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LIMIT CYCLES FROM A CUBIC REVERSIBLE SYSTEM VIA
THE THIRD-ORDER AVERAGING METHOD

LINPING PENG, ZHAOSHENG FENG

ABSTRACT. This article concerns the bifurcation of limit cycles from a cubic
integrable and non-Hamiltonian system. By using the averaging theory of
the first and second orders, we show that under any small cubic homogeneous
perturbation, at most two limit cycles bifurcate from the period annulus of the
unperturbed system, and this upper bound is sharp. By using the averaging
theory of the third order, we show that two is also the maximal number of
limit cycles emerging from the period annulus of the unperturbed system.

1. INTRODUCTION

The Hilbert 16th problem proposes to find the maximal number of limit cycles of
planar real polynomial differential equations & = f(z,y), ¥ = g(z,y) in terms of the
degree n of the polynomials f and ¢ [I7]. This is a longstanding problem, and many
interesting and profound results have been established under various conditions. For
example, the bifurcation of limit cycles from the periodic orbits around a center has
been extensively studied in the literatures [7, 11} 12} 18] 20, 21} 22] and the references
therein. The weak Hilbert 16th problem in the quadratic Hamiltonian case was
studied in [7]. Simultaneously, quite a few innovative methods have been proposed
based on the Poincaré map [6, 10, [19], the Poincaré-Pontryagin-Melnikov integrals
or the Abelian integrals [I1 [2, [9] [24], the inverse integrating factor [13] 14, 15, 23],
and the averaging method [3], 8, 16 20, 2], 22] which is actually equivalent to the
Abelian integrals in the plane.

Although in the plane the method of Abelian integrals and the averaging theory
are essentially equivalent, each has its own advantages. For example, when the as-
sociated Abelian integrals are complicated or we need to study the periodic orbits
of the non-autonomous differential systems, the averaging method displays more
flexibility. Roughly speaking, the averaging method gives a quantitative relation
between the solutions of a non-autonomous periodic differential system and the
solutions of its averaged differential equation, which is autonomous. Therefore, for
some differential systems, the number of hyperbolic equilibrium points of their aver-
aged differential equations can give a lower bound of the maximal number of limit
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cycles emerging from the periodic orbits around the center of the corresponding
unperturbed system.

As mentioned above, by using the averaging theory, the problem regarding the
number of limit cycles of some differential systems can be reduced to the explo-
ration of the number of hyperbolic equilibrium points of their averaged differential
equations. Hence, the averaging theory has played a crucial role in the study of
limit cycles of the differential systems and some elegant results on the number of
limit cycles of the differential systems have been obtained, such as by Buica and
Llibre [5], by Gine and Llibre [16], by Li and Llibre [20] and so on. However, it
appears that these well-known results are focused on the first and second order
bifurcations of limit cycles. As far as we know, analyzing the third order averaged
function is generally very complicated, cumbersome and challenging, and even be
out of the reach with the present stage of knowledge. Motivated by this fact and
reference [3], in this paper we use the averaging theory of the first, second and third
orders to study the bifurcation of limit cycles from the following cubic integrable
and non-Hamiltonian system under any small cubic homogeneous perturbations

. 2
T=-y+2zY,
. 9 (1.1)
y=z+zy,
which has
22 4 2

as its first integral with the integrating factor 2/(1 —22)?, and has the unique finite
singularity (0,0) as its isochronous center. The period annulus, denoted by

{(a:,y)\H(m,y) =h, he (0,—|—OO)}

starts at the center (0,0) and terminates at the unbounded separatrix formed by
two invariant lines x = £1 and the infinite degenerate singularities on the equator.
The phase portrait of system (1.1)) is shown in Figure

We summarize our main results as follows.

Theorem 1.1. For any sufficiently small parameter |e|, and any real constants
agf) and bl(f) (i, =0,1,2,3;k = 1,2,3), consider the following cubic homogeneous
perturbation of system (|1.1))

3
&= —y+ iy + Zsk Z a,(;f)xiyj,

k=1  i+j=3
- (1.2)
y=x+azy® + Zsk Z bz(-f)xiyj.
k=1  i+j=3

Then the following two statements hold.

(1) By using the averaging theory of first and second orders, system has at
most two limit cycles bifurcating from the period annulus around the center
(0,0) of the unperturbed one, and in each case this upper bound is sharp.

(2) By using the averaging theory of third order, system with b(%) being
zero has at most two limit cycles bifurcating from the period annulus around
the center (0,0) of the unperturbed one, and this upper bound is sharp.
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FIGURE 1. Phase portrait of system (1.1]) in the Poincaré disk.

The rest of this paper is organized as follows. In Section 2, we give an intro-
duction on the averaging theory of first, second and third orders, including some
technical lemmas and methods employed in the averaging theory. Sections 3,4 and
5 are dedicated to the study of the bifurcation of limit cycles by computing the
first, second and third order averaged functions related to the equivalent system
of system and exploring the number of theirs simple zeros, respectively. In
addition, some examples are given to illustrate the established results.

2. PRELIMINARY RESULTS

In this section, we briefly introduce the averaging theory of first, second and
third orders, and some technical lemmas which will be used in the proof of our
main results.

Lemma 2.1 ([3]). Consider the differential system
i(t) = eFy(t,x) + 2 Fy(t, ) + 3 F3(t, x) + *W(t, x,¢), (2.1)

where F1,Fo, F3 :Rx D — R, W:Rx D X (—¢g,e9) — R (g9 > 0) are continuous
functions and T'- periodic in the first variable, and D is an open subset of R. Assume
that the following hypotheses (i) and (it) hold.
(Z) F1(t, ) S 02(D), Fg(t, ) S CI(D) fO'l“ allt e R, Fy, Fo, F3, VV,DgFl,DmFQ are
locally Lipschitz with respect to x, and W is twice differentiable with respect to €.
Define F : D — R for k=1,2,3 as
1 /T
FP(z) = = Fi(s,x)ds,
T Jo

F)(z) = %/0 [W;jl(s, x) + Fa(s, ;U)]ds,
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1 [T r10%F (s, 10F (s, x
e
OF.
+ %yl(s,x) + F3(s, a:)] ds,

where

yl(s,x):/ Fy(t,x)dt,
0

yﬂ&m=2lsﬁéiwwﬂmw+&@wﬂﬁ.

(i) For an open and bounded set V.C D and for each € € (—eg,e0)\{0}, there
exists a € V such that (F} + eFY + e?FY)(a) = 0 and

d(Fp +eFY 4+ 2FY)(a)

T # 0.

Then for sufficiently small |e| > 0, there exists a T-periodic solution x(t,e) of
system (2.1) such that x(0,e) — a as e — 0.

Corollary 2.2 ([3]). Under the hypotheses of Lemma if FY(z) is not identically
zero, then the zeros of (FY + eFY + e2FY)(x) are mainly the zeros of FY(x) for
sufficiently small |e|. In this case, conclusions in Lemma [2.1] are true.

If FY(x) is identically zero and F9(x) is not identically zero, then the zeros of
(FY + eFY + €2FY)(x) are mainly the zeros of FY(x) for sufficiently small |e|. In
this case, conclusions in Lemma|2.1| are true.

