qube”TH Sy
Va=1I, +age ™ [ Ld, U=2""__ [ [S,— 5% —§%In2"]dt.
’ Tage /tf-r ﬁhvsvo [t T[ S O]

By considering the derivative along the solution, we have

Vi=5,-85"-5"In

Wy = ﬂvfgeo (1- i,fi V(A — BonloSh — 1nSh)
khﬁlth@‘) (knBunlySn — (un + 1) In)
4 ﬁu i J(Ay +baue S, (t = 7) = BroInSy — 108y — 5,52
+ m(aqvfm’fu(t —7) + ko BrodnSy — (o + Y0)1y)
S (L) - Lt 7)
%(Sv _S,(t—7)+S%1n %‘”)
By choosing k; = % and noting that A, = (u, — bg,e”™)S% +
By (S20)2, Ay, = ppSy°, we have that
= e g - s e e G - 5

Bo

G (S~ S S+ 5)
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+

—T _ _

qube (1 ~Su(t=1) i Sy(t ’7’))
ﬂh’u SU S’U

It can be shown that if Ry < 1, then W, < 0. Define the subset E = {o = (p1,

©2, 3, P14, 5, ©6) | Wi(p) = 0}. Further, let M be the largest invariant set in E
with respect to system ([1.1). Let us further show that M = {Ey}. Denote

Spt(0) = Sp(t +0),  Sut(0) = S, (t +0),
Int(0) = In(t +0), 1.(0) = L,(t+0),
Lyt(0) = Ly(t +0),

P.0) = P(t+6) (—7<8<0).

For any solution (Sht, Int, Sut, Lot, Lut, Pr) with the initial function ¢ = (1,
V2, 03, Y4, P5, Ps) € M, one has, from the invariance, that for all ¢t € R, (Sht, Ipe,
Svtv Ivt7 L’Ut7 Pt)e M

If Ry < 1, then Wy = 0 if and only if I;,;(0) = 0 and

Sht(o) Svt(o) - Sht(fT)

- - =1
S50 Seo S,

Hence, from invariance of M, we can obtain that Ip:(0) = I(t) = 0, Sp:(0) =
Su(t) = 55, Su(0) = Sy(t) = S, Further from first equation of (I.I)), we can
obtain that I,;(0) = I,(t) = 0.
If Ry =1, then W7 = 0 if and only if
Sht(o) _ Svt(O) _ Svt(—T>
Spe Sy° Sy

Hence, for all ¢ € R, one has that Sy:(0) = Si(t) = S;°,Sw(0) = S,(t) = S5o.
From first and third equations of system (|1.1), we can show that Ij,;(0) = I,(t) =0

and I,:(0) = I,,(t) = 0 respectively, for all ¢ € R. Therefore, for all t € R, in subset
M last two equations of system (1.1]) are reduced to

Ly(t) = b(1 — e ™) S — Ly (t) — \f (Lo(t)) P(),
P(t) = P(t)(—pp — BpP (1)) + Apf (Lo (£)) P(2).

Define another Lyapunov functional as

=1

b p(Lg)
Lo f(9)
where ks due to be determined later. By taking time derivative along the solution,
we have that

W= (1= L2 01— 7S50 - Ly - N A(LP)

+ k2<(_/~Lp - ﬁpP)P + /\pf(Lv)P)'
Letting ko = A;/\, and noting that b(1 — e~7#)S50 = p L, we have that
JLY) Hp Al 2
L NP (L) — ) — —B,P~.
f(LU))+ l (f( v ) )\p) Apﬁp

If f(L) < pp/A, holds, and from properties of the function we have that W, < 0.
Further, W5 = 0 if and only if L,(t) = L and P(t) = 0. This proves that

Wy =L,— L% — 6 + ko P,

W2 = ,ul(Lf)O — Lv)(l —
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M = {Ey}. By Lyapunov-LaSalle invariance principle from [24], one proves that
Ey is globally attractive. Hence, Ej is globally asymptotically stable.

If Ry > 1, we have from that imy_ 4o A1(A,7) = 400 and A1(0,7) < 0.
Hence, A;(\,7) =0 has at least one positive real root.

Next, we consider the factor A +e = A+ p, — A\ f(L5°) = 0. Clearly, it has a
positive real root when f(LS°) > pp,/Ap. O

Remark: At equilibrium E; predators consume some larvae (i.e. f(L%) < f(L£°).
Hence, if (f(LS') <)f(LS) < pp/Ap holds, Ey stable. From which, it implies that
E; is not existent. Further, it is clear from Theorem and Theorem that
S5 < 8¢ and if Rgp <1 holds Ej stable, respectively. From which, it implies that
FE5 and E* are not existent. Therefore, if Ey stable, F, E5 and E* are not existent.

