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ORTHOGONAL DECOMPOSITION AND ASYMPTOTIC
BEHAVIOR FOR A LINEAR COUPLED SYSTEM OF
MAXWELL AND HEAT EQUATIONS

CELENE BURIOL, MARCIO V. FERREIRA

ABSTRACT. We study the asymptotic behavior in time of the solutions of a
coupled system of linear Maxwell equations with thermal effects. We have two
basic results. First, we prove the existence of a strong solution and obtain
the orthogonal decomposition of the electromagnetic field. Also, choosing a
suitable multiplier, we show that the total energy of the system decays expo-
nentially as t — +o0o. The results obtained for this linear problem can serve
as a first attempt to study other nonlinear problems related to this subject.

1. INTRODUCTION

It is undisputed the growing interest in understanding phenomena involving pro-
cesses of reciprocal action between variations in the electromagnetic field in a region
and the temperature or even other situations that are related to electromagnetic
waves propagation (see [2), 4l [T, 14]).

In this work we consider a coupled system that describes interactions of the
electromagnetic field with the temperature variation governed by the linear model

eE, —VxH+o(x)E+4V0=0 inQ x (0,+00), (1.1)
PH, +V xE =0 inQ x (0,+00), (1.2)
0, — div(V0 — AE) =0 in Q x (0, +00), (1.3)
div(uH) =0 in Q x (0, +00) (1.4)

with initial and boundary conditions
E(z,0) = Eo(z), H(z,0) =Hgy(z) and 6(z,0) =6p(z) in Q, (1.5)
nxE=0, n-H=0, =0 onTI x(0,+00). (1.6)

Here Q is a bounded, open, simply-connected domain of R3 with a regular boundary
I' = 0Q. The functions E = E(x,t) = (Ey(z,t), Ea2(x,t), E3(x,t)), H=H(z,t) =
(Hy(z,t), Hy(x,t), H3(x,t)) and 6 = 0(z,t) (hereafter, a bold letter means a vector
or a vector function in R3) represent, respectively, the electric field, the magnetic
field and the difference of temperature between the actual state and a reference
temperature at location z € 2 and time ¢. In , 71 is the outward normal on
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I. In (L.I)-(L.2), V x v indicates the curl of the vectorial function v and € and p
are positive constants characteristics of the medium considered called, respectively,
the permittivity and the magnetic permeability. o = o(x) is a real valued L>(Q)-
function representing the electric conductivity (see [7]), related with the Ohm’s law
and satisfies the hypothesis

oo < o(z) <oy, (1.7)

where oy and o7 are positive constants. Moreover, v and A are coupling constants
which, for simplicity, we will assume positive.

The mathematical model (L.1)-(1.4) is motivated by considering the classical
Maxwell’s equations that are coupled to a heat equation, modeling an expect-
edly interaction of the electromagnetic field with the temperature variation in the
bounded domain 2 with perfectly conducting boundary I' = 9Q. In fact, if E(x,t)
and H(z,t) denote the electric and magnetic fields in €, respectively, and D(z,t)
and B(z,t) are the electric displacement and magnetic induction in 2, respectively,
then hold (see [7]) the Faraday’s law

V xE = —-B;y, (1.8)
the Ampere’s law
VxH=J+Dy, (1.9)
where J represents the current density, and the Gauss’s law for magnetism
divB = 0. (1.10)
In our case, we assume the constitutive relations
D=¢E, B=uH (1.11)
and Omh’s law
J=0E (1.12)

and take, for simplicity, € and p positive constants. The boundary condition
is consistent with the fact that the boundary I' is perfectly conducting, such that
the tangential component of the electric field must vanish.

The model for the propagation of heat turns into well-known equations for the
temperature 0 (difference to a fixed constant reference temperature) and the heat
flux vector q,

0:+ pdivg =10 (1.13)
and

q+kVe =0, (1.14)
where p and k are positive constants. Equation ([1.13)) represents the assumed

Fourier law of heat conduction. Replacing ((1.14]) into (1.13]) we obtain the parabolic
heat equation

0r — prAG = 0. (1.15)