If FY(x) and F3(x) are identically zero and FY(z) is not identically zero, then
the zeros of (FY + eFY + e2FY)(x) are mainly the zeros of F?fo) (x) for sufficiently
small |e|. In this case, conclusions in Lemma[2.1] are true too.

Remark 2.3. To be convenient, we call the functions F(z) (k = 1,2,3), defined
in Lemma[2.] the first, second and third averaged functions associated with system

, respectively.
Consider a planar integrable system of the form
&= P(z,y),
y=Q(z,y),

where P(z,y), Q(z,y) : R> — R are such continuous functions that (2.2) has a first
integral H with the integrating factor p(z,y) # 0, and has a continuous family of
ovals

(2.2)

{’Yh} C {(LU,y)|H<$,y) =h, h.<h< hs}»
around the center (0,0). Here h, is the critical level of H(z,y) corresponding to
the center (0,0) and hs denotes the value of H(z,y) for which the period annulus
terminates at a separatrix polycycle. Without loss of generality, assume hg > h, >
0. We perturb this system as follows

&= P(x,y) +ep(z,y,¢)
v =Q(z,y) +eq(x,y,¢),

where ¢ is a small parameter and p(z,y,¢), ¢(x,y,¢) : R? x R — R are continuous
functions. In order to study the number of limit cycles for sufficiently small |e| by
using the above averaging theory, we first need to transform system (2.3)) into the

(2.3)
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canonical form described in Lemma The following result developed from [4]
provides a way for such transformations.

Lemma 2.4 ([]). For system (2.2), assume xQ(z,y) — yP(z,y) # 0 for all (z,y)
in the period annulus formed by the ovals y,. Let p : (v/he, vVhs) X [0,27) — [0, +00)
be a continuous function such that

H(p(R, p) cos ¢, p(R, p) sinp) = R*

for all R € (Vhey,vhs) and ¢ € [0,27). Then the differential equation which
describes the dependence between the square oot of energy R = v/h and the angle

@ for system ([2.3)) is
drR _ (@’ +y*)(Qp - Pq)
d(p 2R(Q$ — Py) + 2R5(qx - py) z=p(R,p) cos o, y=p(R,p) singa’

which is equivalent to

dR {gu(x2 +4*)(@Qp—Pqg)  ,pu(z®+y*)(Qp — Pg)(gx — py)

dp ~ " 2R(Qu-Py)  ° 2R(Qu — Py)?
p(z® +y*)(@p — Pq)(gz — py)? "
Fpe +O(g%),
QR(QI‘ — Py)3 } z=p(R,p) cos ¢, y=p(R,p) sin ¢ ( )

where P,Q,p and q are defined as before.

Remark 2.5. It is notable that for the integrable and non-Hamiltonian systems,
in general it is difficult to find the suitable transformations as described in Lemma

24

For
z? +y?
H(z,y) = 122
we choose the function p = p(R, ) as follows
R
Ryg)=— 2.4
PR, ) = — e ey (2.4)
such that

H(p(R, ¢) cos ¢, p(R, ) sin ) = R.
Applying Lemma to system (1.2]), we obtain the following result.

Lemma 2.6. In the transformation x = p(R,)cose and y = p(R,p)sing for
v €10,27), system (L.2)) can be reduced to

dR 1+ R?cos? p)?
do %{E(Qm - Pq)

+52{QP2*PQ2*

(Qp1 — Pq1)(vq — ym)}
1‘2 + y2
(Qp1 — Pq1)(wq2 — yp2) + (Qp2 — Pga)(xq1 — yp1)
1.2 + y2

+€3[Qp3 — Pqg3 —

(@Qp1 — Pq1)(xq1 — ypl)Q} }
(22 + 42)2

+0(e"),
z=p(R,p) cos ¢, y=p(R,p) sin ¢
(2.5)

_|_
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where
Qn — Pay = alf)a* + (aff) + 6 ) 2%y + (aff) + b)) 222
R R
+ (aéﬁ) - bgg))f’y?‘ + (aﬁ’? - b(()];))ny‘l + aég)xf, (2.6)
== (4~ )+ (8 )
+ (b(()};) - agg))wg — sy,
and al(f) and bz(-f) 1,7 =0,1,2,3; k =1,2,3 are real, and p(R, ) is given by _

3. ZEROS OF FIRST ORDER AVERAGED FUNCTIONS

Proposition 3.1. The first order averaged function associated with system (2.5))
has at most two simple zeros, and this upper bound can be reached.

Proof. The first order averaged equation corresponding to system (2.5)) is

R =¢eF(R), (3.1)
where
1 (% [(1+ R2%cos?y)?
FP(R):T/ [(R@(QM—PCH)] o dy
™ Jo T=pcos p, y=psin @
1 27
= — {R3 [a%) cos® o + (a%) + bg?) cos® psin? ¢ + bé? sin®
21 Jo i (3.2)
R .
1 + R2cos? p [(ag})) B bgll)) cos” psin®

+ (ag — b(%)) cos? psin® gp} }dgp.

A straightforward calculation gives

I cost psin? @ 1 1 2 2 2 1
T4 R0 o @Zﬁ[fz—7—7+(7+7)72}a
0 cos? 4R R R R R 1+ R

/2” cos? psin? ¢ [ . 3 . 2 (2 n 4 n 2) 1 ]
_— = 7T|— _— —_— — [ — _— _— ) —.
y It Rcos2p P "R TRIT R T\ TR R AT 2
Substituting the above formulas in (3.2), we find
1
FY(R) = o { (alf) +aly) ) B + (= o) + 38y +viy) — 3603 ) B2
+2( =l +aly + ) - oF)) + [~ 2(aly — b)) B!
+2(aly) - 20y — o)) + 26(3)) R®

1
+2<a<1> _ 0 +b<1>)] }
30 12 21 03 /71 +R2

(3.3)

Recall that v/1 + R2 > 1, and let

1+ w?
V14+R?2 = —z

1
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for 0 < w < 1. Then formula ({3.3)) becomes
w3 1 1 1 1

+2(a) +afy — 80 bgy)wz + 30 + o + 8 + 31d).