In Theorem we establish the global stability properties of the equilibrium
Fy.

Theorem 3.2. If f(LS) > pp/Ap (i.e. Ey is unstable), then following conclusions
hold for any time delay T > 0.

(a) If Ry < 1 (i.e. E5 and E* are not existent), then E is globally asymptotically
stable,

(b) If Ry > 1 holds, then Ey is unstable.

Proof. At equilibrium E; the characteristic equation becomes
(At a)(A+agA7)[A+ D) (A +e) + MA P (L) f(Lg)]Az(A, 7) = 0, (3.3)
where
Az (A7) = (A +b1)(A+ (A, 7)) = ko BroSyt knBun Sy
= N+ (jth + Y+ o + 70 — ague” PTHIT)N
+ (n ) (o + 70 — agoee” ATHITY(L = Ry).
By following a similar procedure as in [24] it is easy to show, for the characteristics
equation , that if Ry < 1 holds, E; of system is locally asymptotically
stable.

We define the same Lyapunov functional (W7) and applying the same procedure
as in proof of Theorem [3.1} we can show that Sy (t) = S;*, I(t) = 0, S, (t) = S;*

v )

I,(t) =0on M. For all t € R, in subset M last two equations of system (L.1)) are
reduced to
Ev(t) - b(l - eiTM)Szezl - ,UflLv(t) - )\lf(Lv(t))P(t)7
P(t) = P(t)(~pp — BpP (1)) + Xp f (Lo (1) P(D).

Define a Lyapunov functional as

L
AT A p
Wy =L, — L — >~ df + — (P — P — P41 .
3 T e 10 TN ( ")
By taking the time derivative along the solution, we have that
T _ f(le) — T e
Wy = (1 - )(b(l —eTTHYSE Ly — N f(Ly)P)

Al P
21—
+Ap< P

) ((—pp — ByP)P + Apf(Ly) P).
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Noting that b(1 — e™7#)SSt = LS + N f(LSY) P and pp = A, f(LSY) — B, P,
we have that

Wg = /Ll(Lil 7LU) (17

(P—P*)2,

€1 €1
f(Lv )) +>\lf(Lf;1)(27 f(Lv ) 7 f(LeU) )7 A1/6)19
f(Lo) f(Ly)  fL)) X
From the properties of the function f we have that W5 < 0. Further, W5 = 0 if and
only if L,(t) = LS and P(t) = P°'. This proves that M = {F;}. By Lyapunov-
LaSalle invariance principle from [24], E; is globally attractive. It proves that E;
is globally asymptotically stable.

If Ryp > 1 holds, we can easily show from that limy_, 100 Ag(A,7) = 400
and Ag(A,7) < 0. Hence, Aa(XA,7) = 0 has at least one positive real root. O

Theorem 3.3. If S¢ < SRy (i.e. Ey, E1 are unstable), then following conclu-
sions hold for any time delay 7 > 0.
(a) If (L) < pp/Ap (i.e. E* is not existent), then Es is globally attractive,
(b) If f(L}) > pp/Ap holds, then Ey is unstable.

Proof. Define a Lyapunov functional
1 1 1

Wa = o erge 10+ g gerge V() & g gerge (Va(0) + D)
1
T A 7€z ez t
* kvﬁth;? 552 (V4( ) + UQ)’
where
— S SQQ 552 1 Sh _ I Iez 1—52 1 I’U
Vl(t)_ h —Pp — hnsizza ‘/Al(t)—v—v_v nIvTZ,

I ! Sy
Vo(t) =1 —I;? — I;*1In 7h2, Uy = g be™ ™ / [Sy — 552 — S¢2 In —]d¢,
Ih t—7 Sy?
e e SU —T ! e e IU
V3(t) =S, —S¢2 — S In ger Uy = ag,e” ™™ [, —I* — I 1In F]dt'
v t—7 v
By considering time derivative along the solution, we have
. 1 e
Wy=——"—(1—"2) A — BonloSn — 1S
4 ﬁth?SZQ( A )(An — BonlvSh — pinSh)

e (= B B LS — G+ ) T)

b 1S O (A bgue Syt — ) — BroInSy — fin S — BuS2)
ﬁth}?SsQ Sv v v v v v vV vy
Gube™TH Syt —7)

v Mo t— oz 1

 Gnodps e ST ST

b 1= I agqee L (1) + KB In Sy — (o + 7))
72 r1ea g€ea - T v v -7 v v v v v)tv
kvﬁh’ul}iz‘s’gz Iv ¢ froh K 7

agy,e”TH I,(t—71)
— (I, — I, (t — I ln ——2).
* kvﬁthZQng ( ( T) N N 1, )
Note that

