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QUASI-PERIODIC SOLUTIONS OF NONLINEAR BEAM
EQUATIONS WITH QUINTIC QUASI-PERIODIC
NONLINEARITIES

QIUJU TUO, JIANGUO SI

ABSTRACT. In this article, we consider the one-dimensional nonlinear beam
equations with quasi-periodic quintic nonlinearities
utt + Uzzzx + (B + 5¢(t))u5 =0

under periodic boundary conditions, where B is a positive constant, € is a
small positive parameter, ¢(t) is a real analytic quasi-periodic function in
t with frequency vector w = (wi,w2,...,wm). It is proved that the above
equation admits many quasi-periodic solutions by KAM theory and partial
Birkhoff normal form.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Recently, there has been a lot of publications concerning the dynamic behavior
for nonlinear beam equations by using different methods, see for instance, [I1 [3, 8]
9, [111, 20, 27]. In these works, little is considered about quasi-periodic solutions of
this kind of equations. Significant results have been obtained with respect to quasi-
periodic solutions of autonomous beam equations by KAM theory, see [13] [14], [15].
In particular, Liang and Geng [21] considered the existence of the quasi-periodic
solutions of completely resonant beam equations

Uty + Uggar + Bus =0 (11)

with hinged boundary conditions with B = 1.

The works mentioned above do not non-autonomous include the case. More
recently, Wang [26] obtained the existence of quasi-periodic solutions for the non-
autonomous beam equation

Upy + Ugaaw + pu+ eg(wt, z)u® =0 (1.2)
under hinged boundary conditions

u(t,0) = uge(t,0) = u(t, m) = Uy (t,m) = 0.
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In this paper, we consider the existence of quasi-periodic solutions for nonlinear
beam equations with quintic quasi-periodic nonlinearities

Ut + Upgar + (B +e¢(t))u’® =0, (1.3)
subject to periodic boundary conditions
u(t, ) = u(t,x + 2m), (1.4)

where B is a positive constant, ¢ is a small positive parameter, ¢(t) is a real analytic
quasi-periodic function in ¢ with frequency vector w = (w1,ws ...,wy). Equation
(1.3) can be regarded as a quasi-periodic perturbation (with perturbation term
e¢(t)u®) of the completely resonant nonlinear beam equation

st + Upgpos + Bu? = 0.

Firstly, we consider the existence quasi-periodic solutions of an ordinary differ-
ential equation with respect to the unknown function z(t),

i+ (B+eg(t))x® =0. (1.5)

Secondly, we obtain the nonlinear beam equation

4
Vit + Vaaar + V1), € €)v + Z Vi1 (06, € )™ =0 (1.6)
k=1
by letting u = ug(t)+ev(z,t) in (L.3)), here uy(t) is a nonzero quasi-periodic solution
of and V, (k=1,2,...,4) defined as in Section 3.

Thirdly, we construct the invariant tori or quasi-periodic solutions of with
by means of KAM theory. Finally, we prove that with have many
quasi-periodic solutions in the neighborhood of the quasi-periodic solutions to .

As in our previous works [25] 28] [30], the method used in this paper is based
on the infinite-dimensional KAM theory as developed by Kuksin [I8] and Péchel
[23]. Thus the main step is to reduce the equation to a setting where KAM theory
for PDE can be applied. We note that is a nonlinear beam equation with
quasi-periodic potential and quasi-periodic nonlinearities, which needs to reduce
the linearized system of to constant coefficients by a linear quasi-periodic
change of variables with the same basic frequencies as the initial system. However,
we cannot guarantee in general such reducibility. The strategy of the proof in this
paper is similar to the one in [25]. However, the details are quite different.

Now the reducibility problems of infinite-dimensional linear quasi-periodic sys-
tems, by KAM techniques, has become an active field of research. The first result
was obtained by Bambusi and Graffi [2], after that, Eliasson and Kuksin [10], Yuan
[29], Liu and Yuan [22], and Grébert and Thomann [I6]. However, in general, the
reducibility of infinite-dimensional linear quasi-periodic systems remains open and
is very attracting.

For our purpose, we first introduce a hypothesis.

(H1) B > 0, ¢(t) is a real analytic quasi-periodic function in ¢ with frequency
vector w = (w1,ws, . ..,wm), where w € Dy,

Dp = {w e R™ : |(k,w)| > Alk|~™D 0 £k ez™)
with A > 0.



EJDE-2015/11 QUASI-PERIODIC SOLUTIONS 3

For v > 0 we define the set
A, ={a €R: |(k,w) +la| > (k| + 1))~ ™V for all 0 # (k,1) € Z™ x Z}

with its complex neighborhood A, + h of radius h. The following theorem is the
main result of this article.

Theorem 1.1. Assume that (H1) is satisfied. For an arbitrary index set Ny =
{ni1,na,...,nq} CN, there is a small enough positive e** such that for any 0 < e <
£** there are the sets ¢ C J C [x/T,3n/T) and £. C ¥ := Dy x A, x [0,1]4+1
with meas J > 0,meas ¢ > 0 and meas (X \ X.) < ¢, such that for any £ € ¢
and (w,a(g),go @(éj)jeNd) € Y., the nonlinear beam equation — possess

a solution of the form

u(t,x) = ug(t) + euq (¢, x) + o(e),

ui(t,z) = Z 7'%]/# cos \/j4 + e[V]t cos(jz),

je{0yuNa /74 + e[V]
with frequency vector
W= (W,Oé(g), ("Dj){O}UNd) € Rm+d+27

and V as defined in Section 3.