(3.4)

which indicates that F(R) has at most two zeros in w € (0,1), in other words,
at most two zeros in R € (0,+00), by taking into account the multiplicity. Note
that there exist some systems whose first order averaged functions have exactly two
simple zeros. We here present an example as follows. Consider a family of systems

13
40)Z‘y + aé?,)y ]

Ty + b xy2 + bgé)yg},

j:z—y—i—x@—i—s{(—bé? x +agl)x y+(b()

)

(3.5)
=l (0 ¢

20"
where aél), a(%), bi%), b(l) and b(3) are real. In the polar coordinates z = p(R, ¢) cos ¢
and y = p(R, ¢) sin ¢, system (3.5)) can be rewritten as

dR
ap = eG(R,¢) +O(£?), (3.6)
where
a 3 ) _ 9\ M) 1 DY eos® vsi 31 2,2
(R,p) =R [( —bys — E> cos™ ¢ + (a21 + bsg ) cos” psin g + 4—0cos psin® ¢
+ <a03 + b12 ) cos psin® ¢ + bé? sin gp}
R 1 5 . 27 4 .o
T e |~ M o psing — o cost psin’ o
1
(aéll) — bg?) cos® psin® ¢ + £ cos® psin® ¢ + aé? cos @sin® .
So the first order averaged equation of system (3.6) is
dR
@ = EG(l) (R)a
where
1 2m
GI(R) = o J, G1(R, )dp
s

{R3 Rs{_w/% cos4<psin2<,0d 13 m congosin4<pd }}
40 1+R2cos2(,0<'0 40 Jo 14 R2cos?¢

10
1
4 2 4 2
= o5 [23 +33R2 440+ (—13R* — 53R 40)m]
w? 1 1
~ Ty g

where R and w are defined as before. Apparently, GY(R) has exactly two positive
zeros, denoted by
4

1
3 R

5

1 _ 2
R = 12’
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corresponding to wll) =1/2 and w(l) = 1/5, respectively, in R € (0,+00). More-
over, we have

dARY) 1 AR 1
drR 50 " 7 dR 832
This completes the proof. O

4. ZEROS OF SECOND ORDER AVERAGED FUNCTIONS

In this section, we consider the number of the zeros of second order averaged
function associated with system (2.5, in the case where the first order averaged
function is FP(R) = 0. On the basis of formula (3.4]), we obtain the following result.

Lemma 4.1. For system (2.5)), the first order averaged function FY(R) = 0 holds
if and only if
1 1 1 1 1 1
aéo) = _bé?,)v gz) = b((JS)7 bgl) = _b(()3)~ (4.1)
When condition (4.1) holds, the second order averaged function associated with
system ([2.5)) takes the form

1 2 8F1 (R QD)
F(R) = o | [ F d 4.2
2(R) 27T/ op Vi e) + Fa(R, ) |dp, (4.2)
where
1+ R? cos? p)?
Fl(Rvgo):%[Qpl_P(h} ,
xT=p cos @,y=psin @
=R? [ - b(()3 cos® o + (agll) + bg%))) cos® psin ¢
+ (aé? + bg)) cos @ sin® ¢ + b(%) sin cp]
R 1 . 1 1 .
+ 1T Reos? [ - bz(%o) cos® psinp + (aél) - bg;) cos® psin® ¢
+ a(%) cos psin® ap} )
FZ(R7 (p)
(1+R2COS ) (@p1 — Pa1)(zqr — yp1)
N [ = 22 + y? } = =psi
T=p cos p,y=psin ¢
1+ R2 cos?
( ?) [sz — PQQ} )
T=p cos p,y=psin ¢

R5 .
T ot {0 e oo = 0ip) (0l big) cos” g sine

+ bé? (bgl) — agll)) cos® psin? ¢ — [(a21 + b30 ) (bgl2 — aéll))

+ bét) (a(%) + b( )>] cos® psin® ¢ — b(%) (a,%) + bz()j))) cos* psin? o

+ [a(()? (an) + b(1)> - (aé? + b%’) (bglz) - a(zll))} cos® psin® ¢

- bé? (bglz) - a,gll)) cos? psin® ¢ + aé? (a03 + b ) cos psin’ ¢ + aos)bés sin gp}
R7

2
L () R ) Pt
¥
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2
— <2a(()13)b:(3%) — (aéll) — b%)) ) cos® psin® p — Qagg) (b%) — aéll)) cos® psin” ¢

+ (aég)) cos @ sin? ga},

©
y1(R,p) = / Fi(R,0)d6
0
%3
:/ RS[ b(l) cos® 0 + ( b b(l)) cos® 0sin @
0
+ (aé? + b%)) cos fsin® 0 + bé? sin? 9] dé

® 50 sin 6 ¢ cos® sin® 6
R { e / cos 20 ( O b(l)) / 40
+ 30 Jo 1+ R2cos?0 02 12/ )y 1+ R2cos26

] <0 n®
(1) cos fsin” 6
+a /0 1+ R?cos? Gde} ’

and P,Q,pr and g (k = 1,2) are defined as before.
To compute the function y; (R, ¢), in the following we first need to figure out
some integral equalities.

Lemma 4.2. The following integral equalities hold.

/%J ;dcos 20 = —ln( ]%7251112 )
o 1+ R2cos?0 - R? 1+ R2 v)
2

/QD&dcosQH —i—&— L cos? 1 ln(l—isin2 )
o 1+ R2cos20 TR YT R 1+r2°" %)

/WCOS‘ledcos 9—_L+ 1 — 1cos Y+ —=5 L cosg@
o 1+ RZcos?6 2R? ' R* R? 2R?
—1—%111(1—%51112@),
/OW1_’_C];)Zﬁ(zSQedcoszﬁ=—311@-&-2]1%4 ];6 ];6 COSQ(P—%COSAL@
+3—]1%20086ap—%1n(1—%81n2<p).

Based on Lemma we obtain the following result.

Lemma 4.3. The following integral equalities hold.

? cos®fsind 1 1 1 1
/O T R = dm T ami TRt T g '
2
—%h(l—%smﬂo),
¢ cos® fsin® @ 1 1 1 1 1
/0 1T RPcos? 6 =i ot (T o g et et

+ (2R4 + 2R6)1 (1 - %Sm%)’
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/Wcos@sinwde 3 fijL(iJri)cosz —icos‘i
. T+ R2cos20 T AR 2Rt R2 " 9Rt ¥ 4R2 ¥

(- e (1 )
— = — = — ) In(1 - —— sin®p).
2R? R 2RO R
Using Lemmas [£.2] and [£:3] and a straightforward computation, we have

n (Rv 90)

1 1 1 1 1 1 1
_ aél) - 3“83) - b:(ao) - 652) R’ 4 agl) - ‘183) + béo)

- 4 2
[ORTeS 1)

e
12 R

1 1 1
bsg . 2 4 % +a83) _béo) + §2)

+ { — b&) sin ¢ cos ¢ + % sin” ¢ 1 sin | R®
1 1 1 1 1 1 1
+ [_agl) + 2;63) + 552) R + _agl) + aés)z_ bgo) + bgz) R] cos? 0
CONNINCH RIS SO ACY)
a1 — o3 1‘ 30 12 23 cost o
1 1 1 1 1 1 1 1
+ [_ ﬁRg + agl) - 2“63) - bgz) R+ aél) - a(()s) + bgo) - bgz)
2 2 2R
2
x In (1 iR sin2<p).

Lemma 4.4. The following integral equalities hold.

/2“ 1 Jo 2T
o 1+ R%cos?¢p (p_,/1-|-R2’
m cos? 2 2
ﬁdwzﬁ{ﬁ_i}’
o 1+ R?cos?¢ R R2V1+ R?
m cost o 1 2 2
ﬁdw:”[ﬁ—*ﬁri}v
o 1+ R%cos?¢p R R*  R4/1+ R2
m cos® 3 1 2 2
Tdﬂo:”[fz*T;**e*i]v
o 14+ R%cos?y 4R?* R* RS R6\14 R2
/2’r cos® @ 3 1 2 2
RN I SO SO W N T |
o 14+ R2cos?¢p 8R? 4R* RS R® R8\/1+ R2
27 2
R 4 4
/(cos4<p—sin4<p)ln(1—7sin2@)d<p:7r[——E\/l—&—RQ—I—Q}.
0

1+ R? R?