The system we consider is composed by the Maxwell’s equations — that
are coupled to a heat equation modeling an expectedly interaction effect
through heat conduction. Indeed, we consider the problem —. We point
out that the results obtained for this linear problem can serve as a first attempt
to study, for example, the stabilization of solutions of the nonlinear problems of
inductive heating or microwave heating (see [14] [15]).
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It is worth note that inductive and microwave heating processes are gaining
increasing acceptance in industry (metal hardening and preheating for forging op-
erations, for example) and in some fields of science, such as biomedical engineering
(see [6, B, @]). Some of these processes are modeled mathematically by nonlinear
systems of Maxwell’s equations coupled with the heat equation (see [8,[9,[I5]). Such
systems have been studied by some authors not only with respect to the existence
of solution, like [I4], [T5], but also with respect to the regularity of the solution and
blow up properties. To the best of the authors knowledge, little is known about
the asymptotic behavior of the energy associated with such nonlinear models. The
cases analyzed, in general, are limited to those in one dimension (see [5],[10]). Hence
the importance of studying the behavior of the solution of a mathematical model,
even in the linear case, involving Maxwell’s equations under thermal effects, which
is presented in this paper.

Concerning the system —, the Total Energy is given by

1
&)= 5 | OB + MlHE + 16)da.
Q

where |E|? = Z?Zl E? and [H|* = 23:1 H?. Formally, an easy calculation gives
us that the derivative of £(¢) is given by

—_—A/ z)|Ef* dz — v /|v9\2dz<0

Therefore one may ask, “Does £(t) — 0 as t — +00?”, and if this is the case, “Does
E(t) — 0 decay at a uniform rate as ¢ — 400?” This is not difficult to answer in
the case of Maxwell’s equations with the dissipation given by the conductivity o
with hypothesis . In fact, this case lead to dissipative wave equations for the
electric field E and the magnetic field H, which have exponential decay. In our case
the uniform stabilization of system — requires a more detailed discussion,
which we present in this article.

This article is organized as follow. In section 2 we present some functional
spaces and basic results. In section 3 we obtain the strong global solution of system
—. To obtain the exponential decay of the energy, in section 4 we obtain
a special decomposition of the electromagnetic field in suitable Sobolev spaces.
Finally, section 5 is devoted to study the exponential decay of the total energy

associated to system (1.1)-(|1.6).
2. BASIC DEFINITIONS AND PRELIMINARY RESULTS

In this section we introduce some standard functional spaces as defined in [I} 2] [3].
Hereafter the bracket (-,-) and || - || will denote, respectively, the standard inner
product and norm of L?(Q)? or L?(). Let

H(curl, Q) = {v € L*(Q)3;V x v € L*(Q)%},
H(div,Q) = {v € L*(Q)*;divv € L*(Q)},
Hilbert spaces with their respective inner products
(W V) geurn) = (V X,V X v) 4+ (u,v),

(W, V) fr(div,0) = (divu,divv) + (a,v).
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Let Hy(curl, ) be the closure of
{ve H(cur,Q)nC'(Q);v xn=0onT}
in H(curl, ) and let Hy(div,Q) be the closure of
{veH(div,QNnC'(Q);v-n=00onT}

in H(div, ).
To obtain the result of existence of solution we still need to define the following
spaces

H(div0,Q) = {v € L*(Q)*;divv =0}
and the closed subspace of the Hilbert space L?(£2)?
Hy(div0,Q) = {v € H(div0,Q);v-n =0 on I'} = Hy(div, Q) N H(div 0, ).
Lemma 2.1. Let Py : L?(Q)? — Hy(div0,Q) be the projection operator defined by
u— Pyu=uy,

where u = Uy + uy, with uy € Hy(div0,Q) and uy € Hy(div0,Q)*+. We have the
following statements:

(i) Po(H(curl,)) C H(curl, ) N Hy(div0,Q);
(if) H(curl, ) N Hy(div0,€) is dense in Hy(div 0, ).

Proof. To prove (i) it is sufficient to show that Py(H (curl,Q)) C H(curl, ). To
this we use a similar idea as in [II]. Let u € H(curl, ). Setting ¥ € D(Q2)3, we
have

<V X (Pou),\ll> = (Pou,V X \I/>
:/Pou-Vx\I/dx:/u~V><\Ild$
Q Q
=(u,VxU)=(VxuU),
for all ¥ € D(Q)3, where we have used that V x ¥ € Hy(div 0, ().
The previous identity give us V x (Pou) = V x u € L2(2)3. This proves (i).
(ii) By (i) we have
Py(D(Q)?) € H(curl, Q) N Hy(div 0,Q) C Ho(div 0, ),
so to prove (ii) it is sufficient to prove that Py(D(£2)?) is dense in Ho(div 0, Q).