(1) w is the frequency vector of ¢ , while o, ©; are constructed in the proof, and
are functions of € and of parameters &, € = (£, (§;)jen,) € R In particular,

0 = pi(e) +e%a( ), pyle) =/t +elVI+ O™, je{0}UNg,

where |a;(€,¢)| < C;

(ii) ug(t) is a non-trivial solution of depending on the parameters (€, ¢),
it is of size O(eY*) and of quasi-periodic with frequency (w,a), and ui(t,z) is a
solution of the linear equation

attul + 8mxatzul + €[V}Ul == Oa (17)

and is quasi-periodic with frequencies \/j* + ¢[V], 7 € {0} UNy.

Remark 1.2. Using the method of this paper we cannot expect an existence result
for quasi-periodic solutions (¢, x) of with the same frequency w as the data
of the problem. Actually, the quasi-periodic solutions obtained in Theorem
bifurcate from quasi-periodic solutions of the nonlinear ODE ([L.5]), and the solutions
have more frequencies than the data of the problem. That is because we need to
add extra parameters while one considers the existence of quasi-periodic solutions
for ODE and PDE by means of KAM theory respectively. The addition
of the extra parameters will cause solutions with additional frequencies. Thus,
the main aim of the work is the construction of solutions with also additional
frequencies, and the solutions could be viewed as the interaction between wug(t),
which is the (w, a)-quasi-periodic solutions of , and w1 (¢, z), which is a solution
of the linear equation , and is quasi-periodic with frequencies (j4 + 6[‘7])1/ %,
The result is still new even if the equation seems to be quite studied and well-
understood.
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Remark 1.3. To avoid the double eigenvalues we restrict ourselves to choose an
even complete orthogonal basis ¢;(z) = ﬁcos(jx), j > 0. The solutions u(t,x)
constructed in Theorem are even in space variable x.

2. (QUASI-PERIODIC SOLUTIONS OF A NONLINEAR ODE

In 2000, Bibikov [5] developed a KAM theorem for nearly integrable Hamiltonian
systems with one degree of freedom under the quasi-periodic perturbation:
_ OH(r,p,wt,a)
= _T’
OH (r, p,wt, a)
or
with a one-dimensional parameter a. In this section, we apply the results in [5]

(See also [17]) to show the existence of the quasi-periodic solutions for the following
nonlinear ordinary differential equation with quasi-periodic coefficient,

i+ (B+eg(t)z’ =0. (2.2)

First we introduce the Bibikov’s lemma.

(2.1)
p=a+

Lemma 2.1 ([5]). Suppose that H(r,¢,0,a) is real analytic on

1
D = {(r,p,wt,a) : |r| < by, |Ime| < po, |ImO| < po, a € A, + 57(50}
and satisfies
|H| < ypyt303. (2.3)
Then

(1) There exists a &g such that if 6y < d§, then there exists a function ag 1, A, — R
and a change of variables

r=p+v(p,¢,0,a), e=v+u®,0,a), acA,
that transforms system with a = ag(«) into a system
p=Blpv.0,0), ©="V(p1.0,0)
that satisfies the condition
0B(0,v,0, a)
dp
(ii) meas(Ag,) — p, as K — 0%, where I C R is a unit interval, p > 0, and
Ay = {a € pl : |(k,w) 4 la] > Ku(k| + 1))=Y for all 0 # (k,1) € Z™ x Z}.
Equation is equivalent to the system
i=—y, y=Bz®+ep(t)z’. (2.4)

Using Bibikov’s theorem, we have the following lemma.

B(0,v,0,a) = = 0(0,%,0,a) = 0.

Lemma 2.2. For anyw € Dy, there exists an €* such that for any positive 0 < € <
e* and sufficiently small v > 0 there exist a real analytic function ag(c) : Ay — R
and a set J C [r/T,3n/T) with measJ > 0, such that for « € A,, £ € J and
some o > 0, Equation has a quasi-periodic solution x(t,£,€) € Q, (&) with
D(€) = (w1, wa, - - ., wm, a(€)) satisfying x(t,€,e) = O(e7).
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Remark 2.3. w = (wy,ws...,wy,) is the frequency of ¢(t) and a(£) is obtained
from Lemma then the frequency of solution for (2.2]) is dimension m + 1.