Proof. The first integral equalities can be obtained by a direct computation. Here
we only show the derivation of the last integral. Let

2m
Ny(r) = / cos? pIn (1 — r%sin? 4,0) de,
0
2
No(r) = / sin ¢ In (1 — r2sin? gp) d,
0
where r2 = R?/(1 + R?). Since

27 s 2 2m s 4
sin” ¢ sin® ¢
Ni(r)— Nj(r) = —27"/ T 2o dcp+47‘/ Ty do
0 %2 0 resm- @
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4mr
\/1—7'2(1—|-\/1—r2)27
and Np(0) = N2(0) =0, we get

" 11 1
Na(r) = Na(r) = [ (i) = Nj(o)) s = am (g = g VIH R+ ).
This enables us to arrive at the last integral equality. 0

By Lemma |4.4] we obtain the following result.

Lemma 4.5. The following integral equalities hold.

I cos® psin? ¢ 1 1 2 2 2 1
1T R0 0 @:ﬂ[iz_j+76+78+(_76_78)7}’
o 1+ R?cos?¢ S8R 4R R R R R8/\/1+ R2

I cost psint o 1 3 32 2 4 2 1
e (Bt )y
o 1+ R%?cos?¢p R*  R°* R 1+ R?
/27r cos? psin® ¢
o 14+ R2cos?¢p
S e dB,B 2 2 6 6 2y 1
~l8R? Tart T RO ’

2 sin® o
roo2 09
o 1+ R?cos?¢

[ 35 35 7 2 n <2+ 8 n 12 " 8 n 2 ) 1 }
=71 - — - — — — —_— —_— P _— | —
8R? 4R* RS RS R?>  R* RS RS)\1+RZl

/2” cos® psin? ¢ dy
o (14 R2cos?)?
113 8 78 1
“lwmmtE e (Cw o w) v
/ 2™ cos® psint @
o (14 R2%cos?p)? v
{ 1 3 9 8 ( 5 13 8 ) 1 }

TSRt e R0 \me TR T RO e

/27r cos? psin® ¢ dy

o (14 R2%cos?p)?
LIS " SO TSONE B TR N T
- I8R* 2RS T RS R ’

/2” COSGQQSianod_[L 2 £+(5+6) 1 }
o (I+R2cos2p)2®” " "l4R" ~ RS RS ’

™ costpsin 3 6 6 3 9 6 1
A Eﬁ%@ﬁﬂZ%@*ﬁ*ﬁ*V@fﬁ‘ﬁkﬁﬁ%
2 cos? psin® o
/0 (1 + R? cos? p)? v
Y A SR TR S0 O U
4R* RS RS "\R2 "R* " RS RS/ 1+ R2



12 L. PENG, Z. FENG EJDE-2015/111

Proposition 4.6. Under condition (4.1), the second order averaged function as-
sociated with system (2.5)) has at most two simple zeros, and this upper bound can
be reached.

Proof. Define

1 (" OF(R, ) 1 [
0 _ 1Y 0 _
Fy(R) = 277/0 oR y1(R,)dp, Fy(R) 27r/0 Fy(R, p)dep.

Then (4.2) becomes
F3(R) = F3\(R) + F3(R).
Step 1: Computation of the function 3 (R). Let
A, = 3R? [ — b(%) cos® p + (agll) + bgt)) cos® psin @ + (aé? + b(llz)) cos psin® ¢

+ b(%) sin® cp} ,

5R* + 3RS cos? : )
Ay = 1+ RZcos? (p);ﬁ [ — bé%)) cos® psin @ + (aéll) — b%)) cos® psin® ¢
+ aélg) cos @ sin® ga} ,
OB ACY _ ) (1) _ p) 4 (1)
B, = RB{f bé? sin ¢ cos ¢ + wsinngr ag1 +a034 30 t 012 sin® ¢,
1 1 1 1 1 1 1 1
By = agl) - 3“83) - bgo) - 552) R3 + ag1) - ag; + bz(’,o) - ng) R
4 2
1 1 1 1 1 1 1
[a(zl) + 2;163) + bgz) R34 *a(21) + a(()3)2 b:(so) + bgz) R} cos? o
SR C) RIS SO ACY)
4 G213 1‘ 80~ 12 p3 o6t
1 1 1 1 1 1 1 1
i [7 ﬁsz i a(21) - 2“83) - bgz) Rt ag1) - aéB) + b:(ao) - bgz)}
2 2 2R
2
x In (1 — %Sin%@).
Then it gives
OF (R,
%:A1+A27 yl(R7gp):Bl+327
and
1 27
Fgl(R) = % / (AlBl + AlBQ + AgBl + AQBQ)dQD (43)
0
A direct calculation shows
2m
Recalling that the function A3 Bs is odd with respect to ¢, we get
2
AQBQCZQD =0. (45)

0
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In addition, it is not difficult to verify that
1 27

— Ay Badyp
2m Jo

n( @ 1 1 1
1 3bé3) (a’él) - 3‘15)3) - bz(),o) - ng)) RS
o ), {[ 4
Yae! 1 1 1
3bé3) (agl) - aEJS) + b:(ao) - bgz)) 5 4 .
+ 5 R}(—cos @ + sin <p)

1 1 1 1 1 1 1 1 1
N [3bé3) ( - aél) + 2“5)3) + b§2)) 5 3683) ( - aél) + aé?a) - béo) + bg;) Rﬂ

R
2 + 2

Yae! 1 1 1
3683) (a(21) - “63) + bgo) - bgz))RS
4
e 1 1
3a(1)bé§) 5 3b§)3) (agl) - 2“(()3) - bgz))

X ( — cos® ¢ + cos? g sin’ <p) +

x(—cossgp+cos4g0sin4<p)+[ 032 R® — 5 R3
([ 1 1 1
3b63 <a(21) — afy + o) — bgz)) . .
— 5 R} (cos (p — sin <p>
R2
X In (1 — m Sin2 (p) }d(p, (46)
and
1 [ 1 2T cosd psin? o
— [ AyBidp = —{5R7[b(1)b(1)/ B L
o J, 2TV T op 30903 f (14 R2cos? )27
27 4 -4
(1) ( (1) (1) COS™ s ¢
- 057 (aby) — 012) / 0+ R2cos? )2 ™7
a(l)b(l) /277 COSQQDsinG(p d ]
_ BRI SR
P (Rl (w7