Let v € Hy(div0,9). So v € L?(Q)3, and there exist a sequence (¥,,) in D(Q)?
such that

U, —v in L*(Q)3.
By continuity of Py,
Py(¥,,) — Py(v) =v in Hy(div0, ),

with Py(¥,,) € Po(D(2)?). This concludes the proof of (ii) and Lemma O
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3. WELL-POSEDNESS OF THE PROBLEM

We rewrite system — in the form
dd(t)

Cdt

where ® = (E, H, 0) and A is the linear operator

AEH,0) = (—oe "E+ e 'VxH—~e 'V0, -1 'V x E,div(-AE + V9§)) .

Let us consider the Hilbert space W = L%(Q)3 x Hy(div0,Q) x L*(Q) with the
inner product given by

= AD(t), (3.1)

(u,v)w = ex(ug, v1) + pA(ug, va) + v(us, vs),
and induced norm
ullfy = eAllu |l + pAlluz]|* +lus]?,
for any u = (u,us,u3) and v = (vi,va,v3) € W.

The domain D(A) of A is the set D(A) = {(E,H, ) € Hy(curl, Q) x (H(curl, Q)N
Ho(div0,Q)) x H}(Q); —AE + VO € H(div,Q)}, where H}(Q) denotes the usual
Sobolev space.

Remark 3.1. It is easy to see that
D(Q)% x Py(D(Q)?) x D) € D(A) € L*(Q)® x Hy(div0,Q) x L*(Q) = W, (3.2)
where Py is the orthogonal projection defined in Lemma

Now we prove that A is the infinitesimal generator of a Cy-semigroup of contrac-
tions on W. The density of D(A) in W follows by (3.2)) and item (ii) of Lemma
21

Lemma 3.2. A is a dissipative operator on W.

Proof. Let U = (E,H,0) € D(A). So by Gauss and Green’s identities it follows

that
(AU, U)w = AM(—c(2)E4+V x H—~V0,E) + A\(-V x E,H)

+ v(div(VO — AE), 0)

(3.3)
- —/\/ 2)|B dz — / V62 de < 0.

(I
Lemma 3.3. The range R(I — A) of the operator I — A is W.

Proof. Let w = (f,g,h) € W and we have to prove that there exists U = (E, H, )
in D(A) such that (I — A)U = w; that is,
E+o(z)e 'E—e 'VxH+ye 'Vo=f
H+u 'VxE=g (3.4)
0 — div(—AE + V§) = h.
Replacing the second line in the first line of system (3.4]) we obtain the equivalent
system
A+o@)e HYE+e 'u ' VX (VXE)+7 'VO=f+c'Vxg

3.5
6 — div(—\E + V6) = h (3:5)
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To solve (3.5)) we consider the bilinear form a : [Hg(curl, Q) x H(Q2)]> — R defined
by
a((E,0),(®,9)) = A(E, ®) + Ae ' (0(2)E, @) + A ' H(V X E,V x ®)
+ Ae 1 (VO, @) + ve (0, ¢) — ve H(AE — VO, Vi)
and the linear form F : Hy(curl, Q) x H}(Q2) — R defined by
F(®,4) = ME, @) + A7 (g, V x @) + 7' (h, ).
The bilinear form a is coercive, because
a((E,0), (E,0))
= A[E|* + Ao 2 (@)EI* + A~ |V X B2+ e 611 g
> C|(E, 0) 157, (curt, 0 x 12 (50)-
The bilinear form a is also continuous. Indeed, Cauchy-Schwarz’s inequality implies
|a((E, 0), (®,9))]
<A@+ o DIE@] + AT TV < B[V x @] + Mye™ VO[] 2]
+ye 01Dl + AATHE[IV ] + e VOl Ve
<AL+ o€t e ) (1El g eurt ) 191 o (curt )
+ A 01 11 () 19 o eurn,) + v 101 12 o 191 112 )
+ YA HE| o (curt,0) 0l 2 ) + 7671||9HH5(Q) [l 2 )

1/2
< OBy urcy + 1003r3000) (19013 eury + 1133 )

= CI(E, ) o (curt,) x 1 () (s ) | o (curt, ) x H () -

1/2

To prove that F'is continuous, we observe that
[F(@,9)] < AE[1R] + AT gV x @[ + e~ Il
<AL+ DN+ N ID I o eurt,) + e NRNE (0
< A+ UEN+ gl + e R HI®N 7 eur) + 19017 )]
< C(®, Y) | o (curn,) x HE ()

By Lax-Milgram’s Lemma, there exists a unique (E,0) € Ho(curl, Q) x H}(Q)
such that

1/2

a((E,0),(®,¢)) = F(®,7), Y(P,¢) € Ho(curl, Q) x Hi(Q). (3.6)