3. HAMILTONIAN FORMALISM

From Lemma we know that for every e € (0,¢") equation (2.2) has a non-
trivial quasi-periodic solution ug(t,&,e) with frequency vector &(§). Taking u =
uo(t, &, ¢) + ev(t,z) in (L.3), we get the equation

4
Vit + Vggaa + %(J)(g)ta 57 S)U + Z gkvk—i-l(a}(g)t? ga E)vk+1 = 03 (31)
k=1

where
Vi(@(E)t,€,€) := 5(B + ed(wt)) ad (@ (€)1, €, €),
Vi1 (@(E)t, €, €) := CETH (B + eg(wt)) g F(@(E)t, €, ),
), a

are quasi-periodic in time ¢ with frequency vector w(¢&
functions of ¢ and ug respectively. Let us write

V(0.E,¢)

k=1,2,3,4

, and ug are the shell

N _ 4 (3.2)
=5¢(B + e (wt)) [(€ + VED)'/*C(¢T)]
with 6 = ©(&)t € T™*!, and
dng J€,6) = 5¢(B + ed(wt)) [(1 + f )C4(90T)
d

+(E+vE I>403<¢T>c’<w> )

Therefore,
lim[V (6, €,¢)] = L lim V(0,€,¢)d0 = 5¢BEC* (¢ T)
slﬂ%[ 8= @)™ Jpmia ) -0 vot )
1
lim SV 0.6.0] = Gy [ Tim ZV(0.6.2)d = 5eBC* (0T,
Thus, there exists 0 < €1 < £* such that for any € € (0,¢1),
[V(6,6,2)) > 2eBEC (puT) = >0, (3.3)
664_[‘7(9,57 E)] > 20304(¢0T) =1, > 0. (34)
Let us write -
V(0,&e):=[V(6,£,e)]+V(0,{.¢)
with [V(0,€,¢)] = 0, and m. := e[V (6,,¢)] > 0. Then
Vi(0,€,6) = eV(0,€,e) = me + eV (0,E, ).

Furthermore, we can show that

V(6,6,e) = O(e) (3.5)

as € < 1. In fact, from (3.2)), we have
V(6,€,2) = 5¢ (B +2d(wt)) €+ VENCH(T),
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[V (6,€,6)] = 5c(B + €[g)) (€ + VED)C* ().
Therefore,
‘7(9757 5) = V(av gv 5) - [V(avgv 5)]
= 5¢ECH (T ((6 — [4])) + O(?) = O(e).
We can rewrite the equation as follows

4
b=w, b+ Av=—eV(D(E)tE ) — ZskaH((D(g)t, £, e)vrt (3.6)
k=1

where A = d*/dz* + m.,t € R. As it is well known, the equation can be
studied as an infinite dimensional Hamiltonian system by taking the phase space
to be the product of the Sobolev spaces H}([0,27]) x L?([0,27]) with coordinates
v and w = Oyv. The Hamiltonian for is then

1 1 1 ~ - = 27
HZE@M@+§me+%VWQM§@A e

4
Z W Vi1 (@(6)t, € e )/ o2
z,

k+2 ;

where /-, -) denotes the usual scalar product in L2([0,27]). We will find the solu-
tions v(t, z) of (3.6) which satisfy

v(t,—z) =v(t,z), (t,z) eRxT.

(3.7)

It is easy to see that A= jt+me (5 =0,1,...) and ¢j(x) = %cos(jx)
(j=1,2,...), o) = W are, respectively, the eigenvalues and eigenfunctions of
Sturm-Liouville problems

Ay =Ny,
and the eigenfunctions ¢;(x)’s with j > 0 form a complete orthogonal basis of the
subspace consisting of all even functions of L?(0, 27).

We introduce coordinates ¢ = (qo, q1,92,-.), p = (Po,p1, P2, ... ) through the
relations

(3.8)

g;(t)
(x), Ow(t,x) i ()i (z (3.9)
2 = Yt

The coordinates are taken from some real Hilbert space:

v(t,x) =

1" = la’S(R) = {q = (qoaqlana s )aQZ € R,Z > 0 such that
anis = |qo|2 + Z |qi|2i2562‘” < oo}.
i>1

Next we assume that a > 0 and s > 1/2. One rewrites the Hamiltonian (3.7) in
the coordinates (g, p),

H=A+G, (3.10)
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where

1 V@9t & e)
A= NP+ ) +e——2=47,
2;) P t+a N

4
Vi (@)1, € ¢) q5(t) k2
G=> ¢ k:+2 /0 (j>0 fj/fjd)j(x)) dz.

k=1

The equations of motion are
. OH , OH V(0,Ee) oG
dj=—5—=VApj, Pj=—5-=—VNgj—e—F—"¢—5— j=0 (311
7= op; iPj j dq; 745 oy 77 0g; ( )

with respect to the symplectic structure > dg; A dp; on [%* x [%5.

Lemma 3.1. Let I be an interval and let

tel— (qt),p(t)) = ({g; () }iz0, {p; () }20)
be a real analytic solution of (3.11) for a > 0. Then

0
oltr) =D "L se;()
=0 VA

is a classical solution of (3.1)) that is real analytic on I x [0, 27].

One introduces a pair of action-angle variables (.J,0), where J € R™*! is canon-
ically conjugate to 8 = @(£)t € T™*L. Then (3.6 can be written as a Hamiltonian

system

_OH s OH o =), j:_%[ (3.12)

with the Hamiltonian

H=<®(5),J>+%Z\/TJ(P?+Q?) éf/i) (3.13)
>0 '

+eG%(q,0,€,e) +e2G*(q,0,€,¢) + 3G°(q,0,€,¢) + £*G(q, V),

where ¥ = wt,

G3(Q707g7 5) = Z G?,j,d(9757 E)q'LQJqd (314)
4,7,d>0
with ©
1V5(6,€,
G1ul0.6.6) = 5D [ 642102 (a)s (3.15)

It is not difficult to verify that, from the definition of eigenfunctions,
G}a(0,6,6)=0, unlessitj+td=0.