27 8 -2
3R {b(l)b(l)/ cos® psin” d
+ 30703 J (1 4+ R2cos2 )2

27 6 .4
_b<1>( (1) _b<1>)/ cos"psin_ ¢,
03 | 421 12 o (1+ RZcos? p)2 ¥

ERCOMCN /27T cos? psin® ¢ d(p]}.
03°03 | (14 R?cos? )2

Applying Lemmas and to (4.6) and (4.7) gives
1 2

— A1 Bod
2770 1280

1 1 1 1 1

1 3b6 (ag1) + Bagy — by — bg;) 5

B 5{ 8

303 ((— 38y +15a8y) + bl + 30(3))
1

+
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0

R
1), (1 1 1 1 1
+ [— 6a(()3)b§)3)R3 + 6b(()3) (agl) — 2a(()3) — b§2)) R

e 1 1 1
6b(()3) (a’;l) - aé; + b:(ao) - bg;)

1 1 1 1 1
W Wy, O () el ol oY)
+ 30 (= 308 + safy — bl + 3 ) R —

+ I ]\/HR?}, (4.8)
and
1 27
- AQBld(p
21 Jo
1 1 1 1 1
1 3563) ( - aé1) - 5‘1(()3) + bz(ao) + bg;)
5{ 8
1 1 1 1 1
bés) (3aé1) - 15“(()3) - bz(’,o) - 3552)) 3
+ 1 R

@O _ @) 1) _ 1) 4 (1)
(1) (1) 1) (1) (1) 6bos ( agy’ +agg — by + iy )
+ 04 ((— 3a5y) + 5afy — by + 303 ) R +

R
+ [4agl3> SRS + 246l B3 + 25Y) (3a§11> — 44V

1 1
03 T 2bz(ao) - 3b§2))R
e 1 1 1
6b((33) (aé1) - a(()s) + bz(ao) - bgz))

1
. 4.9
N R ] V1+ R? } (4.9)
Substituting (4.4), (4.5)), (4.8) and (4.9) in (4.3) yields
F3 (R)

L (=308 + 150y + b5 + 30()
- 5{ 2

+ 46 (= 308 + 5afy) — bl + 3y R
1 1 1 1 1

N 12b((JS) ( - ag1) + a(()s) - bgo) + bg;)

R
4.10
+ | = 608 B + 6603 (af) - 2a(5) — 03 ) R (4.10)
o) (o — o) 153 D)
+ 7 |Vi+r

+ |40 0 R + 200 B + () (308 — 4afl) + 268 — 30 ) R

n{ 1 1 1
N 6b(()3) <a51) - a(()?,) + b:(so) - bg;)

1
F [t
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Step 2: Computation of the Function Fiy(R). Similarly to Step 1, we have

! 02” {—(1 - R2]§052 2 (QPQ - P%)}

1
= —{ (a:g%) + ag))R4 + ( aé%) + 3a(2) b(221) — 3bé§)>R2
N C I A bé?) I [ (ag b(()?) R (4.11)
2 1+ )
@ _ @ _ 2 @) !
+ 2(%0 ajy —byy + gy )} m}
Using Lemmas [£.4] and [£.5] we deduce that

. 1/27T {(1 + R? cos® 90)2 (@Qp1 — Pq1)(xq1 — yp1)}

de

T=p cos p, y=psin ¢

[N}
/\A

d
2w R $2+y2 T=p cos ¢, y=psin ¢ 4
R (1)/ cos® ¢ W (4D _ 0 /7r cos® psin? ¢
bay' b ——d b (b ) ——d
T om {30 9 ], 14+ R2cos2¢p P+ b0 V12 4o o 14+ R?cos?¢p ¥
2m 4 4
_b<1>( (1) b(l))/ cos”psin_p
03 + o 14+ R2cos?¢p v
27 2 -6
() [T ete
o 1+ RZ%cos?y

.8
1)b(1) sm- @ d }
+aos /0 1+ R?cos? ¢ v

(1) ) (1) (1) (1)
_ {b <a21 9(103 + b 30 b12 ) R3 n 4b (a B 2a(1 b(l))R
- 2 21 03 12

R )
2a45 by
P + 2o
= 20fY) (o)) — 4afy) — o)) B — (Y (38 — 5all) +bly) — 30} ) R
1 1) 1)
4bo3 (a21 - @(()3) bgo b§2 )} 1 } (4.12)
R Vi+R2) '
It follows from (4.11)) and ( - ) that
1 1 1
1 b(()s) (aél) 9‘10 +bgo) b(12)) ) @)1 p3
Al 2 o)+ ol |7
+ 486 (08 - 20 — 13) = 0y + 303 + 0} — 363 | R
) (o) — ol 48 o) +2( o2 + o2 42— 12)
_|_
R
(o 2 (o) — 10l — oY) + a2 o)

2(v65 ((— a8y + 5afy) — o5 + 3603 ) + ) — 203 — 63 + 203 ) R

FQ,OQ(R) =
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1 1 1 1 1 2 2 2 2
4b83) ( - agl) + a(()?,) - bz(’,o) + b§2)) + 2(“&0) - agz) - bé1) + béf,))

+ 7 }
X L} (4.13)
V1+R?

Based on (4.10) and (#.13)), FP(R) can be re-expressed as
1
PR = L (a2 + 300 o8+ ) 52+ a2
+ (466 (= 208y + 3afy) — b5+ 26)) — aff) + 303 + b — 30| R
1 1 1 1 1 2 2 2 2
8b53 ( — afy +afy — 0y + bg;) + 2( —afg) +aff +0f) - 563)>
R
+ [ 6l oy B + 6b(Y) (af)) — 20y — b)) R

H( @ 1 1
Gb(()3) (agl) - aés) + béo) - bg

1)
_ 2)]m

1), (1 1 1 1 1 2 2
+ {6a83)b(()3)R5 +2 (b((J3) ( - agl) + 5“63) + bgz)) - agz) + bé?,))R?’

_|_

+ 2083 (aff) + 055 ) +af — 23 — 0 + 2 ) R

e 1 1 1 2 2 2 2
Qbés) (agl) - aés) + bgo) - bg2)> + 2(“%0) - agz) - bél) + bg)?])

* R }
SR (4.14)
Vi+ RS '
After making the transformations as before, (4.14) becomes

w? 1 1 1 1 1 2 2 2
F)(R) = m{ [4b(()3) ( - a'gl) + a63) - b:(ao) + ng)) - ago) + agz) + bél)
3t 5 (o 9+ 2o+ o oD ) (419
+3af) +aff + o8 + 303 },
which shows that the second order averaged function FY(R) associated with system
(2.5) has at most two zeros in R € (0,+00), by taking into account the multiplicity.