Let
H=g- 4 'VxE. (3.7)
So H € Hy(div0,€), because g € Hyp(div0,Q) and V x E € Hy(div0, ) (see [3}

page 35]).
First we consider ® € D(2)3 and ¢ = 0 in (3.6). We get

(I+o@)e HYE+e ' 'V (VXE)+7 'Vo=f+¢ 'V xg inD(Q)>

that is,
1+ HE - 'V xH+ye 'VO=Ff inD'(Q)>. (3.8)
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This proves H € H(curl, ) and, hence, H € H(curl, Q)N Hy(div 0, ). Now, taking
® =0and ¢ € D(Q m.weobtam

0+ div(AE — V) = h in D'(Q) (3.9)

and this proves that (AE — V6) € H(div,(). By (8.7)-(3-9) we have (E,H,0) €
D(A) and solves (3.4).

Using the results before we have the following theorem (see [12]).

Theorem 3.4. Let (Eg,Hy,0) € D(A). Then problem (1.1)-(1.6) admits a unique
solution (E,H, ) such that

E € C([0,4+00), Ho(curl, Q)) N C*([0, +00), L*(2)?),
H € C(]0, +00), H(curl, Q) N Hy(div 0,)) N C*([0, +00), Ho(div 0,9)),
6 € C([0, +00), H3 (Q)) N CH([0, +0), L(Q)),
AE — V0 € C([0, +00), H(div, Q)).

To obtain the stability of solution of system ([1.1)-(|1.6) we need to a more regular
solution. To this, we consider the spaces

H, (Q) = H(curl0,Q) N Hy(div 0, ),
where H(curl0,Q) = {u € L?(Q)3: V x u =0}, and
Vi = L2(Q)® x Hy(Q)* x L*(Q),

where H; () is the orthogonal complement of the space Hi(£2) in L%(Q)3.
We have the following existence result on strong solutions of system ([1.1f)-(1.6).

Theorem 3.5. Let (Eg,Ho,6p) € D(A) N Vy. Then the solution (E,H,0) of
[L.3)-(T-6) obtained in Theorem[3.]) satisfies (E,H,0) € D(A) N Vg for all t > 0.

Proof. Tt is sufficient to prove that H € H;(Q)+. To this, we consider h € H; ().
From (|1.2)) we obtain

/th~hdx+/V><E~hdx:0. (3.10)

Q Q
Green’s formula gives us
/VxE-hdx:/E-(Vxh)dm—i—/(an)-hdF:O.
Q Q r

The above identity and (3.10]) give us (uH, h) = (uHp,h) =0. SoH € H;(Q)+. O

4. ORTHOGONAL DECOMPOSITION

Using the standard “Hodge” orthogonal decomposition of L?(Q2)3 (see [I} 3} [3])
we can write

pH=Vq¢+h +V x V¥, (4.1)
where ¢ € H'(Q), hy € Hy(Q), ¥ € H'(Q)® N Ho(curl, Q) N H(div0,Q) and [ ¥
ndl' = 0.

Since H € H,; (Q)1 N Hy(div 0, ), we have h; = 0 and Vg = 0 (see [1]), so

pH=V x 0. (4.2)
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Remark 4.1. Tt is well know (see [T, B]) that for all v € H(div0, Q) N Hy(curl, §2)
is valid the inequality
vl < ClIV x v,

where C' is a real positive constant. In our case, we obtain
V] < CIV x ¥ = C||uH]. (4.3)

Now, we will study the L?(€)3 decomposition of the electric field E. In fact, we
have (see [1])
E=-Vp+B, (4.4)
where p € H§(Q) and B € H(div0, ).
From equation (|1.2)) and decomposition (4.2)) of H we obtain
0=pH;+VXE=VXxU,+VXE=Vx(¥;+Vp+E). (4.5)
Also,
div(¥, + Vp + E) = div(¥;) + div(B) = 0, (4.6)
because ¥, B € H(div 0, 2).
The last two equalities give us

U, +Vp+E € H(curl0,Q) N H(div0, Q).

Now, we observe that ¥, € Hoy(curl,Q), E € Hp(curl,§) and, since p € H}(Q),
Vp € Hy(curl0,) := H(curl0,Q) N Hy(curl, Q) (see [3]). So

U, + Vp+ E € Hy(Q), (4.7)
where Hy(Q2) = Ho(curl0,Q) N H(div0,£2). From we can write
E=-Vp—9¥;+hy, (4.8)
where hy € Hy ().
Finally, we can see that
1BI* = Vol + )" + [|ha %, (4.9)

because Vp, ¥; and hy are two by two orthogonal vectors in L?(Q2)3 (see [13]).