Expressions G4, G5 and G are similar. We introduce complex coordinate

1
Jj ﬂ(% p]) J \/i(% p]) J
that live in the now complex Hilbert space:

145 — la,s((c)

= {z = (20,21,%2,...),2; € C,j > Osuch that
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2l = 20l + 3 3525256 < o).
Jj=1

This transformation is symplectic with dg A dp = v—1dz A dz. Then (3.13) is
changed into

H=H+¢eG%2,0,{,¢) +2G*(2,0,§,€) + £°G°(2,0,,€) + £'G%(2,0,¢), (3.16)

where

- eV (6,&,¢) 22
H= J) + 2% + (zj +%;)7, (3.17)
X

_ — 20 + 20\ ¢
GS(Z,G,f,é?) :Gg,O,O(eagas)( > 0)3

3 - Zj+ Zj\ Zd+ Zd\ 120 T 20
+3j§OGO,j7d(9’§’E)( \/5 )( \/5 )( \/5 )

3 = 2+ Zi\ 25+ Zj\ 2q + Zq
3l

Expressions G4, G®, GY are defined similarly to G2.

(3.18)

4. REDUCIBILITY OF LINEAR HAMILTONIAN SYSTEM

In this section, we are concerned with the reducibility of linear quasi-periodic
Hamiltonian system ((3.17). Our result shows that system (3.17)) can be reduced to
constant coefficients for any fixed w € Dy. Let us rewrite Hamiltonian (3.17) as

H = Hy+eH,, (4.1)

where

~ (& = (6 f; ) = \2
Hy = (@(8),J) + \jzzZj, Hy= z;)%.
: 2. v L

4.1. Reducibility theorem.

Theorem 4.1. Consider the Hamiltonian H gwen by equation , Then there
isa0 <e™ <e*,0<9<1andasetJCJ withmeasJ > measJ(l—O(g))
such that for any 0 < e < e, € J and a(§) € A, there is a linear symplectic
transformation
$°: DY (0 /2,7/2) x J — D*(0, 1)
such that the following statements hold:
(i) There is some absolute constant C > 0 such that

o'} L
X% —id |a,s+1,D“’5(0/2,r/2)><7 < Ck,

where id is identity mapping.
(ii) The transformation 3°° changes Hamiltonian [@1]) into
HOZOO— ” +Z,u7zjzj,
j>0

where

i = VA YN R(E (), e), (4.2)
k=1
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< V(0,E ¢
51 0(8). ) = 052
2/A;
5\]7]6(57‘:}(5)7 5) = [Cj7k—1,1,1]) |5‘]7k(57&)(5)7 E)' S Ca k= 2a 3a e
4.2. Regularity of the perturbation term. Let

3 _ 3 4 _ 4 5 _ 5
Giga = Glipar  Giga = Glajiaig Giiam = Glijjjiaim -

:O,

Glratmn = Glilllialimiinl
Noting that the transformation 3*° is linear, and from (i) of Theorem we get
for j =0,1,2,...
20 8% = zj +efl o (0;€,6)z; + ef ;(6:€,€)7;,
where
1 B0 sy s (B:60) 0 207 < C-
For convenience we introduce another coordinates (..., w_o, w_1, wo, w1, ws,...) in

Ip by letting zg = wo, 20 = w—o, 2 = Wwj, Z; = w—; where [j consists of all bi-infinite
sequence with finite norm

oo
w2 s = Jwol? + [w_o|* + Z |w; || 7] 25241

li1>1
Hamiltonian (3.17)) is changed into
H:=HoS™ = (@), J)+ Y pjwjw_j, (4.3)
320

(20 + 20) 0 X°° = S11(0, &, €)wo + S12(0, &, €)w_o,
where
S11(0,€,6) =1+ sfg’oo(e;é, g), Si2(0,&,e) =1+ gfgm(e;é, £)
with
17 @6 srs 100 7 < C
This implies the Hamiltonian is changed by the transformation ¥°° into
H=H+eG® +2G* + 3G° + £1GS. (4.4)
Next we consider the regularity of the gradient of G3, ..., GS.

Lemma 4.2. Fora >0 and s > 1/2, the space 1** is a Hilbert algebra with respect
to convolution of the sequences, (q*p); ‘= Y1 ¢j—kPk, and

g * plla,s < Clldlla,slPlla,s
with a constant C' depending only on s.

The proof for the above lemma is similar to that of [23] Lemma A]. Using the
above lemma, we can prove the following Lemma.

Lemma 4.3. For a > 0 and s > 1, the gradient éf’u,éi,éij and éfv are real
analytic for real argument as a map from some neighborhood of origin in I*° into
195412 with

G las41/2 < CllwllZ o G llast1/2 < Cllwlla o - 1Gollassr2 < Cllwllz
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uniformly for (6,€) € O(0/2) x Ji, where C is a constant large enough as € small
enough. The Hamiltonian G till G° depend on the “time” 0 = (01,...,0m,0mi1) =

(wit, ..., wmt, a(E)t).