Ap = Bund? 852 + pnS52, Ay = (o — bgue™ ™) S5 + BroI52 S5 + B,(552)%,
khﬁthSQS}? = (/J/h +’7h)1}327 kvﬁhv[}el2552 = (,U/v - aqve_Tm + '7v)152~



EJDE-2015/10 GLOBAL STABILITY OF A DISEASE MODEL 13

. I, Sp S)? alf?q,e”TH I,(t—7) I,(t—71)
- 9 2h 1- 1
Wi= g 1o ( 5 5, ) o B [ 522 ( L T, )
S@Q Iv 182 I v Ie2 €2 v
+4- 20 Sn_1Iy nS L,SL,ﬂi(Svfsgz)Q

S, IS8T, IS¢ I, S, [Brl2SeS,
qpbe™TH Syt —T) Syt —7)
1— In =2
BroIe? ( 5, Mg, )
_ —TH €2
(10 QUbS )(2 Sy Sy )
ﬂhvlhz

-5 8,
It is easy to see that W4 < 0 for all ¢ > 0. Define the subset E = {¢ =
(01,92, 03, 04, 05, 06) | Wa(p) = 0}. Let M be the largest invariant set in E with
respect to (1.1)). Let us further show that M = {E>}. For any solution (Skt, Int,
Svtv Ivta L’Ut7 Pt) with the initial function Y = (9017 Y2, Y3, P4, P5, @6) € Ma it
has from the invariance of M that, for all ¢t € R, (Sht, Int, Set, Lo, Lo, Pr) € M.
Moreover, W7 = 0 if and only if
$h(0)  S0e(0)  Ine(0)  I,4(0)

R TR R

X (S, +522) +

+

Hence, we can obtain I;,+(0) = Ip,(t) = I}?, Sit(0) = Si(t) = S5, Sue(0) = Sy(t) =
Se I:(0) = I,(t) = I¢2. Therefore, on subset M for all ¢t € R, the last two

v

equations of (|1.1)) are reduced to

L,(t)=b(1—-e"T)S2 +a(l —e ™I — L, (t) — N f(Ly(8))P(2),
P(t) = P(t)(~pp — BpP (1)) + Apf (Lu(1)) P(1).

By defining similar type of Lyapunov functional (Ws) as in the proof of Theorem
one can easily show that if f(L%2) < wu,/\,, then L, (0) = L,(t) = L2,
P.(0) = P(t) = 0. This proves that M = {FE2}. Hence, by Lyapunov-LaSalle
invariance principle from [24], it proves that F5 is globally attractive.

By considering the factor A + g, — A, f(LS?) of the characteristic equation
at Ea, we can show that A+, — A, f(L$?) = 0 has one positive root when f(L$?) >
tp/Ap. Hence, Eo is unstable. O

Theorem 3.4. If f(L}) > pp/Xp and S5° < SE2Ry (i.e. Ey, E1, E2 are unstable),
then E* is globally attractive for any time delay T > 0.

Proof. By defining the same Lyapunov functional (W,) that we used in proof of
Theorem and following the same procedure, we show that Sp,(t) = S;, In(t) =
I, S,(t) = Sk, I,(t) = I;. Then, on subset M, for any ¢t € R, the last two
equations of are reduce to

L,(t) =b(1—e ™)S¥ +a(l — e ™) — Ly (t) — A\ f (Lo (8)) P(2),
P(t) = P(t)(=pp = BpP(t)) + A f (Lo () P(D).
Again using similar type of Lyapunov functional (W3) as in proof of Theorem
it has that if f(L3?)(> f(L})) > pp/Ap, then L,(t) = L}, P(t) = P*. This

proves that M = {FE*}. Hence, E* is globally attractive, by Lyapunov-LaSalle
invariance principle from [24]. This proves that E* is globally attractive. |
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4. NUMERICAL SIMULATIONS

In this section, we carry out some simulations of system to illustrate the
theoretical results obtained in Section 3. For convenience, we set f(L,) = L.

We choose parameters as v, = 0.1428, up = 0.000457, ¢, = 0.9, ;3 = 0.2,
ty = 0.6, B, = 0.01, by = 0.6, oy = 0.85, ayy = 0.80, kp, = 1, 7 = 10, A, = 60,
By =05, v =0, \y =07, a =001,b=1-a, up, = 0.55 and Ng = 200. In
addition, By, = biag /Ny, Bre = biay /Ny and Ay, = Ngup. Here, by, denotes
the biting rate of mosquitoes or the average number of bites per mosquito per
day. Moreover, g, ay and Ny represents transmission probability from vector to
human, transmission probability from human to vector and total human population,
respectively.