5. EXPONENTIAL DECAY

In this section we obtain the exponential decay of the solution of system —
(1.6) obtained in section 3. To this, we use a suitable Lyapunov functional and
suppose that o satisfies hypothesis . First we present some technical lemmas
and at the end of the section we prove the main result of this paper.

Lemma 5.1. Suppose (Eq,Hy,00) € D(A)NVy and let (E, H, 0) solution of system
([L.3)-(L-6) obtained in Theorem[3.5 Let

1
E(t) = 5/Q(AE|E|2 + AHP +4]602) da.

Then

t
EW _ 5 | o@)BRds —7/ VOP d < .
dt O (9]

The proof of the above lemma follows directly from the system (1.1)-(1.6]) using
straightforward calculation.
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Lemma 5.2. Let G(t) = E(t) — F(t), where E(t) is defined in Lemmal5.1]

F(t):e/E-\Ildac,
Q

where pH =V x U, and 0 is a positive parameter to be specified later. We have

(i)
F
L(t):u/ |H|2dx—e/ |\Ilt|2d:c—/a(m)E-\I/das;
dt Q 9] Q

(i) 3E(t) < G(t) < 28(1).
Proof. To prove (i), from and (4.8)), we observe that

F
M:e/EJlltdx—!—e/Et-\Ildx
dt Q Q

:ﬁ/(—vp—q’t+h2)"1’tdx+/(vxH—a(m)E—7V0)~\I/dx
0 Q

:—e/|\Ilt\2dz+/VxH'\I/dx—/o(x)E-\Ifdx—’y/VG-\I/dx
Q Q Q Q

:fe/|\Ift\2d1:+/H~V><\Ildx—/o(x)E~\Ildx+fy/0div\I/dz
Q Q Q

Q
:—e/ |\I!t\2d:z:+p/ |H|2d:c7/a(x)E-\Ildw,
Q Q Q

because ¥ € Hy(curl, Q) N H(div0,Q), p € H}(Q) and hy € Hy(Q).
To prove (ii), we use the Cauchy-Schwarz’s inequality and (4.3)):
G(t) = ()] = 0| F(1)] < de|| B[]

de

< < (IBI*+1®)?)

< < (IEl* + C?|lpH]|?)

_ 9 2 2 2
= 2)\</ﬂ)\e|E| dz +C ue/ﬂ)\,u|H| dx)

< 0C1E(1),
where )
1 C?ue
Ci = max{x, 3 }
The conclusion follows by choosing § sufficiently small such that
1
0Cy < 3 (5.1)

Now, we prove the main result of this paper.

Theorem 5.3. Suppose (Eqg,Hy,0) € D(A) N Vg and o satisfies (1.7)). Then the
total energy E(t) of problem (1.1)-(1.6)), defined in Lemma satisfies

E(t) < BE(0) exp(—at),

where B and a are positive constants.
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Proof. From Lemmas [5.1] and [5.2] we have

dG(t) = f)\/ o(z)|[E? d:z:f’y/ |VO? dx

—5/,u|H|2dx+5/a(x)Eo\I/dm+66/ | U, |? da
Q Q Q

and from (1.7)), (4.3]), (4.9) and Poincaré Inequality,

) _ —@/ Ae\Ede—CO/ 31012 dz — é/ Au[H|? dz (5.2)
dt € Q Q )\ Q
B} 2
+ = (01||E||2 + C’Zn||uH||2> +5e/ |E|? dx (5.3)
2 K 0
2
_ 90 (91 l 2 5. 2
= [6 (2“)\+/\)5}/ﬂ>\e|E| dz co/ﬂwm dr  (5.4)
1 1 5 9
~6(5 — 55C%mm) /Q)\p|H| da. (5.5)
We choose x > 0 such that
S
02:)\—2)\0 wr >0
and 0 > 0 small satisfying (5.1]) and
2
_% (o1 1
C3 = c (2K6>\+)\)5>0.
Thus
dG(t) 2 2 2
o <Oy | AdBPde—6C, | AuHP de — Gy | A0 de < ~Ci€(1), (5.6)
Q Q Q

where Cy = min{2C3,25C5,2Cy}. From Lemma and the above inequality we
obtain C o c
dG(t
% < —74G(t) and  G(t) < G(0) exp(——2t).
Finally, we conclude that
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