Now we provide an example to demonstrate that this upper bound can be
reached. Consider the system

. 23 19
T=—-y+ x2y +e {agll)ﬁy + aé?yﬂ +&2 [ -7 3+ ag)xzy + 5 my2 + aé?yﬂ ,
35
y=z+ :Ey2 +e [bgj))x?’ + bglz)xyﬂ +&2 [bé%)x?’ + T x2y + bg):ry2 ,
(4.16)

where agi),a(()’;),bgé) and bg’;) (k = 1,2) are real. In the polar coordinates =z =

p(R, @) cosp and y = p(R, @) sin ¢, system (4.16]) becomes

dR
@ = 5M1(R7 SD) +€2M2(R7 90) +O(€3)7 (417)



EJDE-2015/111 LIMIT CYCLES FROM A CUBIC REVERSIBLE SYSTEM 17

where
Mi(R,¢) = R? [(%1 + b30 ) cos® @ sin p + (a03 + b ) cos @ sin® gp}
R 1 . 1 1 .
T oy | W0 costwsing ot (ab) - by ) cos® psin’
+ a(()? cos psin® go] ,
MZ(Rv 80)

23 73
= R? [ - cost o + <a21 + b30 ) cos® psin p + T cos? psin? ¢

(aé%) + bg)) cos psin® @} + 1+RI2%50052@{ - bg%) cos” psinp

— 22—9 cos* psin? p + (a(fl) - bg)) cos® psin® o

+ 12—9 cos? psint ¢ + aég) cos @sin® p — b:(ai)) ( O+ b(l)) cos’ psin g
[( (1) + b(1)> (b%) — aéll)) + b%) (a(%) + b(l)ﬂ cos® <psin3 %
o (o) 68— (ol 00 (o8 — )] o i

) R7 2 .
+ a(l) (aég) + bglz)) cos @ sin” go} + m{ (bz()j))) cos? psin ¢

2 5
1) (o) o) o i el — (o)~ #0) "o psin
— 2(183) (b%) - aéll)) cos® psin” ¢ + (aég)) cos @ sin? <p}.
It is not difficult to verify that for system (4.17)), the first order averaged function
MY (R) = 0, while the second order averaged function M2 (R) takes the form

1 23 [T 73 %7
MY(R) = — {R3 [ - — / cos® pdp + — / cos? @ sin? <pd<p]
+R5[_29/2” cos4gosin2<pd 19 m cos2<psin4apd }}
o 1+ R2%cos?¢ L o 1+ RZ%2cos?¢p
24w 1 1
TP g

where R and w are defined as before. Apparently, MJ(R) has exactly two positive

zeros, denoted by
8 2 12
R® _ 2 R( ) _
! 15’ 35’

corresponding to w1 = 1/4 and w(2 = 1/6, respectively, in R € (0, +00). More-

over, we have
W) 4, BR0E) e

dR 255 dR 1295
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5. ZEROS OF THIRD ORDER AVERAGED FUNCTION
Lemma 5.1. For system (2.5)), the second order averaged function FY(R) = 0
(given by (4.15)) if and only if
2 2 1 1 1 1 1
aéo) = _563) + b(()?,) ( - ag1) + ‘163) - bgo) + bgz))’
2 2 1 1 1 1
afy) = by + 2bf) (351) — 2a(y — b§2)>7 (5.1)
2 2 1 1 1 1 1
bSY = —bGy + by (ag1) +agy +3byg — bgz))
Corollary 5.2. Suppose bé? =0 n system ([2.5)), then the second order averaged
function FY(R) = 0 if and only if

2 2 2 2 2 2
ago) = _bés)v a§2) = b(()s)v bg1) = _bg3)~ (5.2)

Consider the third order averaged function FY(R) associated with system (2.5
in the case where conditions (4.1)), (5.2) and bé? =0 hold:

F3(R) = F3)(R) + Fi(R) + Fi3(R) + F3y(R), (5:3)

where

F3(R) = o ogz V(R ¢)de,

1 /2” OF\ (R, ¢)
- 47T 0 (9R

1 /2“ OF,(R, )

1 /27T aQFl(Ra 90) 2
1
0

FgZ(R) yQ(Ra Sﬁ)d%

F33(R) yi (R, p)dep,

1

F:§J4(R) = %

2
/ F3 (Rv (p)d(ﬁ,
0

“roF (R,0
nfo) =2 [ [Py (R.0) + F(.0)as
0
(1) (1) (1) (1) (1) (1) (1) (1)
as,; — 3apns — ba — b as,y — ags +bsy —b
yi(R, ) = 221 03 . 30 12 3 4 %21 03 . 30 — Y12 p
1 1 1 1 1
n agl) ; béo) R¥sin? o + _agl) + a(()3)4_ béo) +b
1 1 1 1 1 1
[_aé1) + 2“5)3) + bgz) R4 _aél) + a(()s) - b:(ao) +b
2 2
1 1 1 1
n agl) - @(()3) Ib:(so) - bgz) R3 cos* o
1 1 1 1 1 1 1 1
n [7 CL((;B)RS n a‘él) - 2‘163) - bgz) R a(21) - a(()?)) + b:(so) - bgz)}

2 2R
2
X In (1 — %sinzw),

(1)
12 R3sint %)

&)
12 R} cos?

+

a-Fl (R7 SO)
OR

=3R? {(aéll) + bgy) cos® psin ¢ + (aé? + bg)) cos @ sin® gp}
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5R* + 3RS cos? ¢ [ o o wsin
(1 + R2? cos? p)? 30 psme
+ (agll) - bglz)) cos® @ sin® ¢ + a(()13) cos @ sin® gp] ,
0?F1(R, ) .
%@) =GR [(agll) + bg?) cos” psin o + (a(()? + bﬁ?) cos p sin® gp]
2R3(10 + 9R? cos? ¢ + 3R* cos? p)
(14 R%cos?¢)3

[ - bé%)) cos® @ sin @
+ (aéll) — b(112)) cos® psin® ¢ + aé? cos psin® <p] .

Here explicit expressions of F5(R, ) and F3(R, ) will be given in Steps 3 and 4
below, respectively.

Proposition 5.3. Under conditions (4.1)), (5.2)) and bég) = 0, the third order av-
(2.5)

eraged function associated with system has at most two simple zeros, and this
upper bound can be reached.

Proof. To compute the third order averaged function F3(R), we divide our discus-
sions into four steps.

Step 1: Computation of the function F3; (R). Recall that 9*Fy (R, ¢)/0R? is odd
with respect to ¢ while y?(R, ¢) is even. Then we find

F2(R) =0. (5.4)

Step 2: The Computation of the Function F(R). According to Lemma
y2(R, ) takes the form

i) =2 [ (P (R0) + Fa(r,0))

OR
B ? OF1(R,0) ?r(1+ R%cos?0)?
= 2/0 Tyl(Rv 0)do + 2/0 [# (QPZ — Py
_(@p1— Pq1)(zq1 — ypl))} "
2 + y2 z=pcos b, y=psin 6l '

Since 0F1(R,6)/0R is an odd function with respect to the variable 6 and y; (R, 6)
is even, we obtain

T OF1 (R, ) ? OF(R,0)
/o T(/O Tyl(Rﬁ)dG)dap =0.