5. THE BIRKHOFF NORMAL FORM

In this section, we transform the hamiltonian into some partial Birkhoff
normal form of order six so that it appears, in a sufficiently small neighbourhood
of the origin, as a small perturbation of some nonlinear integrable system. To this
end we have to kill the perturbation CNJ?’, C~7'4, G5 and the non-resonant part of the
perturbation G® by Birkhoff normal form.

By X};S_ denote the time-1 map of the vector field of the Hamiltonian € F5, Then
letting

G® + {H,F3} =0,
we have found a quasi-periodic function F such that G + {ﬁ , F5} = 0. Therefore,
we get the new Hamiltonian
H=H+£2G* +£3G° + £*G% + "Ry, (5.1)
Repeating this process, we eliminate all terms in G* and G°. Hamiltonian (5.1)) are
changed into
H = H+¢*GS 4+ ¢°Ryy + €Ray + ¢ Rsg + e8Rug + €% Rs5 + ' Ree, (5.2)
and we can write
G® = Z Ggsaﬂw(’;wiow;‘w[jj. (5.3)
|a]+[B|+r+s=6
Let £, = {(i,5,d,l,m,n) € Z° : 0 # min([i|, |4, |d|, ||, |m|, |n]) < n}, and N,, C L,,
be the subset of all (4,4,d,l,m,n) = (i, —i,7,—J,1,—1). That is, they are of the
form (¢, —1,7, —j,1, —1) or some permutation of it.
We define the indices set A,,* = 0,1,2,3. For each x = 0,1,2, A, is the set of

indices {i,7,d,l,m,n} which have exactly * components not in £,,, Ag is the set
which has at least three components not in £,,. then we split ([5.3)) into three parts:

G =G’ +G° + G,

where @6 is the normal form part of GS, with (i,...,n) € (Ag U A1 U Ag) NN,,:

—6
G'= Y Giulwillu?lwf?,
N 2I>1

G is the normal form part of G, with (i,...,n) € (Ag UA; U Ag)\N,y:
G’ = Z G?jdlmnwiijdwlwmwn,
(iyeees) E(AQUATUA)\N,
GS is the normal form part of GS, with (,...,n) € As:
G® = Z G?jdlmnwiijdwlwmwn-
(4,...,n)EA3

Using the same methods as in Section 5.1, there is a hamiltonian Fg which has the
same form as that of G5, and will eliminate G® by a symplectic transformation X};G,
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which is the time-1-map of the flow of a hamiltonian vector X, with hamiltonian
4
g Fﬁ, let

{H, F} +G° = [xs3(0, & e)wiw? o +wiw? o > [GF;,)(0, € )wjw-;
Jj=21
— 76 ~
+ wow—_g Z [GOOll]]](97 &, S)IUZ‘U)_Z"LU]'IU_J’ +G + GS.
1ENG,,j>1
By a direct calculation, we obtain the following lemma.
Lemma 5.1. For each finite n > 1, there exists a real analytic, symplectic change
of coordinates X}% in some neighborhood of the origin on the complex Hilbert space
1% such that the hamiltonian (5.2) is changed into
Ho X}:ﬁ =H + 00642828 + ZOZO Z Cjzjzj + 642020 Z [Ggomj]ziiizjij + 64K,
Jj=1 1,521
where
76 A 1
K=G +G%+ ER11 +eRos + -+ 89/ {R66,F6} o Xfpﬁds,
0
[¢]
24m2[V]3/2
o
T um V] /A,

and [Gf;;;;] denotes the 0-Fourier coefficient of G

co = e 1+ 0(EH)),
21+ 0 ),

with

0072579
e ”WWA*T%%4+WW+%@W,#m -
0075 = . . :
” 48><2 [GOOiiii] 4Wzli[qi]ﬁ(1 +O(e)) + wij(€7€))7 t=17
and
[¢)]
Gn]]ll 871_2\/)\1)\7])\[(4 + 25” + 25jl + 25]k + 25i+jvl + 252'4_17]' + 2514_]'71'). (55)
Here
1 =i
bi=4,
0, @#J,

wij (€,¢) depends smoothly on & and € and there is an absolute constant C' such that
|, (€, s)||:¢ < Ce for e small enough, while G is only dependent on the coordinates
Z and we have

Gl =O(IZl5..),  |K|=0O(
uniformly for |Im6| < 0 /5, £ € 7, 2 = (2;) jem\w,-
We introduce the action-angle variable by setting
I_ 7ié]' y
_ \/76 , j GNdU{O}, (5.6)
zj = zj, ]¢NdU{0}.
By the symplectic change (5.6), the normal form becomes

7 4,3:3 52 21, |2
H + coe*2323 + e*23 7 E c;2iZi +e*2020 E c;lzil %) %]
JjeN 1EN,j>1

7
a,s)
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= (@), ) + molo + co* 1§ + > (uj + I3e;) i + > (nj +*I5cj)2%

JENa JENa
53‘5 1 R
+ 1y (5(ALI) +(BI, Z))
] 2

with I = (I1,...,1q), A= (aij)ijens B = (0ij)jeNieNy Z = (|zas1 % |zas2l®, -,
and

A (14 0E) T @y(Ee)) i 4],
j,fz[ﬁ]i (14 0(e)) + @i (&, €)), i=j.