The trajectories of system obtained by using Matlab software are shown
in Figures First of all, we present simulations regarding equilibrium Fy. We
can see from Figure 3| that all the trajectories converge to the equilibrium Ey (200,
0,10.48, 0, 44.88, 0) which implies that equilibrium Fj is globally asymptotically
stable. Further, (a) and (b) in Figure |3|depict under conditions shown in Theorem
B-3]that Ry = 0.7481 < 1 and f(L%) = 44.88 < p1,,/A, = 550. Secondly, we give the
numerical simulations of the boundary equilibrium F; (200,0,10.48,0,2.95,4.06)
which can be seen in Figure |3| (a) and Figure In this case, f(LS) = 2.95 >
tp/Ap = 2.75 and Ry = 0.7481 < 1 are satisfied. Hence, graphs (a) and (c) show
that equilibrium F; is globally asymptotically stable, this confirmed Theorem
Thirdly, the equilibrium FEj is globally attractive (see, Figure |5)) in which it can
be clearly seen that the trajectories approach to relevant values of the equilibrium
E> (89.12,0.35,10.48,0.28,44.89,0). Further, graphics (d), (e) and (f) in Figure
are shown under conditions noted in Theorem that is Ry = 2.2443 > 1
and f(L$?) = 44.89 < pp,/Ap, = 550. When f(L}) = 2.95 > p,/A, = 2.75 and
Ro = 2.2443 > 1, we depict computer simulation by (d), (e) in Figure |5| and (g)
in Figure [6] for E*, from which we can see that trajectories approached to E*
(89.12,0.35,10.48,0.28,2.95,4.06). It means that E* is globally attractive.

70

———1,0
—s,0
60 — 0[]
— L0
—P0 ||

50

40

5,0

30

20

188 0
0 2 4 6 8 10 ) 10 20 30 40 50 60 70 80
time (days) time (days)

(a) (b)

FIGURE 3. Time evolutions of system (l.1)) with k, = 5, A, =
0.001 and initial values (200; 60; 5; 25; 20; 20)
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FIGURE 4. Time evolutions of system (1.1)) with &k, =5, A, = 0.2
and initial values (200; 60; 5; 25; 20; 20)
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05 1 15 2 0 2000 4000 6000 8000 10000 12000 14000 16000 18000
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40
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351 —_—L0
—P0)
30
25}
20
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()

FIGURE 5. Time evolutions of system (l.1) with k, = 15, A\, =
0.001 and initial values (100; 2; 3; 6; 10; 20)
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25

p— s,
—L0
— P ||

20

15

10
5

. . . . .
0 5 10 15 20 25 30 35 40
time (days)

FIGURE 6. Time evolutions of system (1.1) with k, = 15, A\, = 0.2
and initial values (100;2; 3; 6; 10; 20)

5. DISCUSSION

In this article, a vector transmission disease dynamic model is formulated with
stage-structure for mosquitoes and predator prey interaction between fish and larvae
in water. We investigate the stability properties of all equilibria of system . In
case Ry < 1, there are two distinct aspects to look into stability properties. Firstly,
the expected number of secondary infection is less than one and the number of
larvae is limited by some upper bound, that is Ry < 1 and f(LS°) < up,/A,, respec-
tively. Then, equilibrium Ej (disease-free and predator-free) is globally asymptot-
ically stable which means that disease dies out. Further, it is shown that either
Ry > 1or f(LS) > pp/Xp holds, Ey is unstable. Biologically, Ry > 1 implies the
average number of secondary infections larger than unity. In fact, disease becomes
endemic. If f(L§') > pp/Ap hold, there are excessive matured susceptible and in-
fected mosquitoes emerged from larvae, then disease becomes endemic. Secondly,
the expected number of secondary infection is less than one and the number of lar-
vae is limited by some lower bound (otherwise, the predators can not be survived
due to lack of enough foods), that is Ry < 1 and f(LS') > wu,/A\,, respectively.
Then, equilibrium E; (disease-free with predator) is globally asymptotically stable
which means that disease dies out. In this case, although there are large number
of larvae in water, they are not emerged to matured stage of mosquito as predators
consume some. On the other hand, F; is unstable if Ry > 1. In this case, disease
becomes endemic as average number of secondary infections larger than unity.

It is further shown that the equilibrium E» (predator free with disease) is globally
attractive when it exits, which means that disease becomes endemic. On the other
hand, it is shown that if f(L}) > u,/A, the equilibrium E5 becomes unstable and
E* (disease with predator) is existent (predators have enough foods in water to
survive). Further, we have shown that if the endemic equilibrium E* exists and it
is globally attractive, which concludes that disease becomes endemic. Furthermore,
more general model with several time delays is interested in considering which
is left as a future work.
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