Similar to the computation of y; (R, ¢), we have

/‘0 (1+ R?cos?6)?
0

0
7 d

[QPQ - PQ2} ‘
r=pcos B, y=psin O

2 2 2 2 2 2 2 2
agl) - 3a(()3) - b:(so) — b3 agl) - a(()3) + béo) - bgz) R

_ 12 p3
N 4 R 2
(2) (2) _ (2 (2) _ 12 (2)

4 {—bg) sin ¢ cos o + gy ‘2"530 sin o + gy +a034 byy + bis

2 2 2 2 2 2 2
[aél) + 2‘1((33) + b(12) R+ *‘151) + aE)B) - bgo) + bgz) R| cos? 0
2 2

sin | R®
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2 2 2 2
i agl) - aés) I béo) - bgz) R% cos* o
2 2 2 2 2 2 2 2
_ ﬁ 3 a(21) — 2“(()3) — bgz) aél) — aés) + bz(),o) - bgz)
+ 9 R® + 5 R+ R

R2
A straightforward computation yields

/w_(l"‘RQCOSQ 0)? {(Qpl — Pqi)(zq —ypl)] 40
0 R x2 + y2 xz=pcosf,y=psin @

= {0l (o ) [ ()4 8) () o0
058 (aff) + 015)) | Is.s + [ = oy (af)) + 040))
(o) +8) (o) — o) s — ) (a8 + 89 1)
= { = (049 o+ 240 (of) 1)) s+ 20308
— (a0 = 62) s+ 208 () — ) s — (o)) o},

/‘p cos® fsin' 0
o 14+ R2%cos?6 '

(5.5)

where

I, =

)

for k,1=1,3,5,7 and
7 ¢ cosFfsin' 0
b= /0 (1+ R2cos?260)2
for k,1=1,3,5,7,9.
Apparently, It ; (k,1 =1,3,5,7) and Jy; (k,l =1,3,5,7,9) are all even functions
with respect to ¢, so does the integral . This fact together with the odd
function OF; (R, ¢)/OR leads to

2T OF1 (R, ©) ¥ (14 R?cos?0)? [(Qp1 — Pq1)(xq1 — yp1)
/0 1 w(/o_ |:p1 q)(zq ypl}

z=p cos e,de) de

8R R I2 + y2 y=psin 0
=0.
Hence, F¥,(R) can be simplified as

F3p(R)
1 [ OF(R,¢) [ [? (14 R?cos®0)? [

_ 1 : - Pg| a6)d
27 0 (9(,0 (/0 R Qp2 1 xz=p cos 0, y=psin 6 N

52

2m
= —%RS{ / 3 Kaéll) + bgy) cos? psin? ¢ + (aé? + b(112)) cos? @ sin? go] dy
0
+5R? [ — b:%)J&Q + (agll) — b§12)>J474 + ag? J2,6:|

3 [ 68+ (o) =0 o+ oy e .

where
g = /99 cosk #sin' 0
My (T4 R2cos?0)2
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for k =2,4,6,8; 1 = 2,4,6. In view of Lemma [L.5] we have

Fs?z(R) ==

(1) (1)>
2 + 1 1 1 1
563) R{ 3(a21 303 R4 —3ag1) + 15@(()3) + bgo) + 3b§2) R2

) 000
430 s 4y g 6(af) —afg + ¥ -~ 43
21 03 30 12 R2 (56)

+ [~ daf) B — 200 B+ 2( — 3af}) + 4afy) — Y + 30

+

1 1 1 1
6( — afy + afy — bl + ng))} 1 }
R? VI+ RS
Step 3: Computation of the Function Fi5(R). Note that when conditions (4.1))
and (5.2)) hold, we derive that

(14 R%cos? ¢)?
R

=R? [ — 6823) cost o + (agzl) + b:g%)) cos® psin ¢ + (aé? + 6522)) cos psin® @

5

[QP2 - Pfh]

r=p cos p,y=psinp

+ bg? sin <p] + [ - b:(),%) cos® psin ¢

+ (agﬁ) — bg)) cos® psin® o + a(%) cos @ sin® (p:| .
A straightforward computation gives

(14 R%cos? p)? [_ (Qp1 — Pq1)(zq1 — yp1)]
R 2 +y°

z=pcos p, y=psin ¢
= _HR}jiosQ(p {bgg (aéll) + bi%)) cos” @sin @
+ [(aéll) + béé)) (b%) - aéll)) + bz()j)) (a(%) + bglz))} cos® psin® ¢
+ [ — aé? (aéll) + bgj))) + (aé? + b%’) (6512) — a(zll))} cos® psin® ¢
- a(%) (aé? + 6512)) cos psin” @} - (1+R§c7052g0)2{ - (bé}}) ’ cos? psin g
+ Qb%) (aéll) - bg)) cos’ psin® ¢
+ [Qa&) b%) — (aéll) — b%))z} cos® psin® ¢ + Za%) (b%) — agll)) cos® psin” ¢
— (aé?) ’ cos  sin? @}.
Hence, we have

FQ(R7 50)

(14 R?cos? p)? (Qp1 — Pq1)(wq1 — yp1)
- R {sz Pas 2+ y? ]

= R [ - b(()?’)) cos”  + (ag) + bg%))) cos” psin g + (CL(()? + b%)) cos psin® ¢

T=p cos p, y=psin p
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° @)

+ b(%) sin® cp} + { — bé%) cos® psine + (a21 — b%)) cos® © sin® %)

1+ R%cos?

+ a823) cos ¢ sin® w— bz%) (aéll) + b;%)) cos’ psin g

o 3 60 - )+ 69 (o2 80)] e i’

[0 (6 +60) — (o + 0) (59 — o) e s

+ a(%) (aéy + bglz)) cos psin’ 90} + R—7{ (bz()j))) ’ cos? psin g
(14 R?cos? ¢)?

2
— 2b§%]) (agll) — bg?) cos” psin® ¢ — [2ag§) bgb) — (agll) — bﬁ?) } cos® @ sin® @
2
— 2a$3) (b(112) - agll)) cos® psin” ¢ + (a(%)) cos @ sin? cp}.
Differentiating the function Fy(R, @) with respect to R yields

8F2 (R7 SD)
OR
= 3R? [ — b(()? cost o + (ag) + bé%)) cos® psin p + <aé§) + bg)) cos psin® ¢

+ bé? sin? ga} +

5R* + 3RS cos? %) @ 5 .
(14 R2cos? p)? { — byg cos” psing

+ (aézl) — bg?) cos® %) sin® w+ aé? cos sin® p— b%) (a,gll) + bé}f) cos’ psinp
1 1 1 1 1 1 1 .
- [(aél) + b:(zo)) (b§2) - aé1)) + b:(zo) (a((J3) + bgz))} cos” psin®
[ (0 (o) (50 - )] e s

+ aé? (a,(()lg) + bg?) cos psin’ <p}

TRS + 3R® cos® ¢ 2 _ .
(1 4+ R2 cos? )3 { (b;%)) cos” psingp — 2b:(%%)) (agll) - bglz)) cos” psin® o

2
— [Qa(%) b:%) — (aéll) — bg) } cos® psin® p — Za%) (bg — aéll)) cos® psin” @

2
+ (aé?) cos @ sin® ga}.

Then

1 [*™ OFy(R, )
F%(R) = — 2 (R, p)d

33(R) 57 J, R y1(R, p)dp
T 1 1 1 1 1 1 1 1
— % 2 {b(2) [a;1) _ 3‘183) - b:(zo) - 552) R+ aé1) - ‘15)3) + b:(ao) - bgg) R]
2 Jo 03 4 2
2 1 1
b((JS) (‘151) + b:(so)>R3

X ( — cos* ¢ + sin? ga) + > ( — cos* psin? ¢ + sin® gp)

2 1 1 1 1
b((Jg) ( - a§1) + a(()g) - bgo) + bg;) R?