Now let us introduce the parameter vector & = (Ej)jeNdU{o} and the new action
variable and p = (p;)jen,ufo} as follows

I =e&+pj, &€[l,2], |plet, j={0}UN,.

Clearly, déj Ndl; = déj A dpj. So the transformation is symplectic. Then the
normal form is changed into

(@), J) + (,uo + 3005653 + 2¢%¢, Z q—@-)ﬁo + Z (5 + 66§:§cj)ﬁj

aij =

JENu JENu
+ (Baolo+€° Y ¢i&y)pg + 2% p0 > cipi + cos i+
jeNd jGNd
+ Z (ks + et(eéo + ﬁO)QCj)ZjEJ' +e%0 Z [G80¢¢ii]ﬁiﬁj
JENa i,jENG
+ % Z [Gooiiiil 7i€5 + €60 Z [Gooiiiléins + %0 Z [GRoiiailéilzi |
i,jENg i,jENg i€Nq,jENa
+¢°po Z [GSOiiiz’Kjﬁi +2°po Z [G(G)Oiiii]fiﬁj +&°po Z [Ggomi}ﬁif’j
1€EN,JEN i,j€ENa ,JENa
+e* (& + Ao)® Z [GRoiiii) Pilzi |-

iE€ENG,jEN

Hence, the total Hamiltonian is

H = (@0(8),J) +opo+ Y @ipj+ Y X2%

jENd jeN
"‘5650 Z [Ggonjjmigj +565~0 Z [Ggomj]&ﬁj (5.7)
i,j€ENa i,5EN
+¢% Z [Goiij1Eilz1* + P,

€N, jENa
where
@o = po + 3coeBER + 256, Z cjfj,
JEN
.o 672 67 GS 1€ e N
Wy Hj +e é-OCJ +e 50 [ OOmz]EW J € Ng
i,jENa
N = 6752 . 65 GO . N
g =i +e8c +e°% Z (Gooiiialéi» T ¢ Nas
’iENd,
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P = (3¢’ + €° Z ¢;&5)5 + 2e°&ofo Z ¢ipj + coe* iy

JEN JENG
5~ 6 g 5~ 6 g 5~ 6 s
+ € po Z [Gooiisl€ipi + €7 po Z (Gooiiisléipi +€°po Z [Goosiail Pip;
4,jEN 1,JEN 4,JEN
+e* (60 + po)” Z [Gooiiiil Pilzs]? + * Z G®pipjpu
1€ENG,JENa i,5,lENG
+e Y Gapip+e Y Ghpp+e Y Gpim
i,J,lEN i,5,lENg 1,5,lENG
+ 5 Z GS&ipjuz + € Z GS¢; iz
i,jENa,IEN 4,JEN 4, IEN
+ & Z GOpipjziz +€° Z &iziZia%
i,§ENa,IEN 1€ENG,JIEN G
+et Z pizjZjz1Z + gt Z G?jdlmnzizjzdzlzmzn + &K
1€NG,GIEN (4,--,n)EANS

=e'Q + GO + 5K + €K,
with

Q=0(p")+0UpllZI*), G = Y Glumnzizizazizmon,
(2,...,n)EA3

1
K =0(p") +0(pllZ|), K=Ri1+Rn+-: +€9/ {Res, Fo} o Xy ds.
0

Next, we give the estimates of the perturbed term P. To this end we need some
notation which is taken from [23]. Let I*® is now the Hilbert space consisting of
those vectors Z with || Z||q,s < 00. with

1Z]

3’5 = Z |2 |?17]*%¢** < 00, a,s>0.
JENa

Let @ = (0,00) &0, with 0 = (0;)jen,, y = (J,p0) @5, p = (5j)jeNss Z = (%)) j¢Nus
and let us introduce the phase space

Pt = kb2 o Cmtdt2 o s o 5 (g y 7, 7),
where T™+4+2 ig the complexiation of the usual (m + d + 2)-torus T™+4+2. Set
D(s,r) = {(z,y,2,Z) € P** : |Imx| < 8, |y| < 7%, | Z||as + | Z]las < T}
We define the weighted phase norms
Wl = Wler = lol + 1ol + 11 Z s + 1 Zas

for W = (z,y,Z,7Z) € P%® with 3 = s+ 1. Denote by ¥ the parameter set
F x[1,2]™F4F1 For amap U : D(s,r) x ¥ — P»%, define its Lipschitz semi-norm
Ul

=sup ————,
éze 1§ —¢|
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where Az U = U(-, £)—U(-,€), and where the supremum is taken over ¥. Denote by
Xp the vector field corresponding the Hamiltonian P with respect to the symplectic
structure dz A dy + idZ A dZ, namely,

Xp = (0,P,—0,P,V 3P, -V 4 P).

Lemma 5.2. The Perturbation P(x,y,Z,Z;() is real analytic for real argument
(z,y,Z,7Z) € D(s,r) for given s,r > 0, and Lipschitz in the parameters § € ¥, and
for each £ € X its gradients with respect to Z, Z satisfy

0zP, 9zP € A(I%*,151/3),

where A(1%°,19571/2) denotes the class of all maps from some neighborhood of the
origin in 1% into 1*5tY/2 which is real analytic in the real and imaginary parts of
the complex coordinate Z. In addition, for the perturbed term P we have the two
estimates

sup |Xp|, <Ce*,  sup |9:Xpl|, < Ce?,
D(s,r)x2 D(s,r)xX

where s = o /5 and r = €.