M 4

( — cos? sin? p + sin® <p)
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(1)

EJDE-2015/111
12 R}

1 1 1 1
52) R’ 4 *aél) + aé?a) - bgo) +b
2

(2) [ ~agy +2ag5 +b
+ 05 |
2
X ( — cos% ¢ + cos? psin’ ga)

2 ( (1 1 1 1
b63) (aél) - a(()s) + béo) - bgz))Rg ( 8 o 1 cost osind )
— cos® p 4 cos? psin?

4
1 1 1 1 1 1 1 1
1@ { B ﬁRs i aé1) - 2‘163) - bgz) R4 aé1) - a(():s) + b:(so) - bgz)}
03 2 2 2R
4 .4 R,
X ( — cos” ¢ + sin gp) In (1 BTy gp) }dgp. (5.7)
By applying Lemma [£.4] the above equality becomes
F33(R)
R (3063 (a5 + 3ay) . 3b3) ((— 3al)) + 15a(y) + bl + 30 .
B 5{ 4 * 4
62 (oS — abt) + 143 — 2)
9 1 1 1 " 03 | @21 03 T 030 =012
+ 303 (= 30 + safy) — bl + 30Y)) = (5.8)
+ 303 [ - 20 B2 + 2(al)) — 2a{Y) — b}
(1) (1) (1) (1)
2{ a3y —agz + b3y — by,
+ ( = )]\/1+R2}.
Step 4: Computation of the function F9(R). Recall that
1+ R%cos? p)?
F3(R,¢) = % {sz% — Pgs
_ (@p1 — Pq1)(zg2 — yp2) + (Qp2 — Pg2)(xq1 — yp1)
x? + 32
L (@1 = Pay)(war — yp1)2]
(332 + y2)2 T=p cos ¢, y=psin ¢

Similarly, we have
1 [?™ (14 R2?cos? ¢)?
[, |
0 T=pcos p,y=psin ¢

27 R
1
{ (aé%) + a@)R4 + ( — ag?(’)) + 3ag) + bg‘? — 3bg§)>R2

dp

T 2R
+2( =y +af) + o) o)) + [~ 2(af) — 6 ) 1
1
+ Q(a(?’) — 243 _p® 4 2b(3)>R2 + Q(a(?’) —a® _p® b(?’))} }
30 12 21 03 30 12 21 03 m
Given the expressions
Qp1 — Pg1 = (aéll) + béﬁ))xBy + (affg) + bg?)éﬂf’ — b2’y

1 1 1

+ (aél) - bgz))xgyg + a(()3)xy5,
k k k k

v —ype = big'wt + () — af}) )22y — oy,

k=12,
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we assert that both (Qp; — Pq1)(zq2 — yp2) and (Qp1 — Pq1)(zqr — yp1)? are the
odd functions with respect to y, which lead to

/271' (1 + R?cos? p)? [(Qm — Pq1)(zqa — ypg)} do = 0
0 R 2 + y2 T=p cos @, y=psin ¢ =5
/27r (1+ R?cos® p)° [(Qpl — Pq1)(zq1 — ypl)Q] do—0

0 R (.’1/'2 + y2)2 T=p cos @, y=psin p==5

Recall that

Qp2 = Paz = =bFa* + (a8 + 658 )2ty + (o) + 03 oy + 53"
020ty + (o) ) ay? + aZlay?

zq1 —yp = b2t + (b% - aéll))xzyQ —agyyt.
Then

dep
T=p cos p,y=psin ¢

1 [ (1+R2 cos® p)? [(sz —P(J2)($¢h —ypl)}
27T x?2 +y?

27 6 <2
_ b(l / cos® %) _ oS Lo b(2) (b(l) - (1)> / cos® psin” ¢ d
30 03 o 14 R?cos? cp ¥ %03 \P12 T 421 o 14+ R2%cos?¢ ¥

b(2)< b(l)) / cos? gasm %) cos”psin” p
+ %3 + 1+ R2cos? p

27 27 .8
b(l _ ))/ cos? gasm <pd _ (1)b(2)/ sin® ¢ dol.
(12 @2 1+ R2cos? ¢ ¥ Gos P03 o 14+ R%cos?y v

By using Lemmas [.4] and the above function becomes

1 [T (L4 R?cos® p)? [(sz — Pgo)(zq1 — ypl)} dop
2 0 R 2 + y2 x=pcos ¢, y=psin ¢
(o) 0oy -0y 3
—-R{ (- . ) B2+ 203 (= afy) + 20y + 003

20 ((— afy) +afy) — bl + (7))
R2
+ [~ v 7Y+ o) (af)) - dafy) — b)) R?
12 (30l 50 1) i)
b2 (o) — ol + 8 —4B), 4
- R }m}

+
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Thus, we obtain

0
Fy)(R)
1 27
— Fy(R, ©)d
5 3(R, p)dp
2 1
Lt (ol -9l o )
:ﬁ{[ B) +a30+a12}R

+ 466 (08 — 20 —03) = 0 + 302 + 08 — 363 | R
2 1 1 1 1 3 3 3 3
2 (o) — )+ 00— 2) +2( — o+ 40— 12)]

20865 R + (26 (= afy) + dafy) + b)) +2( - afd) + 0 ) ) R*

+ o+ o+

203 (3a8y) — 5y + 055 — 36(3) + 2(afd) — 202 — o} + 2(3) ) ) 2

(-
1
() () = o+ 1) 9 2 o2 1) +62)) L ?gé)-

Substituting (5.4)), (5.6)), (5.8) and (5.9) in (5.3]), and making the transformation
R =2w/(1 — w?), we obtain
F3(R)

3
~ e [0 (— b ) =40+ 08) — ) )+ —

+ 866 (o) + 050 ) +2(aff) + afy) — v — 0 ) |w®
+3afy +aff + o) + 30 },

which has form similar to F§(R) given by (4.15). Hence, F(R) has at most two
simple zeros in R € (0, +00), and this upper bound can be reached.

For any sufficiently small ||, and any real constants aél), a(()];), b(k) and b(k) (k=
1,2,3), we take the following differential system as an example

= —y+a?y+e|al)a?y + aé )y | +22[afa%y + ali)y?]

(3) 3}

(S)m Y+ 233y + ap3'y

—&—53[ 1333 + as
2

(5.10)
v =z + zy’ —|—£[b(})x +b2xy} €2[b(2x +b2my]

+ &3 [bé%)m3 + 10;v2y + ng)my }

The third order averaged function corresponding to system ([5.10)) has exactly two
simple zeros R\ = 3/4 and RYY = 9/40. O

Now we are in a position to prove Theorem

It follows immediately from Corollary R.2] and Propositions and [5.3] that
system has at most two periodic orbits, and there exist some systems which
have exactly two periodic orbits shrinking to the corresponding hyperbolic equi-
libriums of their averaged equations, respectively. This implies that under the
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hypothesis of Theorem system (1.2) has at most two limit cycles emerging
from the period annulus around the center of the unperturbed system (|1.2))]|.—o,
and the upper bound can be reached.
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