Proof. For j € Ny, from (5.6) it follows that |95 w;| < Cel/? and |9;,w;| < Ce™1/?
where w; = z; or w; = Z;. From (5.6) and || Z||4.s < r = &, we obtain ||z, s < Ce'/?
where z = (20,2) ® Z with z = (z; € C: j € Ny). In view of |@6\ = O(e®),|GS| =
O(e%) and K = O(£'7/?), it follows that |P| = O(e'°) on D(s,2r). Using Cauchy
estimates for 9, P, 8, P, 9P and 9z P, we obtain |9, P| = O(e'?), |0,P| = O(®),
07 P| = O(£?), |9zP| = O(¢°) on D(s,r). Hence, we have supp, yxx [Xp|r <
Ce*. By a direct computation with respect to £, we also have SUPp(s,ryxx [0 Xplr <
Cet. O

6. PROOF OF MAIN THEOREM

To apply the infinite-dimensional KAM theorem which was first proved by Kuksin
[18, 19] and Péschel [23] to our problem, we need to introduce a new parameter @
below.

For any £ € 7, we have a(§) € A,. Hence, for fixed w_ = (w!,w?,...,w™) €
Dy and w™1(€) € A, arbitrarily. For

@@Mﬂi:{@@ﬁzwh“wwma@»GDAxAvww—wHSe,

a(§) =™ @) < e,
we can introduce new parameter @ = (01,2, ... ,Om,Wm+1) by the following
w;j =w +e%;, @ el0,1], j=1,2,...,m,
() =w™E) +50my1, Dmar €[0,1).

Hence, the Hamiltonian becomes

H = (@(&),9) + (), 2) + P, (6.1)
where @(§) = ©(§) & wo & w with
55'550

VIv]

AE, O(6) = §+ 555 _pE,

O=a+ =
V]
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= (&)ieNas
B =
[1,2]+4+2. Then we have Xp € A(1%*,1%°T1/2) and

| Xp|. < Ce?,

(5\(14,,17 5\(14’,27 PR )
Lemma 6.1. Let Il =

sup

sup
D(s,r)xII

|a<Xp|T S 054.
D(s,r)xIL

The proof of the above lemma is the same as one of the lemma In the
following, we verify the assumptions A, B and C in [23], for the above Hamiltonian

(6.1). Recalling (5.4)), we have

A = (az)
b _ _ _
7—1—@11(5» ) \/ﬁ‘f'wu(fﬁ) ﬁ"‘wld(&g)
] _ _
m + ’CU21(€7 ) Nz + w22(§75) ﬁ + W4(§,E) ,
o - , .
m + wdl(f ) ﬁ + wn2(£7€) Nia + wdd(gag) dxd
a ¢ a ¢
\/ Ni(d+1)Ait T @1, 1(§ ) T \V Ai(d+1)Nid T Wat d(§ )
B= | 77— twi21¢) ... ———— twir24(&€)
V Ai(d+2) it VANi(d+2)Aid )
ocoxd
where
w2’ 472 '
b a a
i7Xi2 42 Xi3 i2xi2
a b a
gi_r)%A: 12X42 42 xi2 i3 %142 =D,
a a b
i2%407 i3 Xi3 i2%i2/ axd
5,1 %143 i§+1a><i§
a a ~
611_{%3: i3+2><11 i3+2><zd =D.
coxd
Setting @ = (i1,43,...,i3) and 0 = (i, ,%5,4,---), and defining the matrices
E = diag[a], F := diag[],
we can rewrite D and D as
D=ETYAE™', D=F'BE,
where
b a a b b
Z _ b a 7 E _ b b
a a b

dxd coxd
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We know that det D # 0 since det A = (b — a)?" (b + (d — 1)a) # 0 (a, b have the
same sign). Therefore, we get det A # 0 provided that 0 < ¢ < 1. Moreover, by
the definition of &, we get that

_ I It 0 0
%“’ — M =% | 0 6o+ D jen, & 12Y ], for € el
¢ 9@, ¢) 0 126 Y7T + A¢ A
where I,,,+1 denotes the (m + 1) x (m + 1) unit matrix, Y = (¢1,¢9,...,¢q). Let

o =6c0 + > cn, €& In view of co = O(e73/%), ¢; = O(e71/?) and

1 —-YA! ch 12Y 1 0
0 I, 12Y7T + A6 A —AWYT I,

[y —YATIYT —Ye 0
- A¢ A)

we get

chy—YATIYT —Y¢E 0
det( Ag A #0

provided that 0 < ¢ <« 1. Therefore, the real map £ — ©(£) is a lipeomorphism
between II and its imagine.
For any k € Z™*+2+4 | we write
k= (ki ko, ks), ki €Z™ kycZ,kscZl.
Let

V() = (k. B(€)) + (1, Q(E))
£

= </€1,(I)(g)> + kowg + <k‘3,&> + <k3,55'57Aé>

~

Vi

+(1,B+ 55'5§70AB§~>7
VIV
A= {E€T: Y(E) = 0}.
We need to prove that meas A = 0. We discuss the following two cases.
Case 1. Let ky = (k' k2, ... k™, k™t1) £ 0 and write
(k1,@(8)) =Y K'wi + k™ a(€),
i=1
then there exists some 1 < iy < m such that k% # 0. Observe that gy, & and ﬂN do
not involve the parameter . Then

Y (&)

S S £, 0<e<x ],
3wi0

which implies meas A = 0.
Case 2. Let k2 # 0. Then

8){(5) = 6coe® + 2¢° Z ngj #0,
850 jeNd

which implies meas A = 0.
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Case 3. Let ky = ks = 0, then

5.5 - -
y(f) = <k1;w> + kQ‘Z)O + <k37 &> + <k37 %Aé» + <laﬂ + €3B§>
\4
55 B 55
— (kg @) + (ks, ——=A&) + (I, B+ ——BE)

V] Jiv

5.5
— (ks, &) + (I, B) + ——(Aks + B1,),

v]

where BT is the transpose of B. (Note that A is symmetric.) We claim that either
<I€3,5¥> + <l,ﬁ> # 0 or Aks + BT| £ 0.

Since _
lim (Aks + BTl) = Dks + D1,
E—
and } R
gii%“ki%d) + <laﬁ>> = <k37d> + <lvﬁ>v
with & = (1,43, ...,42) and 8= (iflﬂ,iiH, ...), it suffices to show that (ks,d&) +

(Z,B> # 0 or Dk3 + DTl # 0. The result is proved in in[24] Lemma 6]. Hence, we
get that (ks,@) 4 (I, 3) # 0 or Aks + BTl # 0 as 0 < ¢ < 1. Moreover, it is easy
to that (1,Q(¢)) #0as 0 < e < 1, with 1 < |I]| <2 and & € II. This completes the
verification of Assumption A.

Noticing that

wi = VA + DN k(G @(9), ),
k=2

we have that ﬁj =j°+... with ¢ = 2 and (AZJ» — 42 is a Lipschitz map from II to
17 with 6 = —2. Thus, Assumption B is fulfilled for O with 6§ = —2,¢ =2, and
Q=3

Assumption C can be verified easily using Lemma letting p = s+1/2, p = s.

Now let us verify the smallness condition in [23]. By letting a = £%7* with
0 < ¢ < 8 fixed and Lemma [6.1, we have

sup |Xp|-+ sup %|Xp|f < va,
D(s,r)xI1 D(s,r)xIL

if 0 < e < &** with a constant e** = ¢**(y, C'). This implies the smallness condition
is satisfied. Next, Let us check the conditions of [23, Theorem D] for the Hamil-
tonian (6.1). First of all, we remark that @(¢) is affine function of the parameter
¢. and we can choose i =1 in [23, Theorem D].

Let us run the infinite-dimensional KAM theorem for Hamiltonian . Then
there is a subset II, C II with

meas(IT \ TI,) < eL™ T2 m+a+2(Qiam ™ 4204 < Celaf < 57

)

and a Lipschitz continuous family of torus embedding ® : T™+4+2 x I, — P®s+1/2,
and a Lipschitz continuous map & : II, — R™*T9*+2 such that for each ¢ € II,
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the map ® restricted to T™+9+2 x {¢} is a real analytic embedding of an elliptic
rotational torus with frequencies @(§) for the Hamiltonian H at £. Moreover,
|0(&) — B(€)| < ce. We return from the parameter set II to

T (w_, w™ 1) = Q x [0, 1]+

Let

* * m—+1
II* = U(wf,wy_"’H)EDAxAH,H (w,,w_ ),

where w_,w™*! are chosen such that IT*(w*,w™ ") NI (w**, ™) = 0 if
(W, ™) £ (W, ™). Hence, we get a subset ITI* C II* such that
Yo =1II" € Dy x A, x [0,1]% ¢ B
with
meas(X \ ;) <e.

Therefore, for the new parameter set, we have that there are a Lipschitz continuous
family of torus embedding ® : T™+4+2 x ¥ — P+l and a Lipschitz continuous
map @ : X, — R™+4+2 guch that for each £ € ¥, the map ® restricted to T™T4+2 x
{¢} is a real analytic embedding of an elliptic rotational torus with frequencies

&(6) = (@(6), (@) jen,uqoy) for the Hamiltonian H at £. Also
& — By, + %@ — Bo|L < B = ¢et, (6.3)
B =l + T10(8) — W () < e, (6.4)

where w(¢) = ©(¢) and € = (w, a(§), 0,61, ... ,fd). Therefore, all motions starting
from the torus ®(T™*9+2 x ¥_) are quasi-periodic with frequencies &(¢). By (6.3)
and (6.4]), those motions can written as follows:

po(t) = 0(53)7 éo(t) = ot + O(e"),
pi(t) = 0(%), 0;(t) =@t +O("), j €N,
1Z(t)la,s11 = O(e), 6(t) = ©(&)t,

where Z = (z;)j¢ar, and we have chosen the initial phase éj(O) = 0. Returning the
original equation (1.3)), we may get the solution described in Theorem
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